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ITpeaucnosue

Conep:kaHne mpe1IaraeMoro mocoOust OCHOBAHO HA MaTepHasiax JIeKI[H-
OHHBIX KYPCOB MO TEOPDHH UT'D W MATEMATHIECKOW IKOHOMHKE, THTABITIXCS
aBTOPAMU B TeUeHHe PsJIa JeT Ha (haKyJIbTeTe BHIYUCTUTETbHON MaTeMaTuKI
u kubepueruku MI'YV um. M.B. Jlomonocosa.

B ornuaune ot n3gannoit panee yaeOHON uTepaTypPbl OCHOBHOE BHUMAHWE
YJIeJISIeTCST TEOPUN HEKOOMEPATUBHBIX UTD M €€ SKOHOMUYIECKUM MPHUIOKEH-
aM. V3naraiorcs HOBbIe pa3jesibl TEOPUH: HePpAPXUUIeCKUe U CTATHCTHIEeCKHe
UTPBI, METOJBI MOWCKA CUTYAIUNl PABHOBECHUsl, JOKA3ATEJIHCTBO CXOTUMOCTH
MeTosia BbpayHna /st MaTpudnabix urp u jap. PaccMaTpuBaioTcs MOje/ i HECO-
BEPITIEHHON KOHKYPEHIINH, 33891 ONTUMAIBHOIO HAJIOTOO0JI0KEHUsT 1 OpTra-
HU3AIUN HAJOTOBOM mHCHeKInu. /19 anTaresieil, MHTEPECYIONUXCST MaTeMar-
THYeCKAMU OCHOBAHHUSAMH T€OPUH UT'D, B TPUJIOKEHUH JAHBI T0Ka3aTeJbCTBA
TeopeMbl 00 OTIENSIONIel TUIEePIIOCKOCTH, TeoOpeMbl XeJUTH O TepecevdeHnn
BBITYKJIBIX KOMITAKTOB €BKJIUIOBA MPOCTPAHCTBA, TeopeMbl bpayspa u Ka-
KyTaHU O HEMOJIBUYKHOM TOUKE.

[Tocobue MozKeT OGBITH UCITOTBL30BAHO JIJIA YTEHUS KYPCOB MO TEOPUHU UTD U
MaTeMaTUIECKON YKOHOMUKE CTY/IeHTaM, O0YIAIONIIMCS IO CIEeNNaTbHOCTIM
"IIpuknagnas MmaremMaruka'n "DkoHomudyeckas kubepHeruka'. IIpeamoara-
eTcsl 3HAKOMCTBO YHTATEIeH ¢ HAYaTbHBIMA KYPCAMHU MATEMATHIECKOTO aHa~
JIn3a, JJUHEeHHOU aaredbpbl 1 Teopun BeposTHocTeill. [Ipeanaraembie B KazK10M
naparpadge mpuMepbl W YIPaKHEHUS CIOCOOCTBYIOT aKTHBHOMY YCBOEHHIO
MaTepuaJa U MO3BOIAIOT UCIOIb30BATH TOCOONE TaKzKe JJId MPOBEJeHNUS ce-
MuHapcKux 3aHdaTuil. [locienHnii pasmen comep:KHUT pellleHne BCeX YIpark-
mennii. Kazxnag riasa cHaOxkeHa OuOInorpaduIecKuM KOMMEHTaAPHEM, M03-
BOJIAIONIAM 3aMHTEPECOBAHHOMY 9UTATEI0 O0/1ee TIybOKO M3y9YnTh COOTBET-
CTBYIOIIYIO TEMY.

ABTOpBI MpW3HATEIHHBI BCEM KOJIIEraM Mo Kadeape MCCIeI0BAHNS Ole-
panuii 3a MoJ/IepKKy ¥ COBETHI, BO MHOTOM OIIPE/IeJIUBIINE CTPYKTYPY KHUTH
U CTIIb ee u3noxkeHusi. Mbl Takzke Omaronapusl [losmne Bacunoit, EBrenuto
ZKuryiosy, FOnun Cocunoii, Anekcero Tensoy, Enerne ToiproiiunkoBoit u
Kupunany Hoknaposy 3a moMoIh Ipu MoAroTOBKE MOCOOHS.



§1. DBseaenue

Teopueti uep Ha3bIBaETCS MaTeMaTU4decKas TeOpUs MPUHATHS PeleHns B
koHpuKkTHBIX curyarnugx. [losgcaum 3ro onpenesenne. [Ipocreiiue moesn
NPUHATUS PEIIeHNN PacCMAaTPUBAIOTCA B KypcaX MaTeMaTHYeCKOro aHaJIu-
3a ¥ ONTUMH3ANUA. B 9TUX MOjesX Juio, npuauMaoiiee perrerus (JIIIP),
BLIOUpAeT CBOE JIefiCTBIE W3 HEKOTOPOTO MHOYKECTBA CTpaTeruii (HampuMep,
MHOKECTBO TLIAHOB IPOU3BOJICTBA B 33/1a4e JIHHEHHOrO MTPOrpaMMUPOBAHNS ).
Bagana neseBast GyHKIUs, KOTopas orpazxkaer uarepecer JIIIP u 3aBucut or
BBIOpaHHON WM crparternu (Hampumep, (DYHKIHST TPHOBLIN, 3aBUCAIIAS OT
HA3HAYEHHOTO TJIAHA MPOU3BOJCTBA). 3a/lada MPUHATHSA PENIeHuil B 3TOH 110-
CTAHOBKe COCTOUT, KaK MPABUJIO, B TOM, YTOOBl HAUTH CTPATErHIO, TOCTABJI-
IOMIYI0 MAKCUMYM IIeJ1eBOil (DyHKITHH.

Orinune KOHMIUKTHONW CATYAllMA B TOM, UTO pellleHHe MPUHUMAETCS He
OJTHAM WHJUBUIYYMOM, & HECKOTbKUMH YIACTHUKAME, U (DYHKIUS BBIUTDbI-
a KazkKJI0ro MHJUBUYYMa 3aBUCUAT HE TOJILKO OT €ro CTPaTeruu, HO TaKKe
U OT pelleHuil APYyruxX y4acTHUKOB. MaremMaTudecKkas MOJETb TAKOTO PoJa
KOH(bIMKTA HA3bIBaETCHd U2poti, a YIYaCTHUKNA KOH(MIUKTA — U2POKAMIU.

B pamkax Teopuu Urp CyIIECTBYIOT JIBa OCHOBHBIX HampaB/enusd. Teopus
HEKOONEPAMUBHLT U2p N3YydaeT TPUHATHE PEIIeHUl B TPEIN0JT0KEHIH, YTO
CYIIIEeCTBYET MeXaHW3M, 0OeCTIeYHBAIOIINIT BBITOTHEHTE COBMECTHO TPUHATOTO
perterns. [Ipw 3ToM ocHOBHAs mpoOiaeMa — YKa3aTh MHOZKECTBO B3aWMOBBI-
TOJIHBIX PELIEHUN ¢ y4eTOM MHTEPECOB U CAMOCTOSTE/IbHbIX BO3MOXKHOCTEH
OTJENbHBIX UTPOKOB U K0GAUUUL, TO €CTh TPYII COBMECTHO JEHCTBYIONINX
UTPOKOB. KM 3TO MHOZXKECTBO BKJIIOYAET HECKOJHKO BAPUAHTOB PEIeHWUs,
TO BO3HWKAeT TaKyKe 33Ja49a BBIPAOOTKH KPHTEPUsS ONTHMAJIbHOCTH, KOTO-
pBIil TO3BOMTMIT OBl HAWUTH €IWHCTBEHHOE, HAWJIyYIllee B HEKOTOPOM CMBICTIE
peutienue. B Hacrosiiem nocobun OCHOBHbIE HOHSATUS U HEKOTOPbIE Pe3yJibTa-
THI TEOPHH KOOTEPATUBHBIX UT'P M3JI0KEHbBI B § 15.

HekooneparuBuble UI'pbl OTPaKaOT CUTYallMM, B KOTOPbIX UI'DOKHU JI€ii-
CTBYIOT CAMOCTOATEIbHO, HE3ABUCUMO JIPYT OT JPyTa, U €CJIU KaKHe-TO COT/la-
IMEHNs 3aKII09aI0TCA, TO OHU HE SBJISIOTCA 00SI3bIBAIONTUME: KayK 1B UT'POK
MOZKeT OTKJIOHUTBCS OT JOTOBOPEHHOCTHU. TaKUM UTpaM V/esseTcs OCHOBHOe
BHUMAaHUE B JAHHOM ITOCOOWH.

Ecnn urpokoB JBoe, a WHTepechbl WX NMPOTUBOIOIOXKHBI, TO UT'DA Ha3bI-
BaeTcd awmazonucmuveckot. TUNMUIHBIMU TpUMepaMy aHTarOHUCTHIECKUX
UD SBJISIOTCH ITAXMaThl, HIANIKYK, "KPECTUKU-HOJIMKH', & TaKzKe a3apTHbHIE
urpel Tuna "opasaku'. Tlpu mpoBeneHNN BOGHHBIX OTMEpAIUil HANAIAIOIIAS



§1. Bsegenne

CTOPOHA OOBIYHO CTPEMHUTCSI HAHECTH TMPOTUBHUKY MAaKCUMAJIbHBIH yiepo, a
POTUBHUK CTPEMUTCS ITOT yIepd MUHUMU3UPOBATD. [109TOMY B TaKUX CJIy-
JagxX BOCHHYIO OIEPAIMI0 MOYKHO M3y4aTh KAK aHTATOHHCTHIECKYIO UTDY.

B nekotopsix 3amadax nesnesas dpyukius JIIIP 3aBucut or Heonpeaeen-
HOro (bakTopa (HampuMmep, MOTOAHBIX yeioBuil). PaccunteiBas Ha "Xymmmii
cayuait", npeamnosaraoT, 9T0 3TOT (HPAKTOP — CTPATErws IPOTHUBHUKA, UMe-
IOIIET0 TPOTUBOTOJIOYKHBIE HHTEDPECh. Bo3uukaer urpa npotus "npupomst”,
TaK’Ke OTHOCSIIAACS K aHTATOHHCTHYECKUM HrpaM. Takue Urpbl paccMaTpu-
BAaIOTCA B MEPBOH IJ1aBe.

Bropast ¥ TpeTbs rIaBbl TOCBSAIIEHBl HEGHMAZOHUCTNUYECKUM UPAM. DKO-
HOMUKA M COlUaJibHas cdepa Jal0T MHOINOYUC/IEHHBIE PUMEPHI TAKKX HIP.
[Tycrh HECKOMBKO (DUPM KOHKYPHUPYIOT Ha TOBAPHOM PBIHKE U 3aMHTEPECOBa-
HBbI B YBEJMYEHUN CBOUX JIOXOMO0B. [leHA HA TPOIYKIUIO OMpeIeseTcs: Cipo-
COM HA TOBAp M KOJUYECTBOM BBINYIICHHOW MpOayKIiuu. Teopus Urp mpei-
muchiBaeT (bUPMaM-UIPDOKAM HA3HAYATH BBIIYCK MPOJYKIHH B TAKUX KOJIH-
YeCTBaX, [IPU KOTOPBIX KayKJIOMY OTJEJIbHO B3STOMY UI'POKY ObLIO Obl HEBbI-
TOHO OTKJIOHSTHCS OT HpeAnucanHoro oobema. CoorBercTByomnit HabOP
cTpaTeruii Ha3bBIBAOT pasHosecuem no Hawy. Ipyrum mpumepom siBISIOT-
CA UEPAPTUMECKUE UzPbl, OTPAZKAIOIINE B3aUMOJCHCTBHE MEXKJY BEPXHUM U
HUKHUM 3BEHbsSIMH yIpaBJIeHUs (HAYAJILHUKOM M MOJYHHEHHBIM, 3aKa3du-
KOM U TIPOU3BOUTEIEM TIPOAYKIUH U T.I0.). 3/1€Ch OOBITHO UHTEPECYIOTCS He
PABHOBECHEM B HI'DE, & HAUAYHUUM 20PAHMUPOSAHHBIM PE3YALMAMOM, KO-
TOpBIil MOXkeT cebe 0becrnednTh UTPOK-TUIEP, TEPBLIM COODIIAONINN CBOIO
CTPATEruio JIPyroMy UTPOKY. SHAYUTEIbHOE BHUMAHNE B YKA3AHHDBIX IVIABAX
VIEASIETCS TAKAKE PEeUWEeHUAM N0 JOMUHUPOSAHUIO.

B uerBeproil riaBe gaeTcsi KpaTKOe BBEJIEHHE B MaTEMATHUECKYIO KO-
HOMUKY M PAaCcCMaTPHUBAIOTCS IIPUJIOKEHHS TEOPHU HEKOOIEPATUBHBIX UI'D K
aHAJM3y AKTyaJbHBIX KOHOMHUUECKUX mpodsem. OaHA W3 HUX — HCCTEI0-
BaHIE SKOHOMUYECKUX PHIHKOB B YCJIOBUAX HECOBEPIIEHHON KOHKYPEHIINH 1
OIEHKA OTKJIOHEHUS OKHIAEMOI0 COCTOSHUS PBIHKA OT KOHKYPEHTHOTO DaB-
HoBecus. M3noxennas B § 18 Teopema 6,1arocOCTOSTHUS IS OTHOTIPOIYKTO-
BOIl 9KOHOMUKH OKA3BIBAET, YTO COCTOSIHUE KOHKYPEHTHOIO PABHOBECHS $1B-
JISIETCSl ONTUMAJIBHBIM ¢ TOYKH 3PEHUS CyMMAaPHOI'O BBIUTPHIIIA BCEX yYaCT-
HUKOB. B § 19 paccmarpuBaoTcst MO PHIHOYHOW KOHKYpeHimun 110 KypHo
u beprpany, a Takzke ayknuon (byuknmii mpepioxenus. [IpoBoguTcst cpaBue-
HHe paBHOBecHil 110 Hamy u perennii o JOMUHUPOBAHHUIO ¢ KOHKYPEHTHBIM
PaBHOBECUEM.

B §§20, 21 obcyxnmarorcs mMomenn, CBs3aHHbIE ¢ (DYHKIIMOHHPOBAHUEM



§1. Bsegenne

HaJIOI'OBOM CHUCTEMBI. PaCCManI/IBaIOTCH HpOCTefIIHI/Ie 3aJa491 OINTHUMaJIbHOI'O
BbIOOpA HAJOTOBBIX CTABOK I (DUHAHCHPOBAHMS OIOJ?KETHOI'O CEKTOpa, a
TaK2Ke MOJIeJIM OPraHUu3alui HAJOTOBBIX IIPOBEPOK B YCJIOBHUSAX YKJIOHEHUS H

KOPPYTIIHH.



I'NIABA I. AHTATOHUCTUYECKUE UT'PbHI

§2. CepJioBble TOUYKM Y AHTArOHUCTUYECKUE UT'DBI

[Tycrb dyukiust F(x,y) onpenesena Ha JeKapTOBOM TPOU3BEICHUN
X XY, e X,Y — MHOXKeCTBa IPOU3BOJIHLHOI IPUPOILL.

Onpedeaenue. Tapa (z°,4°) € X x Y maswiBaerca cedaogoti mouxot
dbyukuun F(x,y) na X x Y, ecnin

F(z,y°) < F(a%y°) < F(a®y) Vo € X, VyeY (2.1)
WIN, SKBHBAJIEHTHO,

max F(x,y") = F(2°,y") = min F(2°, y).
zeX yey

[lonstre cemoBO# TOYKM HCIOJIB3YETCd B ONPEJCICHUN PEIIeHus aHTa-
TOHUCTUYECKON UI'DHI.

OnuiieM anTaroHUCTUYECKYIO urpy. B Helt npuauMmaor ydactue aBa ur-
poka 1 u 2 (mepsbiii 1 BTOpoii). VIrpok 1 BEIGHPAET CTpATEruio T U3 MHOMKe-
cTBa cTparernit X, nTpok 2 BEIOMPAET CTPATErUIO Y U3 MHOZKECTBA CTPATET il
Y. Hopmasibnast (popMa Urpbl mojpasyMeBaer, YTO KaxKJIblii UI'POK BBIOMpa-
€T CBOIO CTPATErHi0 HE3aBHCHMO, He 3Had BbIOOpa mapTHepa. 3ajaHa @yHk-
yua evuzpuiwa F(x,y) neporo urpoka, onpenenennas #a X X Y. Bourpsin
F(x,y) nepsoro urpoka sBjisiercs mpourpsiiiem st Broporo. Lesb nepsoro
HI'POKA COCTOUT B YBEJHYEHHU CBOETO BhIHIphIIa F(x,y), a megb Broporo —
B ymenbirerun F(x,y).

Takum 06pa3oM, aHTArOHUCTHYECKAs HUI'PA 3a/1aeTCsa HaDOpOM
I = <X, Y, F(x, y)> Tepmunsl "Boiurpeim"u "urpox" CI0KIINCHL UCTO-
pUYECKH, KOIJIa aHAJN3UPOBAJIACH MPEUMYIIECTBEHHO a3aPTHBIE UTPHl. JTH
TEePMHUHBI He cOBceM TovHble. Hanpumep, econ 3uadenune F(z,y) < 0, 7o "Bbi-
UTPHITT TIEPBOTO UTPOKA SABJIAETCsT (PAKTUIECKH ero mpourphitieM. Kpome To-
r0, pACCMAaTPUBAIOT UTPHI, Te F'(x,y) ABIgeTcs He JeHeKHBIM BBIUTDBIIIEM,
a, CKaxKeM, BepOSITHOCTDBIO TTopazKeHus 1neyn. VIrpok 2 MoxkeT He ObITh HHTEJ-
JIEKTYAJIbHBIM ITPOTHBHUKOM. JaCcTO paccMaTpPUBAIOT UTPHI HPOTUB "TIPUPO-
nwr",

Bepuemcs K ompegeseHuIo CeIoBOM TOYKH, KOTOPOW MOXKHO TPHUIATH
caeayonmuit urposoit cMmpicy. Eciim urpoku BeiOpajid B KadecTBe cTpaTeruit
kommoneHTHl 2, y° ce1/10Boit TOYKH, TO KazKJIOMY U3 HUX HEeBBITOJHO OTKJIO-
HATHCsE OT BbiOpanHo#t crpareruun. [losromy cejuioBas Touka siBjsiercss op-
MaJin3areil KOHIENIUT PABHOBECHST B UT'Pe.



§ 2. CemyioBble TOYKHM U AHTATOHHCTHIECKHE UTDBI

Onpedenenue. ToBOpAT, 9T0 aHTArOHUCTHYECKas Urpa I umeer pewerue,
eciu gyukimusa F(x,y) numeer na X X Y cemiobyio Touky. Iycrs (2°,4°) —
ceayoBas Touka dyukuun F'(z,y). Torga Tpoiika
(2°,9°, v = F(2°,4°)) naspiBaerca pemenumem urpsr, 20,y — onmumanvroi-
MU CTPATETUAME UTPOKOB, & U — 3HAYEHUEM UTPDL.

[Tokazkem, 4TO 3HAYEHME MI'PBI HE 3aBUCUT OT BbIOOPA CEJIOBON TOYKH.

Jdemma 2.1. Ecm (29)4y°), (2*,y*) — ne cemnosble Toukn pyHKIUHI
F(z,y) ma X x Y, 10 F(2°,y°) = F(x*,y*).

Jlokasameavcmeo. Hapsamy ¢ (2.1), Belnuimem aHAJTOITYHbIE HEPABEHCTBA
JUTsT CeJIoBO# Touku (2%, y*)

Fz,y") < F@"y") < F(@"y) Ve e X, VyeY. (2.2)

Unmeem

(2.2) (2.1) (2.1) (2.2)
F(z*,y*) < F(a*,y") < F(2°y") < F(2°y*) < F(z*, y").

3J1ech BCe HEPABEHCTBA BBIMIOJIHEHBI KaK paBeHcTsa. M
Bazkueiimmit Kj1acc aHTaroHUCTHIECKUX UI'D 00Pa3yIoT MaTPUYHBIE UT'DHI.

Onpedenenue. AHTArOHHCTHYECKAS UTPa || HA3BIBACTCS MAMpPuuHot, ecin
MHOKeCTBa cTpareruii urpokos komeuns: X = {1,...,m}, Y = {1,...,n}.
[Tpu sTOM NMpuHATO 0003HAYATH CTPATEIHIO MMEPBOr0 UTPOKA Yepe3 i, CTpa-
TEIWI0 BTOPOTO depe3 j, a BBIUTPHI mepBoro F(i,j) wepes a;;. Marpuna
A= (aij)mm Ha3bIBaeTcs MaTpuileir urpol. [lepBoiit urpok BeIOUpaeT B Heit
HOMED CTPOKH %, & BTOPOil — HOMEpP CTOJIONA j.

B obosnauenusx marpuunoit urpel (i, 7°) — cemjioBasg Touka MaTpuIbl
A, ecnu

Q50 § ;040 S a;04, 1= 1, ...m, j = 1, o, n.

00
Ipumep 2.1. A = (O 4) :

Bmecw (1,1) u (2,1) — aBe ceaIOBBIE TOUKU U 3HAYEHHE UTPHI U PABHO HY-
JIH0. 3aMeTuM, 9To a1p = v, HO (1,2) He ABJsAeTCs Ce/TIOBOM TOYKON MATDHIIBL.

Ipumep 2.2. Urpa "opiasiuka". [lepBelit NTPpOK 3aK/1aIbIBaeT MOHETY Op-
aom (O) nam perkoii (P), a Bropoii nsitaercst orragars. Eciin BTopoit urpox
OTTA/IAET, TO TEPBBIH IJIATUT MY eJIHHUILY, €CJIH HE 0TI aeT, TO — HA0OOPOT.



I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

O P
O (-1 1
Smecr A = rl 1 _1) Herpyano Bugers, 910 9Ta MaTpuiia He WMeEeT

CeJI0BOIT TOYKMU.

Bepremcsa k o0miemy ompeseieHUIO CeIJIOBOM TOYKM M AHTATOHUCTUIE-
ckoit urpsl. Bo3zuukaior jBa Bompoca. Korja antaronucrudeckas urpa uMeer
pemenne, T.e. Korga dyukmus F(z,y) umeer ceqioByio Touky Ha X X Y7
Kak nckarh ceiytoBbIe TOYKHU, €CIN U3BECTHO, YTO OHU CYIECTBYIOT?!

Pacemorpum urpy I' ¢ Toukn 3penust nmepBoro urpoka. [lycrs on BeiOpa
cTpareruio r. ¢lCHO, 4TO €ro BBIMI'PbIIL OYJeT HE MEHbIIe, YeM ylg}f/ F(z,y).

Benuuuny in}f/ F(z,y) HazoBem 2apanmuposanHvlm Pe3YAbMamonm (Guiuzpol-
y€E

wem) 1Jis IepBOro Urpoka. Hauaydiimii rapaHTUPOBAHHBINR Pe3yJIbTAT JIJIs

HePBOTO UI'POKA, U = SUp in}f; F(x,y) Ha3bIBACTCA HUNCHUM 3HAYEHUEM UTPHIL.
zeX Y€

0

Onpedeaenue. Ctparerns x° mepBOro HIPOKa HABBIBAETCI MAKCUMUHHOU,

inf F(2°,y) = v.
ecat inf (% y)=v

Pacemorpum urpy I' ¢ Touku 3penud BToporo urpoka. Eciau on BeiOpaJ
CTPATETHIO Y, TO JIJII HETO eCTeCTBEHHO CUUTATH FApaHTUPOBAHHBIM PE3Y.Jib-

rarom Bejiuunny sup F'(x,y). [Ipourpsim Broporo urpoka Oyjer ne 60Jblie,
zeX
yeM 3Ta BesmuuHa. Hamaydmmii rapanTHpPOBAHHBIA PE3yaIbTaT JJ BTOPOTO

urpoka U = inf sup F'(x,y) HA3HIBAETCS 6EPTHUM 3HAMEHUEM WUTPHI.
YEY zeX

Onpedeaerue. CrpaTerud y° BTOpOro UIrpoKa Ha3bIBAETCS MUHUMAKCHOT,

ecmm sup F(z,y°) = v.
reX

Jlemma 2.2. B moboit antaronuctudeckoit urpe I cnpaBeinBo HepaBeH-
crBo v < .1

okasamesvcmeo. BozbMeM MPOU3BOIBLHBIE CTPATETHH UIPOKOB & H Y.
Torna

inf F(z,y) < F(x,y) <sup F(z,y) = inf F(z,y) < sup F(z,y).
yey zeX yey zeX

JleBag 4acTb nmocjeaHero HepaBeuCcTrBa 3aBUCUT OT T, a IIpaBad 4aCTb — HET.

19ToMy HEpPaBEHCTBY MOYKHO JATh CIIELYIONLYIO MHTEPIPETAIHIO: " TyHIIe OLITE TIIIOXIM
CpeIn XOPOIIKMX, 9eM XOPOIITHM CPEIN TLIOXUX'".
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§ 2. CemyioBble TOYKHM U AHTATOHHCTHIECKHE UTDBI

[ToaTromy

sup inf F(z,y) <sup F(z,y) VyeY = v<v.1
reX YeY reX

Teneps cpopMmyaupyem HEOOXOMUMOE H JOCTATOYHOE YCIOBUE CYIIECTBO-
BaHUs CEeJJIOBOI TOYKHU i (PYHKIUU IBYX IIEPEMEHHBIX.

Teopema 2.1. 1) s toro uroOsl dhyukmus F(x,y) va X X Y umena
CeJTOBYIO TOUKY, HEOOXOINMO U JTOCTATOTHO, YTOOBI OBLIO BBHIIOJIHEHO PaBEH-
CTBO

max inf F'(z,y) = minsup F(z,y). (2.3)
zeX yeYy yeY reXx
2) Ilycrs Bemoaneno pasenctso (2.3). Iapa (29 y°) Torma n Toapko Torma
ABJIsIeTCs ceIJI0Bol TOUKol, Korja 2° — MakcuMUHHAs, a 4 — MUHEUMaKcHad
CTPATETHH UTPOKOB.

Jlokasamenvcmeo. Yreepxiaenus: 1) u 2) Oygem JOKas3bBaTh OJHOBDE-
MEHHO.

HeobGxomumoctn. Ilyers (20, 4°) — cemnosas Touxa dyuxuun F(z,y). To-
KazkeM, 4TO BBIIOJHeHO paseHcTBo (2. 3), a 2°,y° — MakcuMuHHAA U MUHH-
MaKCHBIe cTparernu. VMeem

7 <sup F(z,y°) = F(2°,94°) =v = inf F(2°,y) <v =7<0.
z€X yey

Ho mepasencTBo v < U BepHo B cuiy JjiemMmbl 2.2. [Toaromy ¥ = v u B 1no-
CJAeHUX HEPABEHCTBAX BCIO/Y MOYKHO MOCTABUTH 3HAKM paBeHCTB. 3 mosy-
YeHHBIX PaBEHCTB CIejyeT, 4yTo x°
CTpaTeru UTPOKOB.

I 2.3 B 00 —

HoctaTtounoctsb. llycTh paBeHcTBO (2.3) BRIOMHEeHO. Bo3bMmeMm z°,y

MaKCUMUHHYIO U MUHMUMAKCHYIO CTPATEIHMH U MOKAXKeM, 4TO OHU 0Opa3yior
ceIoByI0 Touky. meem

— MaKCHUMUHHad, a yO — MHHUMaKCHad

F(2°,4°) > inf F(2°,y) = Q(Qig)ﬂ = sup F(x,3°) > F(2°,%°).
yey zeX

Bo Bcex HepaBeHCTBaX MOXKHO IIOCTABUTH 3HAKH PABEHCTB W IIOJTYYaeM, 9TO
(2°,9°) — cemnoBag Touka dpynkmun F(z,y). B
Bamenanue. Ecan BHIMONTHEHO PaBEHCTBO (2.3), TO MHOXKECTBO BCEX CEJITI0-

BBIX TOUEK IPAMOYT0/1bHO u copnagaer ¢ X0 x Y0 rne X u YO — mnoxecrsa
BCEX MAKCHMUHHBIX U MUHUMAKCHbBIX CTPATErnil HIPOKOB.
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I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

Vnpaosrcnenue 2.1. Jlokazxkure, 9410 3 X 3-MaTPHUIlA HE MOXKET UMETh POBHO
7 ceJJIOBBIX TOYEK.

Ipumep 2.3. Haitjiem Bce ceUIOBbIE TOUYKH MaTPHIbI

7T -1 -4 1
4 2 3 2
A= 2 2 5 2
4 -3 7 =2

31ech (m1n4a”) = (—-4,2,2,-3) u (1H<1a<)§1a,~j) = (7,2,7,2). Orcrioga v =

v=2 X%=1{23}, Y° = {24} Yernpe cepnoBble TOUKH 00pa3ymOT
mHozKecTBO X° X YO,

Ipumep 2.4. llycrs X =Y =10,1], F(x,y) = 22* — 3zy + 2y°. Haiizem
BesiuuHbl v 1 . [Ipu dukcupopannoM x MuHUMYM 110 y dbyuxkuun F(z,y)
nocruraercs B Touke y(x) = 3x/4 € Y. Iosromy dpyHKIUS MAHEMyMa —
W(z) = Org;glF(x,y) = 72%/8. Orcriona v = 7/8 u 2 = 1 — maxcumunHas

crparerus. 3adukcupyeMm y. Makcumym dynknuu F(x,y) 00 £ 10CTHraeTCsI
B KoHIlax oTpeska [0, 1] u pasen

M(y) Y max F(z,y) = max[F(0,y), F(1,y)] =

0<x<1

2-3y+2y%, 0<y<2/3
= max[2y°, 2 — 3y + 2¢°] = ) y+2y7, 0<y<2/3,
2y°, 2/3<y<1.

Munumywm dbyukmun M (y) gocruraercs npu y° = 2/3 u v = M(y°) = 8/9 >
v = 7/8. Crenosarensuo, bynknus F(z,y) He HMeeT celI0BON# TOUKH.

Ynpaoscnenue 2.2. HaliqnTe MAaKCUMUHHYI0O U MUHHMAKCHYIO CTpATEIruu,
a TaK:Ke HUJKHee W BepXHee 3HaUeHWS WIPHI [', B KOTOpOit

X =[-2,3], Y =[-1,2], F(z,y) = —2* + 4ay — 5y* + 3z — 2y.

Nuorna B BHIPaKeHUAX

v =sup inf F(z,y), v = inf sup F(z,y)
zeX YEY YeY zex

BHEIITHUE SUp U N f He JOCTUTAIOTCS, HO

sup inf F(x,y) = inf sup F(z,y). (2.4)

reX YEY YeY zeXx
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§ 2. CemyioBble TOYKHM U AHTATOHHCTHIECKHE UTDBI

Torja MakcuMuHHAs (MJIM MUHHMAKCHAS) CTPATETrHs He CYIECTBYET W CeJl-
JIOBOiT TouKM HeT. Bo3aMmorken npyroii ciaydail, Korjga v < U, HO 9TH BEJTHIHHDI
O6m3kn. B momoOHBIX cIydasax HCIOJIB3YIOT MOHATHE

£-¢edn060T Mouku.

Onpedeaenue. Ilycrs 3amano € > 0. [lapa (z°,y°) € X X Y nasviBaerca
e-cey1oBoi Toukoil dbyukuun F(x,y) na X X Y, ecin

F(z,y*) —e < F(z%,y°) < F(z°,y)+e Yz e X, YVyeY.

Ynpasternenue 2.3. Ilyers 2°,y° — MakcuMHUHHAA ¥ MHHUMaKCHas cTpaTe-
rum, a € = v — v > 0. Jokaszats, uto (2°,4°) — e-cemmoBag Touka bynknun
F(z,y).

Onpedenenue. Ilycts 3amano € > 0. Crparerus mepBoro Urpoka r° Ha-

3BIBACTCHA E-MAKCUMUHHOT, ecau in}f/ F(zf,y) > v — e. Crparerust Broporo
=

UTPOKA Y° HABBIBACTCS e-Munumakcnot, ecmu sup F(x,y°) <0 +e€.
zeX
DT crparerun 06eCIeIMBAIOT UI'POKAM TOTy YeHIe CBONX HAWTY IIIUX TapaH-

THPOBAHHBIX PE3YJIHTATOB ¢ TOYHOCTHIO 10 £. ChopMmyaInpyeM aHAIOT Teope-
MBI 2.1.

Teopema 2.1'. 1) Tns Toro arobsr npu awobom € > 0 dbyuxus F(x,y)
Ha X XY mmesa e-ce/JIOBYIO TOYKY, HEOOXOJUMO U JOCTATOYHO, YTOOBI OBLIO
BBITIOJTHEHO PaBeHCTBO (2.4).

2) IMycrb paBercTBo (2.4) BHINOMHEHO. TOrIA KOMIIOHEHTHI
€-Ce/IJIOBOM TOYKM SBJLIOTCH 26-MaKCUMWHHON W 2e-MUHUMAKCHOM cTpaTte-
rusvu. OOpaTHO, e-MaKCHMHUHHAs W £-MHHHMAKCHAasl CTPATErud 0Opa3yIoT
2e-ceIVIOBYIO TOUKY.

Vnpascnenue 2.4. Joxkaxkure Teopemy 2.1

[IpejicTaBisgioT HHTEPEC YCJIOBHS TOTOJOTMYECKOI'0 XapaKTepa, Ipu KOTO-
PBIX CYIIECTBYIOT MAKCUMUHHBIE 1 MUHUMAKCHBIE CTPATETHH.

Teopema 2.2. Ilycts dynknus F(z,y) nHenpepbiBra Ha X X Y, r1e
X,Y — KOMOAaKTHl MeTpuuecKnxX npocTpancTs’. TTomoxKm

Y (x) défAI‘gI;éi}l/l F(z,y). Torna

!'HenocTaTo9H0 HOATOTOBIEHHDIH YUTATENb 3[6Ch U Jajee MOMKET 3aMEeHHTDb BhIpazKe-
Hue "KOMIAKT METPUYECKOro MPOCTPAHCTBA''HA BhIparkeHme "3aMKHYTOE OrpAHWYEHHOE
MHOKECTBO eBKJINI0BA TPOCTpaHcTBa .
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I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

1) ®ynkuusa muaumyma W(z) = mi}r/l F(x,y) nenpepbiBaa va X.
ye

2) TIpeanonoKumM JOMOJIHUTENBHO, ITO IPU KaxkKJI0M T € X MHOKECTBO
Y (z) cocrout u3 eguncrBennoro snementa y(x). Torma dyrkuns y(x) wempe-
pbiBHA HA X.
Jokasamenvcmeo. 1) BozbMeMm IPOM3BOIBLHYIO TIOCIEI0BaTebHOCTD { 2%}
sneMenToB u3 X, cxopamytoca K x°. ITokaxkeM, 4T0 klim W (%) cymectryer
— 00

u pasern W (x°). IIpeanonoxum nporupHoe. Torma HaiijzeTcsa Takas MOMIO-
caepoBarebHoCTh {ki}, 910 llim W (zk) = A # W(2°). Bosbmem mociieso-
—00

BarebHOCTh {y* € Y (2*)}. B cuny xommakTHOCTH MHOMKECTBA Y MOMKHO
cunTaTh, 4To? lim y* = 0. Ilokazkem, uro y° € Y (2°). deiicrBurensno, mo

l—00

OIIPEIeICHUIO ykl
W(z"t) = F(a™, y*) < F(a",y) Yy eY.

[Tepexoast B 9TOM HEPABEHCTBE K NPEJENy IpH [ — 00 W UCNOAL3Ys Herpe-
peiBHOCTEL byHKIMN F(2,Y), moxydanm

F(’y") < Fay) VyeY = 4’ €Y(a").
Hakonen, A = llim F(ak y*) = F(2°,94°) = W(2°) (nporusopeuue).

2) Tokaxkem, uto dyukuus y(x) HenpepbiBaa Ha X . IIpeanonoxum, 4ro
ona paspoiBHa B Hexoropoil Touke 10 € X. Torma maiimerca Takas moC/Ie-
nosarenbHoCTh {2¥} smementos w3 X, cxomamasicsa k 2¥, 9TO0 COOTBETCTBY-
forast mocaegosareabrocth {y(zF)} we cxommres x y(2Y). Tlostomy cyme-
cteyeT okpectHocTh U Touku y(z°), BHe KOTODO#l HaxoiuTcs GECKOHeuHOe
4HCI0 YIeHOB TocenoBaTeabiocT {y(2%)}. B culy KOMIAKTHOCTH MHOZKe-
crea Y\U u3 310i1 10C/a€10BATEJIBHOCTH MOYKHO BbLIEIUTH [OJIIOC/IEI0BA~
tesbrOCTh {y (%)} C Y\U, cxongmytocs k nekoropomy saementy y' # y(x).
Ho, kak u B uacru 1), nerpy/no gokazarh, ato y' € Y (x°). [oxyuumu nporu-
BOpedHre ¢ TeM, 4To MHOzKecTBo Y (2°) cocToMT U3 eUMHCTBEHHOTO S/1eMeHTa.

Samenanue. B mporecce 10Ka3aTeIbCTBA TEOPEMBI MbI TAKZKE YCTAHOBUIII
3aMKHyTOCTH MHOXKecTBa {(7,y) | € X, y € Y (x)}. OrmernM Takzxke, 910
B TeopeMe 2.2 KOMITAKTHOCTb MHOYKECTBa Y CYIIECTBEHHA.

231ech UCIONB30BAHO CAEAyToIee CBOHCTBO KOMIIAKTA METPHYECKOIO IPOCTPAHCTBA!
u3 J000i 10CJIe10BaATEIbHOCTY YIEMEHTOB KOMIAKTA Y MOXKHO BbLIEIUTH IIOZIIOCIIEI0-
BATEJIbHOCTh, CXOISIIYIOCS K HEKOTOPOMY 3jeMmeHty u3 Y. Cumraem, 9To {ykl} U ecTh
COOTBETCTBYIOIIAA BbIJEJIEHHAS TO/INOCIEe0BATETHHOCTD.
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§ 2. CemyioBble TOYKHM U AHTATOHHCTHIECKHE UTDBI

Ipumep 2.5. Ilycrs

3/1ecb MHOXKECTBO Y HE SABJISETCS KOMITAKTOM, a (DYHKITHH

Ljw, x#0, W(z) = min F(z,y) = 0. =70,

xT) =
y(@) 0, xz =0, yey 1, =0,

Pa3pbIBHBI.

Onpedenenue. AuTaronncTudeckad urpa I' HaspIBaeTcs nenpepoulenoti, ec-
mu X, Y — napasuiesienune/ipl €BKJIMI0BbIX IPOCTPAHCTB, & dbyukuusa F(z,y)
nenpepsiBHa Ha X X Y . B wactHOCTH, TIpH
X =[a,b], Y = [c,d] 6yaem roBOpUTH O HENPEPBIBHOI HIPE HA TPSIMOYTOJIb-
HUKE.

113 Teopembl 2.2 cIeayeT, 9TO B HEIpepbIBHON urpe I’ CymecTByIoT Mak-
CHMMUHHDIC ¥ MHHUMAKCHbBIC CTPATEIMH UIPOKOB.

Tenepnb 3aiiMeMca TOCTATOYHBLIME YCIOBUSMHU CYHICCTBOBAHUS CeIJIOBOI
TOUKH (PYHKINU JBYX MepeMeHHbIX. 11X MOKHO ¢pOPMYIHPOBATH B TEDMUHAX
BBLIIYKJIOIO aHaln3a. HaloMHEM HEKOTOpLIE OIpeleIeHus.

Onpedenerue. MHOXKECTBO Z €BKJIMI0BA MPOCTPAHCTBA HA3BIBAETCS Gbi-
NYKAGLM, €CTH JJIs JTIOObIX Todek 2’ # 2" u3 Z u moboro gucia 0 < \ < 1
touka Az’ + (1 — \)z” Takzke NpUHAIEKAT MHOXKECTBY Z.

Onpedeserue. Oyuxnus h(z), onpeieneHHas Ha BBIMYKIOM MHOYKECTBE
Z, Ha3bIBAETCA 6biNYKA0T, eclu 115 JMI00BIX ToueK 2’ # 2" u3 Z m moboro
qucsia 0 < A < 1 BBIIOJTHEHO HEPABEHCTBO

R+ (1= N)2") < A(2') + (1 — N)h(Z"). (2.4)

Ecin moc/ieiaee HEPaBEHCTBO BHIIOJHEHO KAk ¢Tporoe, To dbyHukuug h(z) Ha-
3bIBaETCA cmpozo ewnykaol. Ecan Bmecto HepaseHcTBa < B (2.4) durypu-
pyeT HepaBeHcTBO > (>), To dbynknus h(z) HaspiBaercsa ozhymotl (cmpoezo
602HYymMoT).

m
Ynpasicnenue 2.5. Jlokazkure, 4T0 GYHKIHEI Y Z2 CTPOTO BBIIYKJIA.
i=1
Ynpaostcnenue 2.6. Jlokazkute, 9T0 CTPOTO BHITTYKJIast HENIpepbIBHAS (DYHK-
Mg Ha BBIIYKJIOM KOMIAKTe! eBK/INI0Ba MPOCTPAHCTBA, JOCTUTACT MUHHMY-
Ma B €JIMHCTBEHHOU TOYKE.

1BaMKHyTOM OI'PAaHUYICHHOM MHOXKECTBE.
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I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

Teopema 2.3. [Iycrb X C E™ u Y C E™ — BbilIyK/ble KOMIAKThI €B-
KJINJIOBBIX TIPOCTPAHCTB, a dbyHukius F(x,y) venpepsiBHa #Ha X X Y. TIpeamno-
JIOZKUM, 9TO TpH Jitobom y € Y dbyukus F(z,y) BOrHYTa IO T W OPU JTH060M
x € X ona BoinykJa o y. Torga dyukuus F(z,y) umeer Ha X XY cemioByo
TOYKY.

oxazamesvcmeo. BHavwasie mokazkeM CyIIecTBOBaHHE CeJIOBOM TOYKHU B
caydae, korjga ¢ynakmus F'(z,y) crporo Beimykiaa mo y. Torma mis Beakoro
x € X dyukuus F(z,y) gocruraer MUHUMYMa Ha Y B €JIUHCTBEHHO# TOUYKE
y(x). o Teopeme 2.2 dyukmun W(zx) = ryrg}g F(z,y) n y(x) nenpepbIBHbI

Ha X. Bosbmem Touky x*, makcummsupymomiyio dyukimuo W(z) ma X, u
JoKazKkeM, 9To mapa (z*, y(z*)) asasercs ceatosoi Toukoii byukunu F(z,y).
Host mobeix x u 0 < t < 1 nomoxkum § = y((1—t)z*+tx). B cuny BorayrocTu
no x byukmun F(z,y) nveem

Wiz*) >W((1—t)z"+tx) = F((1 —t)a" +tz,y) >

>(1—=t)F(z", )+ tF(x,g9) > (1 —t)W(z") + tF(z, 7).

Orcioma tF(z,y) < tW(z*). CokpaTuB Ha HOJOKHTENbHOE ¢ U YCTPEMUB
t — 0+, mojiyduM HepaBeHCTBA JJISI CeJIOBOI TOYKHU

F(z,y(z")) < W(2") = F(a*",y(z")) < F(z",y) Vze X, VyeY.

Jokazxkem Teopemy B obiiem caydae. [Ipu € > 0 dyskius
d n
F.(z,y) =) F(z,y)+e¢ Zly? HEIPepBIBHA, BOTHYTA 0 T U CTPOrO BBHIIYKJIA
J:
o y. [To nokazannomy dyukius F.(z,y) nmeer cemaoByo Touky (z°,y°) Ha
X xXY:

Fox,y®) < F.(2%,y°) < F.(2f,y) Ve e X, VyeY.

BosbmeM mocie0BaTebHOCTD TTOMOKUTETBHBIX duces {£y}, CXOMSINIY0cs K
unysao. 13 kommnakTHocTn MHOXKecTB X u Y ciaeayer, 9To 6e3 morepu OOIII-
noctn % — 20, y** — ¢Y. Ilomarasd B MOCJeIHNX HepaBeHCTBAX € = € 1
nepexojist K npejiesty mpu k — 0o, moayvduM HepaseHcTBa (2.1) u3 ompeeie-
HUA cenioBoil Touku. M

3aMeTnM, 9TO MepBas JacTh JOKA3aTEIbCTBA TEOPEMbl KOHCTPYKTHBHA:
JUISL IOMCKA CeI0BOM Touku dyHkuuu F(x,y), crporo BbILYKJIOH 10 Y, J10-
CTATOYHO HaUTH MAaKCUMHUHHYIO CTpaTEruio l'* 141 Hal/lﬂquII/Iﬁ OTBET Ha Hee
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§ 3. CmermanHable pACHINPEHHS AHTATOHUCTHIECKUX HID

y(z*) Broporo urpoka. AHaJOrMYHO, IYCTh B YCJIOBUAX TeopeMbl 2.3 (dyHK-
st F'(z,y) crporo BorayTta mo =, y* — MHUHHMakcHas crparerus, a x(y*) €
Arg max F'(z,y*) — HamwIydimuii oTBeT Ha Hee mepBoro urpoka. Toraa

zeX

(x(y*),y*) — cemnoBas Touka yukun F(x,y).

13 nepBoii 4acTu JOKA3ATENBCTBA BBITEKAET, UTO JJIsl CYNIECTBOBAHUS
CeJJIOBOI TOYKM BMECTO CTPOroii Beimykaoctn dbyukunu F(z,y) mo nepe-
MEHHOIl i JIOCTATOYHO OTPeGOBATh TpH JIIOO0M & € X eMHCTBEHHOCTH HAU-
JIydIIero orsera y(z) BTOPOro Wrpoka. Ecau mocsiesnmee yCJOBHe HE BHIMOJ-
HeHO, TO mapa (x*,y*), tae y* € Y(2*), moxker He ObITH CEJJIOBOI TOUYKOI.
Hanpumep, ans dbyuxkmun F(z,y) = zy sa X x Y = [0,1] x [0,1] napa
(x*,y*) = (0,1) cennoBoii TOUKOIT HE SIBJSTETCS.

Ilpumep 2.6. X =Y =10,1], F(x,y) = —2*+y>+xy?—4y. 3necs Gyuk-
must F'(z,y) BHIMyKaIa 10 y W ¢Tporo BorHyTta 1m0 x. QyHKIWS HAWIYUIIEro
oTBeTa IepBoro urpoka — r(y) = y*/2 u

M(y) = max F(z,y) = F(z(y),y) = y'/4+y’ — 4y.
[poussoanas M'(y) = y* + 3y? — 4 obpauaercsa B Hyab B TouKax 1,—2.
Orciona y° = 1 — muanvakcuag crparerust u z(y°) = 1/2. CnegosarennHo,
(1/2,1) — cenoas Touka dbyukiyu F(x,y).

§ 3. CwmemnaHHBIE pACHIMPEHNS AHTATOHUCTUIECKUX UTP

B npeapiaymem naparpade mpuBOIuICa NpUMep aHTArOHHCTHYECKO nr-
pbl, He nmeromeit pemenus ("opasHka'). Mrpars B mogoOHBIe HIPHI BeCbMa
HerpocTo. [IpourpasiieMy HTpoKy KayKIblil pa3 X0ueTcss CMEeHUTh CBOIO CTpa-
TErUi0, HO OH OyjeT GoAThCs 9TO ¢earTh (a BAPYD MApTHEp J0Tajaercs?).
Teopus urp npejaaraeT UrPoKaM UCIOIL30BATD CMEULAHHBLE CTPATETHH.

Onpedenenue. CMelanHoOl cTpaTerueil IepBoro urpoka B urpe I’ Has3bI-
BaeTCsl BEPOATHOCTHOE pAcIpejie/ieHue  Ha MHOXKECTBe cTpaTreruii X.

ZLHH [IEPBOI'0 UI'POKa IIPUMECHUTH CMEHIaQHHYIO CTPATCIruio ¢ — 39TO BbI-
Opath cTparernio r € X Kak peajan3anuio CIydaiiHOfl BeJIWYWHbI, UMEIOei
3aKOH pacnpejenenns . /lamee paccMaTpuBaiTCs TPH BHUJIA CMENIAHHBIX
CTpaTEruid.

1) Iycrs X = {1,...,m}, xaK 910 WMeeT MecTO B MarpudHoii urpe. To-
713 BMECTO (p Jijisi 0003HAYEHUsI CMEIIAHHO cTpareruu Oy/1eM HCIIOIb30BATH

"BeposTHOCTHBI"BEKTOD P = (P1, .-, P ), VAOBJAETBOPSIOUIMIA OrPAHUIEHUSAM
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I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

m
Y pi=1, p; >0, i=1,..,m. Ecmu npumensiercst p, To cTpaTerus i BHIOU-
i=1
paercsi ¢ BeposTHOCTBIO p;. Hampumep, B urpe "opisgaka'onbITHBIE HTDOKH

HCTIOMB3YIOT cMemannyto crparernio p? = (1/2,1/2), nonbpaceiBas MoHETY
n Beibupas "open'uwim "pemky'"B 3aBucuMocTH pe3yJibTaTa GPOCAHUS.

Boobe, oiHa 13 BO3MOXKHBIX pean3aliii CMEIIaHHOW CTpAaTeruu — 3TO
opocanue moHeT. C MOMOIILIO OJHOTO OPOCAHUS OJHON MOHETHI MOYKHO OCY-
MIECTBUTH TOJBKO BEPOITHOCTH 1/2. C MOMOIIBIO IBYX MOHET WJIN JIBYKPAT-
HOTO OpOCaHus OJHON MOHETHI MOXKHO Y Ke€ Peajn30BaTh BepOsSTHOCTH 1/2)
1/4 u 3/4. fcno, aro GpocaHnem HECKOIbKHX MOHET HJIH MHOTOKPATHBIM GPO-
CaHUeM OJHON MOHETHI MOYKHO PeaIn30BaTh MIUPOKUHA CIIEKTP BEPOATHOCTEH.
Jpyroii BO3MOXKHBIM 1 GoJsiee yI00HBIN CIIOCOD peam3alui CMEeIIaHHO# cTpa-
Ternu — HMCIOJB30BATh PYJIETKY. eqnM Kpyr pyJIeTKH Ha CeKTOpa ¢ ILIOMIa-
JISIMH, TIPOHOPIIMOHABHBIMU 33/ IAHHBIM BEPOSITHOCTSIM HCIOIb30BAHUS M-
CTHIX CTpaTeruii. 3aTemM BpaliaeM CTPEIKY W UCIOJAb3yeM Ty CTPATErwuio, B
CEKTOPE KOTOPOIT OHA OCTAHOBUTCA.

2) Mycrs X = [a,b], KAK 5T0 UMeeT MECTO B HENPEPBIBHON WI'De HA Mps-
MOYTOJIbHUKE. 3/1ech CMelllaHHasl cTpaTerusd — (pyHKIUS pacIpeieseHus ¢
Ha oTpe3ke [a, b].

Ipumep 3.1. llyecrs X = [0,1], ¢(z) — mey6niBaiomas auddepenin-
pyemast yHKIWs, onpejeseHnas Ha orpeske [1/2,1] u ymoBaerBopsiomast
yeaosuam ¢(1/2) = 1/2, ¢(1) = 1. Onpenenum GbyHKIMIO pacHpeIeIeHust

0, —o0o <z <0,
1/4, 0<z<1/2,
clx), 1/2<z<1,
1, 1 <z < 4o0.

wo(x) =

Uurerpan Crunrbeca ot HenpepbiBHOI dyHKIK h(x) 10 dyHKIHUE pacipe-
Jesienns @o(x) Beraucisercsa mo dhopmysre

1 1

/h(z)dgpo(x) = ih(O) + ih(l/Q) + / h(z)d' (z)dx.

0 1/2

3) [lycrs X — BBILYKJIbIH KOMIIAKT €BKJIMIOBA IPOCTPAHCTBA. 3eCh IPH-
MepPOM CMEITaHHOI CTpaTernu MOXKET CJAYyZKUThb BEPOSTHOCTHAs Mepa, cocpe-
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§ 3. CmermanHable pACHINPEHHS AHTATOHUCTHIECKUX HID

JO0TOYCHHAad B KOHCYHOM YHCJIC TOYCK!

SO(I) = sz-[m(ﬂ(x)ﬂ sz = 17 Di > 07 :L,(’L) € Xv 1= 1a ceey T
=1 ;

=1

rae
1, =20,
[x(i) (JJ) = (4)
0, x#xW.
OTmeTnM, 9TO 718t TI060TO bopenescrozo MuOKecTBa B o(B) = Y p;.

iix(eB
[Ipu ucnoabp30BaHmn Mephl ¢ crparerus (Y BHIOUPAETCS ¢ BEPOSTHOCTHIO ;.
aTerpan or HenpepbiBHO# (byHKIME A () 0O paccMaTpuBaeMoil Mepe uMeeT
BH/I

/ h(w)dple) = 3 pib(e?),

O603naunM depes3 {p} — MHOXKECTBO BCeX CMEIIAHHBIX CTPATernii mepBo-
ro Urpoka Ha MHoKecTBe X. MoxkHO cuntars, uro X C {p}. HelicTBUTenbHo,
B HOCJEIHEM CIydae CTPATEruio & MOYKHO OTOXKJIECTBUTH C BEPOATHOCTHOMN
Mepoit [,. Ecain MmHOXkecTBO X KOHETIHO, TO BBHIOOD ¢ 3KBUBAJEHTEH BHIOODY
cmemnannoit crparernn p = (0,...,0,1,0,...,0), 1€ exMHAIA CTOUT HA i-M Me-
cre, anpu X = [a, b] crpareruto x € [a, b] MOKHO OTOXKIECTBUTH ¢ DyHKIIHEH
pacmpeaeeHusi, UMeoIei CKadoK 1 B TOUKe T.

MuozxkectBo X Oy/ieM Ha3bIBATb MHOKECTBOM YUCMbLL CTPATEINNA IEPBOIO
UIPOKA (B IPOTHBOBEC CMEIIAHHBIM).

aitMeMcs TOCTPOEHHEM CMEUAHH020 PACWUPEHUA AHTATOHUCTHIECKON 1T~
pu I' = <X, Y, F(x, y)> MBI onpejesnIn MHOXKECTBO {¢} CMeIaHHbIX
cTpaTeruii mepBoro Urpoka. AHAJIOTHYHO, MYCTh {1)} — MHOXKECTBO CMellaH-
HBIX CTpaTeruii BTOPOrO UTPOKA, T.e. BEPOSTHOCTHBIX paclupeieaeHuit | Ha
MHOYXKeCTBe Y ero 4uctbix crparermii. [Ipu 3ajaHubiX cTparerusix ¢ u
MaTeMATHYIeCKOe OXKIIaHHe BBIUTPHIIIA MEPBOTO UTI'POKA OTpeiesisgercs (op-
MYJIOH

Flo,0) = / / Fa, y)do(x)dib(y).

3/1ech MPEIIOIATaeTCsl, 9TO JBONHON HHTErPAJ CYIIECTBYET.

Onpedenenue. AHTATOHUCTUIECKAST UTPA

T: <{90}> {¢}> F<907¢)>
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I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

HA3bIBAETCS CMENIaHHbIM paciupenneM urpoi [

Onpedenenue. Pemrerme (0°,¢° v = F(¢° 4°)) urpsr [ naswiBaercs pe-
meHneM UCXOomHoi urpel I' B eMemannbix crparernsx. IIpu stom ¢°, 90 na-
3BIBAIOTCS ONMUMANOHUMU CMEULGHHBLMYU CTPATETHSIMA UTPOKOB, & U — 3HA-
yernuem Arpol I

Janee 6yayT DOCTPOEHBI CMEIIAHHBIE PACIIHPEHHS MATPUIHBIX U Helpe-
PBIBHBIX UI'P H OyJeT MOKA3aHO, YTO STH UIPBI BCELIA UMEIOT pellleHue B
CMEIIAHHBIX CTPATErUsX.

Hamomunm, 9to Marpuunas urpa I' 3agaerca marpuneit A = (@) mxn-
MHOKeCTBO CMENIaHHBIX CTPATETHil MePBOro UIPOKa, —

P:{p:<p177pm) | sz:]-, p'LZOa Z:]-)am}7

i=1

MHOYKECTBO CMEIIaHHBIX CTPATEeruii BTOPOTO UT'POKA —

Q:{q: (qlv"'7Q71) | ZQlev q; ZOa jzly"'an}a

J=1

a MaTeMaTU4YeCKOE OKHNJaHU€ BbIUI'DbIlIa IIE€PBOI'O UI'POKA —

Alp.g) =D piaijq;.

i=1 j=1

Taxmwm obpasom, I' = (P, Q, A(p,q)) — cMemanHoe paciupenye MaTpuIHOI
urpsl I

Teopema 3.1 (OcHOBHasI TeopemMa MATPUYHBIX UrP). Besikast Mar-
pUYHAd UT'Da MMeeT PellleHue B CMelaHHBIX CTPATerndX.

Jlokazameavcmeo. Joctarouno moka3arh ,4ato dynkmus A(p,q) nmeer
ceioBy10 TOUKyY Ha P X Q). Muoxkecrsa P, () — MHOIOIPDAHHUKN €BKJIHIOBBIX
npocrpaHcTs, a yHknua A(p, ¢) Gununeiina 1 m03TOMY HempepbiBHA Ha P X
(), BorHyTa 1O P W BHINyKJIa 10 ¢. [To Teopeme 2.3 dbyukmust A(p, q) nmeer
Ha P x @) cepyoByio Touky.

Ynpaostcnenue 3.1. Ilokazkute, 9T0 TpOiiKa
0 0 ) —
— pellleHne B CMEIIAHHBIX CTpaTerusx Urpbl "opagaka'.
OrMeruM TUIMYHBIE CIydYad, KOIJIA HPUMEHSIOTCS CMENIaHHBbIe CTpare-
IUH.
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§ 3. CmermanHable pACHINPEHHS AHTATOHUCTHIECKUX HID

1) Urpa mosropsiercst MHOTO pa3. B sTom ciydae 3a GOJIbIIOe YHCIO HO-
BTOpEHUil UTPhI CPEJIHUIT BBIUTPHII 11€PBOI'0 UT'POKA, MUCIIOIB3YOIIEro ONTH-
MaJIbHYIO CMEIIAHHYIO CTpaTeruio, Oyaer OJU30K K 3HAYEHUIO UTPbI UK Oy-
JIET TPEBBIMIATH €ro.

2) Cmenrannas cTparerus peaausyercsd B Buje " busndeckoit cMecn" aucThix
crpareruii. UTo 3TO 03HAYAET, MOSICHUM HA MPUMEPAX.

IIpumep 3.2. Virpa nporus npupoasi. Pepmep (urpok 1 ) umeer yqacTok
3eMJIH, KOTOPBIH MOXKHO 3acCesTh TPeMsl CeJTbCKOXO3SHCTBEHHBIMU KYJIBTYPa-
mu. [0 MOXKeT GBITh HOPMAJBHBIM, 3aCYNLIABBIM U JOXKIJIUBBIM (37O TpU
crparernn urpoka 2 — upupoast). Ilycts H = (h;j)3x3 — Marpuma ypoxaii-
HOCTH, & b; — IleHa 32 euHAIY TPOAyKuun i-ro Buga. Torna A = (b;hij)sxs —
MAaTPHIA UTPHI, I7ie BRIATPHIIT hepMepa — CTOUMOCTH IMPOU3BEJICHHOM MPO-
aykmuu. Ilyers p° = (1/2,1/4,1/4) — onTumanbHAg CMeIIAHHAA CTPATETUSA
MepBOro UTPoKa. Peann3oBaTh ee MOXKHO, 3aCesIB MOJOBHHY yIacTKA MePBOi
KyJbTYPOIi, & OCTaBILINECd ABE YeTBEePTU — BTOPOl U Tperbeil KyJbTypaMu.

IIpumep 8.3. Hekoropast cTpata (MTpoK 1) HCMOJIB3YeT TpU THIA HCTPeOU-
Tesiedi 71st G0pBOBI ¢ camosieTaMu TpOoTUBHUKA (Urpoka 2). Eciu uctpeburenn
THIIA ¢ MEPBOTO MI'POKA BCTPEUYAETCS C CAMOJETOM THIIA j BTOPOIO HI'POKA,
TO OH TOOe¥KJaeT MPOTHBHUKA C BEPOSTHOCTBIO a;;. CMeImaHHad CTpaTerus
p° = (1/2,1/4,1/4) nepsoro urpoka MozeT GhIThH peajn3oBaHa B BUJE NapKa
ucTpebureseit ¢ nponopuusamMu TUmnos 2:1:1.

3) CMelaHHbIe CTPATErMH MOXKHO TPUMEHSTD U IIPU OJJHOKPATHOM MOBTO-
PeHUN UI'PBI, KOIJIa UTPOK JEeHCTBYET B yCIOBUAX pucka. [Ipm srom HeobXo-
JIEMO BBIMTPBIIIH 3aMEHUTh Ha uX ''mojesHocTu", yauThIBAIOIIe OTHOIIEHNE
HUTPOKA K PHCKY.

Hpumep 3.4. llycTb UTPOK BBIHYZKJIEH OJIWH Pa3 ChITPATh B UTPY € MATPH-

10 0
0 5
JIeJIAM TIOJIE3HOCTD BBHIUTPHIIA 5. [lycTh B HeKoTOpOIT JloTepee BHIUTPHIIT 10
oxuaeTcd ¢ BepoaTHOCThIO 0 < a < 1. [lepoMy UTpoKy mpejaraercs BbI-
OpaTh TaKoe 3HAUEHUE @, MPU KOTOPOM HTPOK COTJIACEH KYHMUTDH JOTEepeiHbIi
ouer no nene 5. Beibpannoe 3uavenue a U O6yJeT MOJE3HOCTHIO BHIUTPHIIIA
5. Eciin @ = 1/2, 10 oTHOIIEHNE UTPOKa K PUCKY HefiTpaabHOe, ecan a > 1/2
TO UTPOK OCTOPOKEH, a ecin a < 1/2, TO UIPOK a3apTeH.

et A = . Bemurpermram 10 u 0 npunmmiem mosiesaoctu 1 u (. Ompe-

DJIeMeHTBI TEOPUH MOJE3HOCTH CM. B KOHIIE JAHHOrO Imaparpada.

3aiimMeMcsl CMeITaHHBIM paciiupenueM HenpepbiBHON urpsl ['. Orpanm-
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I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

auMcst urpoii Ha npsivoyroipauke X X Y = [a,b] X [c,d]. TIpu 3amannbix
cTparerusax ¢ m Y — (pyHKIUAX pacrpejesenus Ha orpe3kax X u Y — oxKu-
JaeMblit BBIUIbIT F'(, 1)) mepBoro urpoka paBeH

m%w://mewmw@»

34ech ABOIHON MHTErpajs OT HenpepbiBHOil dyukiuu F(x,y) cyuecrByer.
Bosee Toro, no reopeme @yduHn OH paBeH MOBTOPHOMY

:/bF(x, /deydw

d b

H%W:/F@WW@%FWWZ/F@MW@)

c a

rje

ITak, MocTPOEHO CMENIaHHOe paciinpenne || = <{ap}, {v}, F(p, w)> Herpe-
pbiBHOH urpsl [ Ha npamoyronbHuke. Hama Giauzkaiimasg nejib — J10Ka3aTh
CYIIeCTBOBAHME PENIeHHs UIPHI L.

Ham norpebyercst u3BecTHbIN pe3yJibTar.

Teopema 3.2. MHOXKecTBO cMelmanHbIX cTpareruii {p} Ha orpeske [a, b
SIBJISIETCS CJIA0BIM KOMITAKTOM. DTO O3HAYAET, UTO U3 JI0DOIH MOC/Ie10BATE /b
HOCTH CMeIIaHHBIX cTpareruii {oF} MOXKHO BBHIIEINTH HOAMOCIEIOBATEIDb-
HoCcTh {PF}, cnabo cxosIIytocs K HeKOTOpoit cTparernu ¢ T.e. TaKyt0, 9TO
J1s1 JII00O# HempephIBHOI Ha oTpeske [a, b] dyHukimn h(x) BHITOTHEHO

b b

i [ et () = [ hla)dg (o)

a a

Jlemma 3.1. B HenpepwiBHON urpe ' Ha MpPAMOYTOTBHUKE CYIIECTBYIOT
MaKCUMUHHAsI ¥ MUHUMAKCHAs CMENIaHHbIe CTPATEerud UIPOKOB.
Joxazamesvcmeo. PaccmoTpuM BbIpazKeHHs

v= sup inf F , v= inf sup F
v=sup inf (0,) onf, sup ()
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§ 3. CmermanHable pACHINPEHHS AHTATOHUCTHIECKUX HID

U JOKaKeM, uTo BHemHue sup u inf B Hux gocruratorca. [To onpejesenuto
BEpXHEii rpaHn ¥ HalJeTCs Takask NOCIeJI0BATENILHOCTH CMEIIAHHBIX CTPa-
Termit {p*}, aro

wlergﬁ} F(o", ) > v — e, e — 0+,
WK
/F(x,@b)dgpk(a:) >v—cep Ve {v}, k=1,2,... (3.1)

X

Boigeaum uz {*} noanocienoparensnocts {0}, ciabo cxopguyrocs K
cMenranHoil crpaTerun ¢°. 3aMeTuM, 4TO Opu (PUKCHPOBAHHOI CTpaTeruu 1)
dbyukuus F(x,1)) nenpepsiBaa 1o . Ilepexonst B (3.1) kK npemesny 1mo moj-
nocteoBarebuocT {k;}, nonyuaum mepasencrso F(0° 1) > v Vi € {¢}.
Otcrona

inf F >v = inf F =
ot (¢ 0) > v ot (" v) =0

1 ¥ — MaKCHMIHHAA CMeIIaHHasg CTpaTerns MepBOr0 UTPoKa. AHATOTHIHO
JIOKa3bIBAETCSI CYIIECTBOBAHNE MUHUMAKCHON cMeraHHo# ctpaTernu. H

Jlemma 3.2. PaccMOTpuM JiBe aHTArOHUCTUYIECKUE UTPHI
I'=(X,Y, F(z,y)), T =(X,Y, Fl(z,9)),

B KOTOpbIX byukiun F(x,y) u F'(z,y) orpanndens Ha X X Y u npu € > 0
BBITIOJTHEHO YCIOBHE

|F(z,y) — F'(x,y)| <e V(z,y) € X X Y.

Torma [v — /| <e, [v-7|<e.
Zoxazamesvcmeo. [Ina Beakoro x € X cmpaBeITUBH HEPABEHCTBA

. e . - ..
;gif/F(fv,y) ;g;F(x,y)_l}Q,f/(F(x,y) F'(z,y)) > —¢

MOKHO TIOJIyINTH AHAJOTMYHBIE HEPABEHCTBA, MEHAST MECTaMU (DYHKIHH
F(z,y) u F'(x,y). B pesynbrare HAX0AUM, 9TO

inf F — inf F’ < X.
| inf F2,y) — inf F(z,y)] <e V&

Hautee,

sup inf F(z,y) — sup inf F'(z,y) < sup(mf F(z,y) — in}f/ F'(z,y)) <e.
ye

reX YEY reX YEY zeX YEY
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I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

Kaxk u Bbime, Haxogum, 410 |v — V| < €. AHAJOrHYIHO JOKa3bIBAETCsl HEpa-
BeHCTBO [0 — 0| < e. W

Teopema 3.3 (OcHOBHasi TeopeMa HEHPEPHIBHBIX WIP). Beskas
HempepbiBHAs urpa [ Ha OpPAMOYTOJbHUKE HMEeT pellleHue B CMEIIAHHBIX
CTpaATErusix.

Hoxazameavcmeo. 1lo Teopeme 2.1 10cTaTOYHO I0KA3ATH PABEHCTBO Be-

auand v = max inf F(p,Y) m v = min sup F(p, ).
pel{p} de{y} (o) Pe{¥} pefe} (o)

3aMeTHM, YTO JOCTH;KMMOCTD 3/€Ch BHENIHUX MAKCHMYMOB M MHHHMY-
MOB BbITeKaeT u3 jieMMbl 3.1. Bosbmem mpoussosibioe € > (. VI3 nenpepbis-
Hoctu yHKuu F(x,y) ciepyer cylecTBOBaHIEe TAKOrO pa3bHeHus 0Tpe3Ka
X = [a, b] Ha Hemepecekarouwecst MPOMEKYTKE (OTPE30K U MOy HHTEPBAJIHI )
X% 4 =1,..,m u Takoro pasbuenusa orpeska Y = [c,d] Ha aHAJOTHYHbIC
npoMexyTku Y7, j = 1,....n, uto

|F(x,y) — F(2',y)| <e V(z,y),(@,y) € X' x Y Vij (3.2)
Jlns mobbix i, j BosbMeM Touxu 2t € X', 9/ € Y/ u onmpemesuM cTyneHda-
TYI0 PYHKIINIO
Fi(z,y) =F(2',y) V(z,y) €X' xY?, i=1,...m, j=1,..,n.
Torma u3 (3.2) caemyer, 4ro

|F(z,y) — Fi(z,y)] <e V(r,y) € X xY. (3.3)

Urak, byukuus Fi(x,y) annpokcumupyet dyakmmo F(x,y) ¢ TOTHOCTHIO 10
€ > 0. HenpepbiBuag urpa I' dpakruvyeckn npubsivkena urpoit ¢ marpuiiei
A= (aij)mxn = (F(.’L‘Z,y]))an.

Besikoit eMemmanHOi ¢cTpaTerui ¢ NOCTaBUM B COOTBETCTBHE BEKTOD

p= (p17"‘7p'rTL> P = /dQO(ZE), 1= 1,...,m,
Xt

IJie p; — BEPOSITHOCTD TTONATAHUST PeaTn3alii CMEITaHHON CTPATErnl B MHO-
xkectBo X' (Mepa MHO)KecTBa X' ). OUeBHIHO, YTO P ABIAETCA CMEITAHHOIM
CTpaTerueil mepBOro Urpoka B MaTpudHOil mrpe, T.e. p € P. IlocTrpoennoe
orobpaxenune P : {¢p} — P gapasercs orobpaxenuem na P. [efictBuress-
HO, 11 J1I060i crparerun p € P (yHKIUI pacupeeeHus ¢ cO CKadyKaMu
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§ 3. CmermanHable pACHINPEHHS AHTATOHUCTHIECKUX HID

p; B TOUKax 2 gpjasgercs mpoobpa3oM p npu oTobpaxkenun P. Amanormaxo
onpenessierca orobpaxkenne Q : {1} — @, rie () — MHOXKECTBO CMEINTAHHBIX
cTpaTeruii BTOporo Urpoka MaTpUYHON urpel. /lasee, mis JiroObIX cTpaTernii
@, ¥ u coorBercTBYIONMX cTpareruit p = P(p), ¢ = Q(¢) cupasemiusa
dopmya

F1(<Pa¢) =

//F1 v, y)dp(x)di(y) =Y > piF (2’ ¢))g; = Alp, q). (3.4)

=1 j5=1

Kpowme Toro, ucnonb3ys (3.3), nosyanm

Fle.0) = Fe o)l =| [ [(FGa.w) - Feo)dp)oy)| <

//lFa:y Fy(z, y)ldp()di(y //é?dso )iy

a

[Mocaennee nepaBeHcTBO O3HAYaeT, 4ro i byukuuit F(p, 1), Fi(p, 1) Bbl-
OJIHEHBI YCJIOBUA JIEMMBbI 32 I/I3 Hee BBITCKalOT HEPpaBEHCTBaA

max inf F — max min Fi(p, <e, 3.5
|¢e{¢}we{w} ( 1/}) we{p} ve{v} 1( ¢)| ( )
min sup F ©, — min max F} ©, <e. 3.6
|¢€{¢} we{g} ( @b) pe{v} pe{e} 1( w)| ( )

I3 (3.4) u OCHOBHOI T€OPEMBI MATPUYHBIX UI'D CJIEJYET, 4TO

max min F max min A(p, q
me guin, F1(e.¥) = maxmin Alp.g) =

= min max A = min max I}
qeQ peP (p Q) ve{v} pe{p} ((,0 w)

Orciona n 3 nepasencTs (3.5),(3.6) crenyer |[v — T < 2e. B cuny npous-
BosibHOCTH £ > 0 moydaem v = v. A

DJIeMEeHThI TEeopuun MoJIe3HOCTI

HpaBOMepHOCTb HCIIOJIb30BaHUd MaT€MaTUYCCKOI'0 O2KHJJIaHWZA BbIUI'PbI-
I1a B CMEIIaHHOM PaCIIUPEHUU HUI'DblI BbI3bIBa€T COMHCHH. KOFZL& UT'PpOKHU
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I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

OPUMEHSIIOT 33/ [AHHBIE CMEITaHHbIe CTPATEI NI, TO BEIUTPHINT KAZKI0TO STBJIsI-
ercsd CayJaiiHOl BeJIMYMHON C 3aJaHHBIM 3aKOHOM paclipejesienus. B reopun
[OIE3HOCTH TAKYI0 BEJIMUNHY HA3BIBAIOT somepeeti. DopMaIbHO OHA 3a1aeT-
cst HabopoMm napametpos (Ay, ..., Ag; 1, ..., x1), TJe BBIATPHIT A; BOSHHKAET

k
¢ BeposaTHOCTBIO X, [ =1, k,u Y x; = 1.
i=1
Ynpaostcnenue 3.2. YKazaTh napamMeTpbl JJOTEper, KOTOpas COOTBETCTBYET
mape CMeIaHHbIX cTpaTernii (p, q) B MATPUIHON UTpe.

Onenka uexoaa 000 UIPhl M0 MATEMATHYECKOMY OXKUIAHUIO IIPEIIO-
naraer, aro jgorepeu (0;1), ($5000,% — 5000;1/2,1/2) u
(—1py6.,10000 py6.;10000/10001,1/10001) sKBUBATEHTHI JJIsI HHAXBHLYYMA.
MOXKHO NpeAIONIOKNATEL, 9TO /I MHOTHX 4duTaTes el 310 ne Tak. /Jlanexo me
BCE MOI'YT cebe MO3BOIUTH CHIIPATh BO BTOPYIO JIOTEPEIO, TazKe eCIH HECKOJIb-
KO YBEJHMYUTH pa3Mep BHIUIPHIIIA. B TO ke BpeMs 3HAUUTEIbHAS YacTh HACe-
JICHUS y9aCTBYET B JIOTE€PEsX, NOJ00HBIX TPEThel, JazKe IPU OTPUIATEIbHOM
CPeIHEM BBIATPBIIIE: MHOTHE TOTOBLI PUCKHYTH MAJICHLKON CyMMOR B pacde-
Te Ha CYACTIMBLIA caydaii. Boobme, oTHOMeRne JIoeil K pUCKy J0CTATOYHO
CJIOKHO M He J0 KOHIA HCCIeJ0BaHO. Ero m3ydeHumeMm 3aHMMAeTCsl TEOPUs
nosesrocmu (B 9KOHOMHKe (DYHKIUM BBHIMIPHINIA OGBIYHO HA3BIBAIOT (DYHK-
IUSIMU TIOJIE3HOCTH ).

OnuH 13 BasKHEHAINX Pe3yJbTaTOB 3TOH TEOPUU COCTOUT B CJIELYIOIIEM.
[TpeanonoKumM, 4T0 y HHAMBULY yMa €CTh OTHOIIEHKUE HPEAIIOYTEeHU HA MHO-
JKeCTBe BCEBO3MOXKHBIX JioTepeil, T.e. JiJis JTI00bIX ABYX JoTepeit Ly, Ly 0H MO-
JKeT yKa3aTh, KAKOe W3 COOTHOIIEHUIT ( MpUYIeM TOJIHKO OJHO) BBHITOIHIETCS:
Ly = Ly (Ly npeamoururenbreii Ly), Ly > Ly i Ly ~ Ly (10Tepen sKBuBa-
JeHTHBI). [IyCTh 9TH COOTHONIEHUsI YAOBJIETBOPSIOT CJEAYIOMUM (JOBOJIBHO
eCTECTBEHHBIM ) AKCHOMAM:

I. Ecmu Ly > Lou Ly > L3, T0 L1 > Ls.

II. Ecan L1 ~ L2 u L2 ~ Lg, TO L1 ~ L3.

II1. Ecam L1 ~ LQ n L2 ~ L3, TO L1 ~ L3.

1V. Ecan L1 -~ L2 n LQ ~ Lg, TO Ll -~ Lg.

V. Jlorepen, KOTOPBIM COOTBETCTBYET OJMHAKOBOC PACIPEICICHHE BEpO-
ATHOCTEH, ABIAIOTCA SKBUBAJCHTHBIMH.

IIycts Ly, Ly — ase morepen, 0 < r < 1. O6o3HauuM depes
rLi + (1 — r)Ls jlorepero, B KOTOPO#i ¢ BEPOSTHOCTBIO I PA3BIIPLIBACTCS JIO-
tepest L1, a ¢ BEposTHOCTHIO 1 — r — jorepesa L.
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§ 3. CmermanHable pACHINPEHHS AHTATOHUCTHIECKUX HID

N3 akcuombl V' BbITEKaeT, 4TO Jjist JIIOObIX joTepeit Ly, Lo, Ls n BeposT-
HOCTEH 7, § CIIPaBeJIUBbl COOTHOITECHUSA

rLy+ (1 —7r)Ly~ (1 —7r)Ly+ 1Ly,

rLy+ (1 —7)(Lo+ (1 —8)L3) ~rLy+ (1 —7r)Ly+ (1 —7)(1 — s)Ls.

VI. Ecin Ly ~ Ly (Ly = Ly), To pyist siio6oii torepen Lz u j1i060ii Bepo-
saTHOCTH 7 > () BBIIOJIHEHO COOTHOIIEHHE
TLl + (1 — T)Lg ~ T'LQ + (1 — T')Lg (T'Ll + (1 — T)Lg - T'LQ + (1 — T)Lg).

VII. Eciu Ly > Lo > L3, T0O HafieTcsa Takas BEPOATHOCTH T, 4TO L1 +
(1 - T’)L3 ~ L2.

Axkcuoma V' II moxoyka Ha TeOpeMy O MPOMEKYTOYHOM 3HAUEHWH JIJIs
HEIPepBIBHOM (YHKINKA Ha OTpe3Ke W O3HAYAET, YTO OTHOIIEHHE IpeIIo-
YTeHHs HENPEPHIBHO B HEKOTOPOM CMBICIe. [lycTh, HaKOHEI, CIpaBeInBa
AKCHOMA

VIII. Ecim A; > Ap, 1o (A5 1) = (Ap; 1).

Jlemma 3.3. IlycTh HA MHOXKECTBE JIOTepel MpeIIodTeHne NHINBULYYyMa
yaosaeTBopsier akcuomam I — VIIT u Ly = Lo. Torna ans Jio0bIX BEpOAT-
Hocreii § < « Bpinosineno coorunottenne aly + (1 —a)Ly = Ly + (1 — 3) Lo.

HHoxazarenwsctBo. Ilo akcuome VI mpu Ly = Ly moaydaeM
aly+ (1 — «a)Ly > Ly. Tlpeacrasum (3 B Busie 3 = ya, tae v € [0,1). Torna
o akcuomam VI u V

alq + (1 — CY)LQ - ’Y(OéLl + (1 — Oé)LQ) + (1 — ’}/)LQ ~

~yaly +[y(1—a)+1—=5]Ly~BL1+ (1 —5)L,. 1

Teopema 3.4. [Ipu BeinoaHennn yka3anubix akcuoMm I —V I cymecTBy-
er dyukius mosesnoctn u(L), onpeneseHnas Ha MHOXKECTBE JOTepei BIIa
(Aq, ..., Ag; 1, ..., Tx) ¥ TaKasl, ITO BHIMOJHEHBI CAEIYIONINTE CBONCTBA:

1) Hng mobwuix gorepeii Ly, Ly u(Ly) > u(Ly) < Ly > Lo.

k
2) dost mroboit morepen L = (Aq, ..., Ag; x1, .o xy) w(L) = xu(A4).
i=1

3) @ynknus u(A; 1) MoHOTOHHO BO3pacTaeT mo A.

Bosee Toro, sta (HpyHKIUs € IMHCTBEHHA ¢ TOYHOCTHIO 10 JUHEHHOTO IIpe-
obpasoBanus: eciu japyrag Gynkius v(L) yiaoBiaeTBopser TeM x)e CBOHcTBaM
1)—3), T0 cymecTByIOT Takue KOHCTaHTHI ¢ > 0 u b, uTo mys 060l Jorepen

L v(L) = cu(L) + b.

YTBEepKACHHE TEOPEMbI 0O3HAYALT, YTO JJIsl KazK/J0r0 MHAUBUAYYMa (1pu
BeIosTHeHI akcuoM [ — VIIT) cymecTByer MOHOTOHHOE HpeoGpasoBaHie
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I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

(GYHKIIMN BBIMTPHIIIA, KOTOPOE MO3BOJISET ONEHUBATDH JIIOOYIO JIOTEPEIO, UC-
X0/ U3 MATEMaTHYECKOTO OXKUJIAHNs BLIUTPHINIA. B 4aCTHOCTH, €C/IM B MaT-
PUYHON UIPe B34Tb IPeoOpPa30BaHHYI0 (DYHKIMIO BBIATPHIIIA U(a;j), TO CIIy-

HJalHBbIA MCXOJ ITPU HCIOJb30BAHWM CMEIMIAHHBIX CTPATETHU p W @ MOXKHO
m n

OLEHUBATH [0 MATEMATHIECKOMY OKHIAHUIO » | »  p;u(a;;)q;. OTMernM, 9To
i=1j=1

bynkims nonesnocT u(L) — ¢BOs IS KayK/I0TO HHAUBHIYYMA, IIO9TOMY HI-

pa ¢ Ipeodpa30BaAHHBIME MaTpULaMu Beiurpbiieit (ug(a;;)) u (uz(a;;)) Booaue

MOZKET OKA3aThCs HEAHTATOHUCTHICCKOI.

Ynpaotcnenue 3.3. lokaxure Teopemy 3.4.

Vxasanue. Bes morepu oOIIHOCTH MOXKHO CUUTATh, 9TO0 Ay = Ay = ... >
Ay Homoxkum u(Ay) =1y =1, u(Ag) = rp = 0, a Beamaunnl u(A;) =1y, [ =
2, ...,k — 1 onpeneaum n3 coornomenuii (A1) + (1 —r)A; ~ A, 0 <1 < 1,
ncrnonb3yd akcuomy VII. C nmoMomipio JeMMBbI 3.3 MOKazKuTe, 9T0 PyHKIU

k
U(L) = U(Al, ...7Ak;$17 ’,I‘k,) = ;l‘lrl

VJIOBJIETBOPSAET BCEM YTBEPKICHUIM TEOPEMBI.

§4. CsoiicTBa pelneHunii B CMEIaHHBIX CTPATErusix

B namnom maparpade paccMaTpuBaloTCs CBOHCTBa peleHuil B cMelraH-
HbIX CTPaTerusXx MaTPUYHbIX UI'D U HEIPEPbIBHbIX UI'D HA IPSIMOYI'OJIbHUKE.
DTHU CBOHCTBA B YACTHBIX CJIYUAsX MO3BOISIOT HAXOAUTH ONTHMAJIBHBIE CMe-
ITaHHBIE CTPATErNH.

Teopema 4.1. Jlnsa rtoro utobn Tpoiika (Y, 1% v) Gbuta permenuem B
CMEIIAHHbIX CTPATeruAX HeIPepPLIBHONW Urphl ', HEOOXOAUMO U JIOCTATOYHO,
9TOOBI OBLTIO BBIIIOJHEHO YCJIOBUE

Fz,¢°) <v< F(¢’y) Yz X, VyeY. ()

Joxasamenvcmeo. Heobxoqumocrs. Iycrs (¢, 40, v) — pemenne nenpe-
pBIBHOII UTPHI B cMemnanubix crparerusx. Torga v = F (% ¢°) u no onpese-
JEHUIO CeAJIOBOII TOYKN

F(p, ") < F(°9°) =v < F(9) YV e{ep}, Ve {y}.

Bosbmem B 1oC/I€HUX HEPABEHCTBAX BMECTO © W 1) YUCTHIE CTPATErUU T U
y. B pesynbrare momyunm ycaosue ().
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§ 4. CpoiicTBa penieHnii B CMENIAHHBIX CTPATETHSIX

JTocrarounocts. ITycrs s rpoiiku (¢°, 40, v) Beinonneno yciosue (x).
[TponnTerpupyeM nmepsoe HEpaBEHCTBO TOTO yCJIOBHUS 110 JII000i cTparerun
0, @ BTOpPOe — II0 JII000i CTpaTeruu 1 u Moy YIuM

F(p,0°) <v < F(9) Vo e{p}, Ve {4}

[loncrasngs, B yactHocry, @ = ¢ u 1 = ¢°, naxomum, uro F (%, %) = v u
mapa (¢, %) — cemnobasa Touka bynkmun F(p, 1) na {¢} x {¢}. W
OTMeTnM, 9T0 TeopeMa 4.1 cIpaBeIHBa A1 TPOM3BOILHEIX CMEITARHBIX
paCIIMPEHUIT AHTATOHUCTHYECKHUX HTP.
CdopmynpyeM aHAJOTHIHYIO TEOPEMY JIJIsi MATPUIHBIX UTD.

Teopema 4.1’. Jlna Toro urobe rpoiika (p°,¢°,v) Gbuia peruenuem B
CMEIaHHBIX CTPATErusaxX UIPhl ¢ Marpuieil A, HEOOXOJAMMO ¥ JIOCTATOYHO,
4TOOBI OBLJIO BBIIIOJIHEHO YCJIOBUE

A(i,qo) <v< A(po,j), i=1,.m, 7=1,..,m. (%)

Vnpasenenue 4.1. Joxkaxkure Teopemy 4.1,

Ormerum, 4TO IPOBEPKA BbIIOJHEHUs yCa0Bus (*) Teopembl 4.17 cBoaut-
¢ K TMOACYeTy CKaJgpHBIX Ipom3BeAeHnii BekTopa p° Ha CTOIONBI, a TaKKe
BexTOpa ¢° Ha CTPOKH MATPHIB A U CPABHEHUIO UX C YHCIOM 0.

Hpumep 4.1. Ilyctb MaTpuila Urpbl — NUKJITYECKAST:

cit Co ... Cn
Ao | o e
Co o Cp O
n
Mokaxem, uro p° = ¢ = (1/n,...,1/n), v = Y. cx/n — peutenne Urpsl

k=1
B CMEIIAHHBIX CTpaTerusax. /{eficTBUTEIBHO, YCIOBHE (%) 3/1eCh BBINOJHEHO,

MMOCKOJIBKY BCe HEPAaBEHCTBA B HEM BBITIOJHEHBI KaK paBeHCTBa. B kadecTse
KOHKPETHOI'O IPUMEPA PACCMOTPHUM UIPY "MEIIoK, KaMeHb, HOZKHUIbI' ¢ MaT-
puneit
M K H
M/ 0 1 -1
A= K| -1 0 1
H 1 -1 0
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I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

MoxkHO JaTh CAeAyIONyI0 HHTEPHPEeTAIUIO 310l urpbl. /IBoe BoiOUpaior
OJ/IMH U3 TPeX MPEeJIMETOB: MEIIOK, KaMeHb WJIM HOXKHUIbI. KazKaprit npeamer
OPOTUB CaMOro ce0s HUKAKOTO BBIUTDHINIA HE JTAeT, MOITOMY Ha JIHArOHAJIH
crodaT (. HoxKHUIBI TYIATCS O KaMeHb, II09TOMY OHHU ITPOUTPHIBAIOT KAMHIO 1,
a TOT B CBOIO OvYepeb BLIUTPBIBaeT y HOXKHUI, 1. KaMenb MOXKHO MOMECTUTD
B MEIIOK, I09TOMY MEIIOK BBIMI'DbIBAET Yy KaMHs 1, & KaAMEHb HPOUI'DPbIBAET
Merky 1. HoXKHUITBI pekyT MeIIoK, MO3TOMY OHH BBIMIDBIBAIOT y Menika 1,
a MEIOK TTPOUTPHIBAET HOKHHUIIAM 1.

Vnpaosrcnenue 4.2. Illycres B — marpuiia, mojaydeHHas npubaBieHneM KOH-
CTaHTHI ¢ KO BceM 3yeMeHTaM Marpunbl A. [lokazarh, 9T0 3HAYEHHS COOT-
BETCTBYIOIIUX MATPUYHBIX UTP CBsI3aHbl cooTHomenneM v(B) = v(A) + ¢, a
ONTUMAJIbHBIE CMEIIAHHbIE CTPATErHH UI'POKOB COBIIAIAIOT.

Hpumep 4.2. [lpogasen BbICTaBISIeT HA IIPOJAKY TPH IIPEIMeTa, He Ipel-
CTABJIAIONIYE JIJIS HEro 0cobOi TeHHOCTH (CTapble TeaeBU30psl 1 T.1.). OH To-
TOB UX TMPOJATH JazkKe 3a HE3HAUUTEbHYIO TeHy. IMerorcs jaBa mokymareis
(nrpoka), pacrnojaraforiye oanHakKoBbIME cymMmMamu JgeHer A. Irpok craHo-
BUTCS OOJIajlaTesieM IpeaMeTa, ecau MpejjaraeT 3a Hero cymmy, 00JbIIyIo,
geM maprHep. Llesb mepBOoro Mrpoka COCTOUT B IOKYIIKE JABYX KAaKHX-JTHOO
npeaMeToB 13 TpexX. Lleab BToporo urpoka — BOCHPENSITCTBOBATH ITOMY.

3
[ycte 2 = (v1,29,23) € X = {x | Yo, = A, x1,x9,23 > 0} —
=1

CTpaTerusd MepBOTO UTPOKA, COCTOAIIAs B MPEJIOKEHUN CYMMBI T; 3a 9-bIif
npeaMer. AHATOTHYHYIO cTpareruio y = (yi,Y2,y3) € Y = X wucnonn3yer
BTOPO#l UI'DOK.

Bynem nucars z > vy, eciin Kakne-Tub0 JBe KOMIIOHEHTHI BEKTOpa & O0Ib-
IIe COOTBETCTBYIONTUX KOMIIOHEHT BeKTOpa Y. OnpeneanM (OyHKIUIO BBIUTPHI-
& MepBOTO UT'POKA

Flag)=40 77
0, B IPOTUBHOM CJIy4Yae.
3aMeTuM, 9TO
Vee XdyeY : =(x=y)=v=0;
VyeYdoeeX: x>-y=v=1
Orcrosa cieayer, 9To UTpa He UMeeT PEIeHNns B YNCThIX cTparernsx. Haiimem
ee pellleHre B CMEIIaHHBIX CTPATerudX.

MuozkectBo crpareruit X (copmagaromiee ¢ Y) u306pasuM Ha MJIOCKO-
CTH B BHJIC PABHOCTOPOHHErO Tpeyrojbuuka BeicoThl A. Touka y umeer 6a-
PUUEHMPUYECKUE KOOPIAUHATHL Y1, Y2, Y3, ONPEJCILIONINE €€ PACCTOAHUSA OT
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§ 4. CpoiicTBa penieHnii B CMENIAHHBIX CTPATETHSIX

Tpex cTopoH Tpeyroibuuka. Ha puc. 4.1 n3o0pazKenbl JIUHUU T1 = Y1, To =
Y2, T3 = Y3.
(4,0,0)

=Y T2 = Y2

(0,0, A) (0,4,0)
Puc. 4.1

MmuozkecTBO cTparernii BHe 3TUX JIMHUI pa300beM Ha JIBA MOJIMHOXKECTBA
Xiy)={reX|z-y}, Xo(y)={reX|y>uz}

Bamernm, uro X (y) saBasierca o0beuHEHIEM TPeX TpeyroabHuKoB. Hanpu-
Mep, HUKHHI TPeyroJibHuK Ha puc. 4.1 cOCTOUT U3 TaKUX BEKTOPOB X, IS
KOTOPBIX T > Y2, T3 > Y3.
MmuoxecTBO
C={reX|0<z <2A/3, i=1,2,3}
npecTaBageT co00i IPABIIBHLII IECTHYTOALHIK ¢ IeHTpoM 1°, cOBIaIaio-
UM C TIEHTPOM TpeyroibHuKa X (puc. 4.2).

Puc. 4.2

[Tycts ¢ — pasHoMepHoe pacupenenenne na C. JIoKaskeM, 4TO TPOHKa
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I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

(0%, % 1/2) — penrenue urpbl B cMemanubIx crparerusax. /s 3moro jgocra-
TOYHO TIPOBEPUTH ycjioBue (k) Teopembl 4.1.
O6o3uaunm depes mes(S) mromans burypst S C X. Torga

F(e°y) = mesff;((yg)m ) ey

Herpyano nokazars, uro mes(Xi(y) N C) = 0.5mes(C) masa Beex y € C.
JleficTBATE/ILHO, [ EHTPa MecTUyroabHIKa y° 3T0 yTBepKIeHHe OYeBH,I-
no. ITycts y # y°. Oupenennm sextop y' € C :

yi =y, Yo =ys = A/3, y3 = 2A/3 — 1.

Cpasnusas urypsr X;(y) N C, X;(y') N C u X;(y°) N C, ybexmaemes,
uro ux miomaau pastbl. Ciegosarensno, npu y € C F(0°, y) = 1/2. Mero-
JIOM CPaBHEHHS ILIOMAIel MOKHO TakzKe nokaszarb, 4ro mes(Xi(y) N C) >
0.5mes(C), ecrm y ¢ C. Urak, gokazano, aro F(p° y) > 1/2 Vy € Y. Tlo-
CKOJIBKY
mes(Xa(x) NC)

mes(C)

JUls JloKazaresibersa nepasencrsa F(z, %) < 1/2 Vo € X jocrarouno same-
TUTDH, 9TO

F(z,¢") = Vz € X,

mes(X1(z) NC) + mes(Xa(x) NC) =mes(C)Vz € X. A

[Iycts I' — cmemmannoe pacimupenue NpOW3BOILHON aHTATOHUCTHYECKON
urpbt I'.

Onpedenerue. CMemannag crpaterus 100 BTOPOTo NIPOKA HA3BIBACTCS 6bi-
pasnusarouseti, eciu F(x,¢°) = const na muoxkecrse X,
AHaﬂOFI/I‘{HO onpeaeadercCd BbIpaBHUBAIOIaA CTpaTernud InepBoro urpoka.

Ymeeporcoenue 4.1. Ecmu B urpe ' y 000uX UTPOKOB CyIIECTBYIOT BhIPAB-
nupatomue crpareran ¢, 1Y To OHE ONTHMATLHEL.
Joxasamenvemeo. JleficTBUTEIBHO, TIO OIPEIEICHIIO

F(' y)=c YyeY, F(z,y°) =c, Vo € X.

Unrerpupys stu pasenctsa 110 10 u ° coorsercrienno, noayunm F(p°, %) =
c1 = cy. lIpn v = F(° ") mepasencrsa u3 ycaosus (k) teopembr 4.1 pis
rpoitku (¢, 1%, v) BeinoaHenb Kak pasencrsa. W

JIokazaHHoe yTBEPKICHUE MOKHO YCUJIUTD.
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§ 4. CpoiicTBa penieHnii B CMENIAHHBIX CTPATETHSIX

Ynpaowenenue 4.3. Tyers B urpe I' ¢ — BoipaBHEBaOmas cTparerns
BTOPOIr'o UTpoOKa U HaﬁﬂeTCH TaKad CMellaHHasd CTpaTerud QDO nepBoro urpo-

Ka, uro F(° %) = min F(¢° ). Jokaxure, uro ¢°,1° — onrumanbHble
Ype{v}
CMeIlIaHHbIe CTPATETUN UTPOKOB.
Ynpaosicrenue 4.4. IlpuBeguTe npuMep UI'PBHl ¢ MAaTpHIEd pa3MepoB 2 X
3, B KOTOPOil BTOPOl UTPOK WMeeT BBIPABHUBAIONIYIO, HO HEe ONTUMAJIHHYIO
CMENTIaHHYI0 CTPATErnIo.

Ilpumep 4.3. TlepBblii UTPOK BejeT CTPEJBOY MO Ieu, KOTOpasi MOXKeT
HAXOAUThCS B OJHON M3 Tpex Touek: Jubo B KoHIaX orpeska [B,C| nanubi
2, ubo B ero cepenune D. IlepBorit urpok BoiOMpaer Touky mnpurena B, C
win D. Ilycts d — paccrosnue oT TOYKH HPHUIEIA JIO HOJOXKEHHS LEJH, a
BEPOSITHOCTH ee TopazkeHusi paBHbI 1,a,0 a1sa paccrosuuit d = 0,1,2 coot-
BETCTBEHHO. BBIMIPHINI MEPBOIO0 HIPOKA — BEPOSATHOCTH HMOPAYKEHUS IEJIH.
Tpebyercst onpeeinTh ONTUMAJBHYIO CTPATETNIO CTPEIHObI B 3aBUCHMOCTH
ot 3nadennda napamerpa a € (0, 1).

B C D

B/f1 a O

Cocrapum matpuny urppt A= C| a 1 «a
D\0O a 1

Iycrs ¢° = (¢%,¢9,¢%) — BBIpaBEWBaOmasA CTpaTErdst BTOPOTO UTPOKA.
Marpuua A cuMMeTpu4Ha B cMellanHad crpaTerusa p' = ¢ mepBoro urpo-
Ka TaKzKe dBJIdeTcs BhIpaBHHBalomeil. 113 yTeep:kaenus 4.1 BbITeKaeT, 4To
crparerun p° u ¢° onrumanbun. Haitnem ¢°. B cumy cuMMeTpuy KOHIOB OT-
peska [B, C] no orHouenuto K ero cepejaune D MOXKHO CUHTATh, 9TO ¢° = .
CreoBare/ibHO,

0 0 __ 0 0 _ 0 0 __
20 g2 =1, ¢ +ag =0, 2aq; + ¢ =v.
Breimumiem perienue moy4eHHoit cucreMbl ypaBHEHU

1—a 1—2a _1—2a2

0_— —_— .
T3 VT 3

I3 ycnoBus HEOTPHUIATENBHOCTH ¢Y,¢) Haxomum, aro a < 1/2. llpm a >
1/2 mokazkure, uro tpoiika (p°, ¢°,v) = ((0,1,0),(1/2,0,1/2),a) — pemenne
UI'DblI B CMEIIaHHbIX CTpAaTerudx.

Vnpasncruenue 4.5. Vlcrionb3yst BbIpaABHUBAIOIINE CTPATEIUH, PEITATE aHa-
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I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

JIOTUYHYIO ATPY ¢ MaTpunei

, O<a< 1.

o O Q
O = Q
Q =9 O
—Q OO

Teopema 4.2. /I;1g HenpepbIBHOM UTpbl [ cipaBe I TUBHI CIeYIONINE /IBA
YTBEPKICHUS:

1) inf F(p,v)=minF(p,y) V ¢ € ;
) ot Fle,v) =minFle,y) ¥V ¢ € {¢}
2) sup F(p,¢) =max F(x,9) V ¢ € {4}
ee{p} zeX
Jlokasameavcmeo. Jokaxem 1). BosbMmeM JHO6YI0 CTpaTEruoo ¢. 3ame-

THM, 9TO mi}r/l F(p,y) nocruraercsi, nockoabKy dbyukusa F (@, y) HempepbiBHA
ye

o y. lanee,

inf F(p,¢) < min F(p, 4.1
St Fle, ) < min F(e,y) (4.1)

u g oboro ¢ € {1}

Fle.t) = [ Flow)di() = [ min Flo,)di(y) = min Flo,y).

Y

Orcrona

inf F > min F . 4.2
ot (so,w)_lyglg (¢, y) (4.2)

N3 (4.1) u (4.2) cieayer mepBoe yTBEP:KIEHHE TEOPEMBI. YTBEpIKIeHHe 2)
JIoKa3biBaeTcd aHaJiornyHo. M

Caedemeue. 3Havenne v HeIpepPbIBHOM Urpbl I MoxKeT OBITH IpeIcTaBIe-
HO B BUJIE CJIEIYIOMUX JIBYX (DOPMYJIL:

v = max min F'(y,y) = min max F'(x, ).
we{p} yeY (<p y) pe{y} zeX ( ¢)

Zoxazameavcmeo. 11lo Teopemam 2.1,3.2 u 4.2 nonydaem

v=max inf F(p,y)= v = max inf F(p,y).
pelp} velv} (,9) pE{o} yEY (¥.v)

Bropast popmysia BEIBOAUTCS aHAJIOTHYHO.
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§ 4. CpoiicTBa penieHnii B CMENIAHHBIX CTPATETHSIX

Ynpasncruenue 4.6. Jlokaxkure, 9410 3HaYeHNE ¥ HEIPEPbIBHON urpwl I y10-
BJIETBOpdeT HEpaBEeHCTBaAM

v =maxmin F(z,y) < v < minmax F(z,y) = 7.
zeX yeY yeY zeX

Teopema 4.2’. /Ins urpsl ¢ MaTpuneit A cpaBe/IuBBI CIeLYIONIHE TBA
YTBEPZAKIEHNS:

1) minA(p,q) = min A(p,j) ¥V p € F;

1<y

2 A = Al .
) maxA(p,q) = max Ai,q) V ¢€Q
JokaxKnuTe caMOCTOSTEIbHO.

Caedcmeue. 3HadeHne v UTPHI ¢ MATpHUIeil A MOKeT OBITH IIPeICTABICHO
B BHJIE CJIEAVIONUX IBYX (hOPMY.JI:

v =max min A(p,j) = min max A(i,q).
pEP 1<j<n geQ 1<i<m

Temepb 0OCYIMM TaK HA3BIBAEMOE CBOHCTBO 00NOAHAIOUWEL HedHCecmKo-
cmu. Onpegeanm MHOXKecTBO Sp(¢) C X — CHeKTp CMeMIaHHOH CTpaTernu
©, 3aJ1aHH0#t Ha oTpe3ke X.

Onpedeserue. Bynem rooputh, 4to Touka ©’' € X = |a, b] npuHaaiexuT
CIIEKTPY CTPATETUN , eCU s BCAKOrO € > () CyIecTByeT Takoil OTPe30K
[a’, V'], conepkamuit ', aro b/ —a' < e u p(b') — p(a’) > 0. MuO)KECTBO Beex
TOYEK CIEeKTpa 0003HAINM depe3 Sp(p).

Ynpaostcnernue 4.7. JJokaxKuTe, 9T0 TOUKH CKAUKa (DYHKIUH PacHpeiese-
HUA @ U TOYKHU, € €€ IIPOU3BO/JHasd CyleCTBYEeT U 11OJ02KUTE/IbHA, IPDUHA/I-
Jexkar cuekrpy Sp(yp).

Teopema 4.3 (CpoiicTBOo gomonHsmOIe HexxecTkocTn). [Iycrn
(0%, 1% v) — pemenue B cMelIaHHBIX CTpaTerusx HenpepbiBHOi urpsbt I'. To-
ria

1) @€ Sp(¢") = Fla,v°) = v;

2) y € Sp(Y°) = F(¢y) =v.

Jlokasameavcmeo. JlokazxkeMm yreepxKiaenue 1). [IpeamosioKuM MpOTHB-
HOe, T.e. Hafijzerca takas Touka ' € Sp(p°), uro F(a,¢°) # v. Torma no
cpoiicrBy (*) Teopembl 4.1 Gyjer Bbionneno nepasencrso F(x',¢°%) < v. Us
nenpepbiBHocTH Qyukmun F(x,¢°) u onpenesnenns cnekrpa crpareruu °

35



I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

BBITEKAET, 4TO JJist Besikoro € > 0 Haifigercs takoit orpesok [a/, 0], conepzxa-
muii Touky ', u Takoe unciao v’' < v, 910 Juisi Beex x € [a, V]

F(z, ) <v' <wv, V—d<e, O0)—¢"d)>0.

Tenepnb
P, ) = / Pz, 4*)de’(z) =
X
- / Pz, 0°)dg(z) + / Fla, 0%)dg"(z) < / oA () +
(a,b'] X\(a/,b'] (a’,b']
+ / vdg(z) < (V) — (@) + / vd () = v,
X\(a’,V] X\(a',V]

YTO MPOTUBOPEUUT ONpeNeJIeHAIO 3HAUeHUs UIPBI. Y TBeP:KIeHHE 2) JTOKa3bI-
BaeTcd aHaJIorn4vHoO. M

Caedemeue. ITyers (¢°, 1%, v) — pelenne B CMENIAHHBIX CTPATEIHAX HEIPe-
peiBHOM urper I'. Torma

1) F(z,9°) <v =z ¢ Sp(¢’);

2) F(¢%y) >v=y¢ Sp().

Cdopmyanpyem aHATOTHIHYIO TEOPEMY st MATPUUHBIX UTD.

Teopema 4.3’ (CsoiicTBo momnousHsioIIell HexkecTkocTu). [lycrn
(po,qo,v) — pereHne B CMEIAHHBIX cTparerusx urpbl ¢ marpuneit A. To-
ria

1) p > 0= A(i,q") = v;

2) ¢ > 0= A(p°,j) =v.

Vnpaostenenue 4.8. Jokazkure Teopemy 4.37.

Cnedemeue. Ilyers (p°, ¢°, v) — permenue B CMEITAHHBIX CTPATETUAX UIPHI
¢ marpuneir A. Torma

1) A(i,q°) <v=p] =0

2) AP°,j) >v=q}=0.

ITostcanM BBIpazkeHne " TOTMOMHAONIAS HEYKECTKOCTR ", 3aMMCTBOBAHHOE U3
meopuu dsoticmeennocmu JTUHERHOrO IporpaMmupoBanus. [loctaBum B co-
orBercTBEe HepaseHcTBY A(i,¢°) < v (A(p%, 7) > v) 3 yenosus (%) HepaBen-
crBo p) > 0 (g > 0) ¢ rem e nomepom. Torga ecim 0aHO U3 YTHX HEpa-
BEHCTB BbIOJTHEHO cTporo ("HexkecTko"), T0 1m0 Teopeme 4.3 u ee ceCTBHIO
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§5. Meronpl permenust MATPHIHBIX HID

COOTBETCTBYIOIIEe HEPABEHCTBO BHIIOJTHEHO Kak paBeHCTBO ("kecTko"). Bee
3TO MOZKHO 3alucaTh B caejyomeii kparkoit gpopme: as pemrenust (p°, ¢°, v)
B CMEIIAHHBIX CTPATErusX UIPhI ¢ MAaTpuieil A cupaBeIuBbl PABEHCTBA

p(v—A(i,q")) = q?(A(pO,j) —v)=0, i=1,..m, j=1,..n.

Ipumep 4.4. Pemnm urpy ¢ amaroHaJbHOR MaTpuiei A, B KOTOpoil aua-
roHaJ bHBIE d7MeMeHTH a; > (0. [IpenmomokumM, 9ToO Bce KOMIIOHEHTHI ONTH-
MaJBHBIX cMeManubX crpareruii p°, ¢ momoxuTenpHbl. Torga 1mo Teopeme
4.3’

A(Zaqo) = azqzo =, 7 = 17 ey N, Zq? =1.
=1

Pemrass 31y cucreMy OTHOCHUTENHLHO N + 1 HEM3BECTHBIX q?, 1 =1,...,n, v,
n

nonyuum ¢f =v/a;, i=1,..,n,rmev=1/%"
k=1

L.
ay

Anajornuno MoxHo Haitth, ato p° = ¢°.

[TpuBeseM OHY HHTEPUIPETANHIO 3TOW Mrpbl. IlycTh MuuiuoHep (mep-
BBIIl UI'POK) MINET IPECTYIHUKA (BTOPOro UIpoKa) B OAHOM u3 n 6apos. Ecim
MUJTHIIHOHED IIPUXOAAT B Oap ¢, Te HAXOAUTCS MPECTYIHUK, TO BEPOSITHOCTH
ero 3ajepyKannus papHa a;. OuUTuMaIbHbIe CMENIAHHbIE CTPATETUH TTPEITTACHI-
BAIOT UI'POKAM WJITH ¢ GOJIbIIel BEPOSTHOCTBIO B TOT 0ap, I/e BEPOATHOCTH
3ajiepxKaHus MeHblne. [109ToMy onTUMAa/IbHAs CTPATerns IPECTYITHUKA ecTe-
CTBEeHHA, a MEJUIMOHEPa — mapagokcaabaa. OTMEeTHM Tak:Ke, 9TO Mbl OJHO-
BPEMEHHO PENIMJIN CJIEAYIONLYIO 33/1a9y NOUCKA MAKCHUMHHA!

v = max min A(p,i) = max min a;p;.
peP 1<i<n peP 1<i<n

§5. MeToapl penieHus MATPUYIHBIX UTP

B srom naparpade u3ji0keHbl HEKOTOPbIE METO/bl PEIeHUs MATPUIHbBIX
UT'D B CMENIAHHBIX cTparerudx. [Ilpu 3rom Haia 1meab 0y/1eT COCTOATh B MO-
UCKe XOTs ObI OJHOTO PEIeHUs UTPhI.

I. /lomunuposarue cmpok u cmosbyo8.

Ecu ameMenTsl HEKOTOPOI CTPOKH i1 MATPUIIBI A MEHBITe COOTBETCTBY-
IOIUIX 3JIEMEHTOB JIPYIO#l CTPOKH i, TO MHTYHTHBHO SICHO, 9TO CTPOKY 71
IIEPBOMY HUI'POKY MOXKHO He HCIOIb30BaTh. ChOpMYyJIHpYEeM YCIOBUSA TOMHU-
HUPOBAaHUS CTPOK U CTOJIOIOB MaTPUIbl UI'Pbl, HO3BOJISIONUE YMEHbIIUTD €e
pa3Mepsl.
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Onpedenerue. Bygem roBopurs, 410 BEeKTOp @ = (ay, ..., a;) cAabo domu-
nupyem Bektop b = (by,...,b;), ecnn a; > b;, @ = 1,...,1. Bygem roBoputh 0
CMpo2om JOMUHUPOBAHUY, CTH BCe HECTPOTHe HEPABEHCTBA, > 3aMeHeHbl Ha
CcTpoTHe >. 3aMeTHM, 9TO ¢1aboe TOMHHUPOBAHIE BO3MOXKHO JaKe B CIydae
pPaBEHCTBA BEKTOPOB a 1 b.

Onpedeaerue. s Bexktopos a', i = 1,...,m, eBKJIHIOBA IPOCTPAHCTBA,

m m
wouamcen p; > 0, 4 = 1,...,m, Y. p; = 1, muneiinag kombunamus > pal?

i=1 =1
HA3BIBACTCS 8uinykA0T Kombunayuet BekTopos ' ¢ koaddumnentamu p;.

Teopema 5.1 (O nomMmuHMpOBaHUM CTPOK). [IycTh HEKOTOpas CTPOKa
MaTpHUIbl A ¢1ab0 JOMUHUPYETCs BLIIYKJION KOMOMHAIIIEH OCTAILHBIX CTPOK.
Torma Ta cTpoKa BXOIUT C HYJIEBOIT BEPOSITHOCTHIO B HEKOMOPYH OTITUMAIb-
HYIO CMENTaHHYI0 CTPATErHIO IePBOTO UTPOKA. Kc/in yKazanHOe JOMUHUPOBA-
HHUE CTPOTOe, TO TA CTPOKA BXOJIUT C HYJIE€BOIl BEPOATHOCTBIO B 4100y ONTH-
MAaJIbHYIO CMEIIaHHYIO CTPATEruio MEePBOTO UIPOKa. JLOMHHHpPYeMbIe CTPOKH
MOKHO BBIYEPKHYTH M3 MATPHUIIBI UTPHI.

Jokasameavemeo. Ilyctb crpoka marpuiiel A ¢ HOMEpOM i1 CJ1abo 10-
MUHHUPYETCS BBIMYKJIONH KOMOMHAIIEH OCTAJIBLHBIX CTPOK ¢ KO3 purmenramu

pi>0, 040
(lilj S ZPZCLU7 ] = 1’ ey N, Zpl = 1. (51)
1741 iy

Pacemorpum maTpuiry /1, MOJIYUEHHYIO U3 A BbIYEDKUBAHHEM (HCKIIOUEHU-
eM) i1-0it cTpoku. [Tyers (P, ¢°,v) — pemenne urps ¢ MaTpuieii A. Tlomoxum
pO = (ﬁla "'7151'1—17 Oaﬁi1+1a 7]5m) U JOKazKeM, 4TO TPOHKa (p(]’ q(]’ U) — peiie-
Hue urpsol ¢ marpuneit A. Tem cambiM OyaeT T0Ka3aHO BTOPOE YTBEPKICHUE
TeopeMbl 1 0OOCHOBAHO BhIYePKUBaHUE 11-0# cTpoKu. [eiicTBUTe/IHLHO, peras
Urpy ¢ MaTpHIiei /1, MBI HaXOJIUM peIIeHHe UCXOMHON UI'PBI, J00ABJISAd B P
HYJIEBYIO 11-YIO KOMIIOHEHTY.

I[Tpoepum yenosue (x) paa Tpoiiku (pY, ¢, v) B urpe ¢ Marpuueit A. Vme-
emM

AQ",j) = A 5) Z v, j = 1.ums Al ¢°) = A(i,¢") v Vi # i,
[Tycrs ¢ = 41. Torpa, nonarast p’ = (p;, 1 # 41), noayIUM
A(ir,¢") = Zamq] < Z > aypi)d) = AW, ¢°) <
j=1 i#iy
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§5. Meronpl permenust MATPHIHBIX HID

OCKOJIbKY cTparerus ¢° BTOPOro HIpoKa ONTHMAIbHA B HIPE ¢ MATpHIei A.
Nrak, (p°,¢°,v) — pemenue urpst ¢ marpureii A.

[Tpeamosokum, uro HepasencTBa B (5.1) crporume. Torga B mocieHux
BBIK/JIAJIKAX MEePBOE HEPABEeHCTBO Takxke crporoe n A(iy, ¢°) < v. Ilyets p* —
NPOM3BOJIbHASA ONTUMAIbLHAS CMEINAHHAsl CTPATerus NepBoro urpoka. Torna
(p*,q°,v) — peutenne urpni ¢ marpuneit A. VI3 nociesuero HepaBeHcTBa Mo
CBOMCTBY JIONOJHAOMEl HexkecTKocTH nomydaeMm py, = 0. H

OTMeTHM, YTO IPU UCKJIIOUEHUN CTPOTO JJOMIUHUPYEMBIX CTPOK OIITHMAJb-
HBbIE CMEIIAHHbIe CTPATErnH II€PBOr0 UTPOKA, COXPAHAIOTCA. [Ipu ciabom mo-
MUHUPOBAHUM ONTHMAJbHBIE CTPATErHN MOTYT TEPAThCs. B KauecTse npume-
pa JOCTATOYHO PACCMOTPETh MATPHUILY MI'PHI ¢ PABHBIMHU JI€MEHTAMH.

Ciie 1y 101y 10 TeOpeMy JIOKAXKUTE CAMOCTOSTEIbHO.

Teopema 5.1' (O momumuumpoBanum ctosib61oB). [lycrs HEKOTODPBII
croabern MaTpunbl A crabo JOMUHEPYET BBIMTYKJIYI0 KOMOMHAIINIO OCTAJIbHBIX
cTo61OB 3Toi MaTpumbl. Torga 3TOT cTOIOEN BXOAUT C HYJIEBOH BEPOATHO-
CTBIO B HEKOMOPYH ONTUMAIBHYIO CMENIAHHYI0 CTPATErHI0 BTOPOIO MI'POKA.
Ecinu ykazaHHOe JOMMHUPOBAHHE CTPOrOe, TO 3TOT CTOJIOEI] BXOIUT ¢ HyJe-
BOI BEPOATHOCTHIO B A106Y10 ONTUMAJIBHYIO CMEIIAHHYI0 CTPATErnIO0 BTOPOrO
urpoka. Jlomunupymoime cToadIbl MOXKHO BHIYEPKHYTH U3 MATPUILBI UT'DHI.

Ipumep 5.1. Pemuth urpy ¢ marpurneit

e

I
DO = W
SCRJCRS.
— o o

3/1ech TOMYyCyMMa TIePBBIX JIBYX CTPOK €J1ab0 JOMIUHUPYET TPEThIO CTPOKY U
ee MOZKHO BBIUEPKHYTb. B mostyaennoii MaTpuie Tpetuii cronber ciabo 1oMu-
HEpyeT BTOpoit. [locsie ero BeIYepKUBAHUS TOIYIUM IHKJIHICCKYIO MATPHUILY
A 31 AR

A= | ) ¢ pemenmen (p,q,v) = ((1/2,1/2),(1/2,1/2),2). [Tosromy uc-
XO/iHasl UTpa UMEET DEIleHue

(r°,¢",v) = ((1/2,1/2,0),(1/2,1/2,0),2).

Ynpaorcnenue 5.1. Illycts maTpuma A umeer ceyioByio ToUKy. [lokazarn,
YTO MOCJ€e UCKJIIOUYeHHd c1ab0 JOMUHUPYEMBIX CTPOK U ¢I1a00 JTOMUHHPYIO-
UX CTOJIOIOB 0€3 UCIOJIL30BAHMS BbIIIYKJIbIX KOMOMHAIMI Pe/ly IUPOBaHHAS
MaTPUIA UMEET CeI0BYI0 TOUKY MaTpuiibl A.
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Ynpasicnenue 5.2. Tlonkosnuky Bjorro! (nmepsomy urpoky) mocrasiie-
Ha 3aJa4a OPOPHIBA TpeMsl IIOJKAMH depe3 JBa FOPHBIX HepeBasa, OXpaHsd-
eMBbIX JIByMsl MOJIKAMH MPOTHBHHUKa (BTOporo mrpoka). Crparerus Biaorro
(k1,ke) € X = {(3,0),(2,1),(1,2),(0,3)} cocrour B TOM, 9TO ki MONKOB
HAIIPABJISIOTCS Ha MepBbIii mepesas, a ky — Ha BTopoii. IIpoTHBHUK paciioa-
raer anasgoruaneivMu crparerusvu (Iy,ly) € Y = {(2,0),(1,1),(0,2)}. [onku
BJIOTTO U IIPOTUBHUKA, BCTPETUBIIUCH Ha IE€peBaJie, B3AaUMHO YHHYTOZKalOT
JApyr jgpyra. Beiurpsimem BiaoTTo sBisieTcs obliee 4ucIO ero moJIKOB, Mpo-
PBaBIIUXCS Yepes JIBa MepeBasia, T.e. Beaudnna max|ky —ly, 0]+ max[ko—1o, 0].
PemuTh MATPHYHYIO UIPY U HANTH ONTUMAJbHYIO cTpareruio Baorro.

II. I'pagpuneckuti memod pewenus uzp ¢ MAMPUYGMY PA3MEPOS 2 X 1. U
m X 2.

Paccvorpum urpy ¢ 2 x n-marpurneit A. Cvermannas cTpaTerus mepBoro
urpoka p = (p1, 1 — pp) onpegensiercs Bemnuunoii p; € [0, 1]. 3uauenune urpsr,
COTJIACHO CJIEJICTBUIO TeopeMbl 4.2, MpecTaBUMO B BHJIE

v = max 1r£j1£nA(p,]) = max, 11;%1”[@1]'])1 + ag;(1 — 1)l

Jl1s1 HaXOyKJIeHUsT 3HAYEHUsI UTPHI ¥ ONTHMAJIBHON CMEITaHHOW CTpaTeruu
IIEPBOTO UT'POKA JIOCTATOUHO Ha oTpeske [0,1] mocTpouts rpaduxu cemeiicTsa
muueitnerx Gyuxuunit [;(p1) = ay;p1 + ag;(1 — p1) ¢ yraossivu koaddunmen-
tamu kj = aij — agj, j = 1,...,n, u HafiTn TouKy MaxcnmyMma p) GyHKIEER

oin lj(p1) — HuxHelt orubaromeil cemeiictsa (puc. 5.1).

b1

Puc. 5.1

TonxorrnK BJOTTO — aHEKTOTHYECKHIl TIePCOHAXK, JEHCTBYIONIee JIUIIO0 MHOTHX HJI-
JIIOCTPATUBHBIX MPUMEPOB U3 00JIaCTH AHTATOHUCTHIECKUX WUTP.
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Haiizem ontuMa bHYIO0 CMEIIAHHYIO CTPATEruio BTOPOro UTpoka. Pas3be-
peM CJeyIoniue BO3MOXKHOCTH.

a) 0 < pf <1

DToT caydail mpeacTasien nHa puc. 5.1. BospMmem ape mpawmsie [ u lj,,
npoxoggmme 1epes Touky (pi, v) n nmeromme yraossie koabdbunments kj, >
0, kj, < 0. Paccmorpum ypasnenne

kjlq* + ka(l - (]*) =0. (52)
Owno wmmeer pemenne ¢, npuragiexaimee orpesky [0,1]. 3 (5.2) crenyer,

9TO yraoBoit Koabdument npsamoii [ (p1)g* + 1, (p1)(1 — ¢*) pasen my.o.
CwmerranHasi cTpaTerusi BTOPOro HIPOKa

q*v j:jla
¢ =91-q j=j.
07 j#jlvj%

ONTHMAJTBHA, MOCKOJIbKY TIpH Beex py € [0, 1]
0y * *\ __
Alp,¢°) = L (p)g" + 1, (p) (1 = ¢7) = v.
0_

6) pi = 0.

B sToM ciy4ae dncrast cTparerus 2 IepBOro HIPOKa, ABJILAETCs ONTHMAb-
Hoii. [Tokazkem, 4T0 y Broporo urpoka TakzKe UMeeTcs 4ucrasi OUTUMAJIbHAS
crparerus. [eficTBuTenbno, Haiinercs npsamasi [;, , IPOXOALAINA Ie€Pe3 TOUKY
(0,v) u umeromas yrioBoit koaddunnent k; < 0. Berbupas uncryio crpa-
TET’IO ji, BTOPO# MIPOK HE MO3BOJIUT IIEPBOMY BBIMI'PATh OOJbIIe, YeM v,
nockoibKy A(p, j1) = 1, (p1) < v upm Beex p; € [0, 1]. Ttak, Marpuna urpsl
IMeeT CeIOBYI0 TOUKY (2, j1).

0_

B) p = L.

B sTOM ciiyuae, aHAJIOTMIHOM 06), MATPHIA UTPHI TAKIKE UMEET CeJTIOBYIO
TOUKY.

Ipumep 5.2. Pertum urpy ¢ marpuneit A = (_21 _j :1))) .

[Tocrpous Tpu npsimbie (puc. 5.2)

Li(pr) = (=1)p1 +2(1 — p1) =2 = 3py,

la(p1) = (=2)p1 +4(1 — p1) = 4 — Op,

l3(p1) = 3p1 + 1(1 = p1) = 1 4 2py,
Halijlem, 4To MaKCUMyM HuzKHel orubatouieil jocruraercs B pd = 1/5 — touke
nepecedeHns NPAMbIX [ u [3.
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Puc. 5.2

Bnavenme urpst v = l1(pY) = 7/5 u p® = (1/5,4/5). Bnecn j; = 3, ks =
2, jo =1, ky = —3. U3 ypasuenus 2¢* + (—3)(1 — ¢*) = 0 Haxomum ¢* =
3/5. Orcroma ¢° = (2/5,0,3/5) — onTUMATbHAS CTPATErHS BTOPOTO UTPOKA.
Caesnaiite nposepky yciaoBust (x) reopembl 4.17 jyjisi HallJJIEHHOIO pelleHust
#" q°,v).

Ynpaostcnenue 5.3. Haliiure Bce onTuMaIbHbIE CTPATEIUN UTPOKOB B HT'PE
¢ Marpuneil A = (3 ! O) )

01 3

Teneps paccMorpum urpy ¢ m X 2-marputieit A. CMenmanHas crpaTerus
q = (q1,1 — ¢1) BTOPOrO UrpOKa ompeensercs seanantoi ¢ € [0, 1]. uHaqe-
HHE MIPBI, COMIACHO CJICIACTBUIO TeOpeMbl 4.2, IpeacTaBuMO B BHJIEC

v = I(]Iélél 121@;;}; A, q) = 02;121 11%&5(”[@1(11 + ap(l—q1)]-

[TosTomy HEOOXOAUMO TOCTPOUTL BEPXHIOW orubaronryo max [;(q;) cemeii-
1<i<m

crBa npsaMbiX [;(q1) = apnq1+aix(1—q1), i = 1,...,m, n naiitu Ha orpeske [0,1]
Touky ¢¥ ee Mmunumyma. Ona GyjIeT COOTBeTCTBOBATH ONTUMAJLHON CMelIaH-
HOIl cTparerwum BTOpOro Wrpoka. ONTHMAaJbHAsI CTPATErus MepBOTO UTPOKA
CTPOUTCS € UCTIOTH30BAHUEM YDABHEHHsI, AaHAJIOTHIHOTO (5.2).

III. Ceedenue pewenus mampuunoti uepvl % nape 080tcmeeHHbLT 30004
AUHETIH020 NPOPAMMUPOSAHUA.

Ceenenne pelnreHds MAaTPUYHOM HIPBHI K 3aJadaM JUHEHHOrO IIPOrpaM-
MUpOBaHus — Haubojiee 3PPEKTUBHBII TPUEM, TTO3BOJILIONINT UCIIO/IB30BATD
AJITOPUTM CUMNAEKC-MEMOOG.

42



§5. Meronpl permenust MATPHIHBIX HID

be3 norepu obinocTu OyjeM mpejnoaararb, 9TO 3HAYEHUE MaTPUIHON
UIPBL U N0J0KHTEeIbH0. CortacHo CaeacTBuio Teopembl 4.2, 0HO peacTaBu-
MO B BHJIE

v = max min A max min a;
peP 1<j<n (p,7) = peP 1<j<n sz i

Bresiem BecroMoraTeIbHYI0 EPEMEHHYIO U U 3anmue1v[ 3aJIa9y HAXOXKJIe-
HAA MaKCUMUHA KaK 33Ja9y JUHEHHOr0 MPOrpaMMHUPOBAHUSA
v = max u, IJe

(u,p)€B

B={(u,p) | Ypiaij >u, j=1,.. anl—l pi>0,i=1,...,m}.
=1

i=1

JeiictBuTebHO, TpU (PUKCHPOBAHHOM p € P MakcuMa/IbHOe 3HAYEHUe U [TPHU
orpanndennsx (u,p) € B pasuo min A(p 7).
1<5<
[Tockoabky v > 0, MOXKHO CYHTATh, YTO U NPUHUMAET IOJOKHUTEJIbHDbIE

suadenus. CJesiaemM 3aMeHy HepeMeHHbIX 2; = p;/u, 2z = (z1, ..., 2y). Toraa,
yYUTHIBas orpanudenus (u,p) € B, noxydnm

m m

Zzizl/u, ZaijziZL j=1,...,n, z>0,1=1,

i=1 =1

Orcrona
1
v = max u = ,
(w,p)eB N 0
> %
—

rae 2° — onTuMATBbHOE peleHne 331491 THHEHHOTO MPOTPAMMEPOBAHHS
m
Z Z; — min
i=1
m
aym>1j=1,..n 2%>0i=1..m (I)
i=1
TTo 2° naxoaum 3HaUEHHE UTDPBI U ONTHMATLHYIO CMENIAHHYIO CTPATETHIO TTep-
m
Boro mrpoka: v =1/ 29 p¥ =020,
Anasornuno MO)I;;IlO IOJIY YU Th, 4TO

1
v =min max A(i,q) = ——
qeQ 1<i<m Z ’U)O

=1
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rae w’ — ONTHMAJLHOE pelIeHne 3aJa4i THHEHHOro IPOrpaMMHPOBAHIS

n
E U)j — max
j=1

n
E &ijwjgl, izl,...,m, wjzo, jzl,,n ([[)
Jj=1

B,ZLGCB qo = U’wo — ONTHUMaJIbHAadA CMEIIaHHadA CTPAaTerud BTOPOI'O HI'POKa.

Banaun (I) u (I1) nBOHCTBEHHDI OHA 10 OTHOIIEHHIO K JPYTOIL.
OrMeruM CBOHCTBO JOMOMHSIONICH HEKECTKOCTH sl ONTHMAJIBHBIX Pe-
wennii 2% u w® zagau (I) u (I71) :

n
H2)>0 = Zlal-jw? =1;
‘7:

2) w) >0 = ;aijzle.

OHO HENOCPEICTBEeHHO BHITEKACT U3 YTBEPKICHUA TeopeMbl 4.3 mociie 3aMe-

upr repemenubx p’ = v2°, ¢° = v,

0 3 4
2 1 -3
crparerus p = (1/2,1/2) obeceunBaer mepBOMY UTPOKY MOJOKUTETbHBII
BuIrpoim. IlosTomy v > 0. Beinumenm 3amadu TUHEHHOTO IIPOrpaMMHUpPOBa-
HUA

Hpumep 5.3. Pertuts urpy ¢ marpurneit A = ( ) . Or™metnm, 9TO

Z1+ 29 — min
220 > 1, 321 + 290 > 1, 421 — 329 > 1, (I)
z1, 22 2 0;
w1 + wo + w3 — max
3wy + 4wz < 1, 2wy + wy — 3wz < 1, (1)
wy, Wy, w3 > 0.

Ucnomb3ys rpadgudeckne mOCTPOCHUS Ha IIOCKOCTH, HETPY/IHO HAiiTH, 9TO
2% =(5/8,1/2) — onrnmanbroe pemenne 3agaun (I). Orcrona

v=1/(z) +29) =8/9, p’=0vz"=(5/9,4/9).
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Haiinem ontumanbhoe pemenne w’ sagaun (I7). Tlockombky 20,20 > 0 u
320 4+ 29 > 1, no croiicrey JonoaHsAONEH HEKECTKOCTH

3wy + 4w) = 1, 2w) + w) — 3w) =1, w) = 0.

[ostomy w® = (7/8,0,1/4), ¢° = vw® = (7/9,0,2/9).

IV. Heobxodumovie ycaosus 0ia Kpatinur onmumMasbhoLs CMEUAHHBLE CINPa-
meaui.

3/1ech paccMaTpuUBaeTCss KOMOMHATOPHOTO THUMA AJTOPUTM PEITeHUsT UT-
PbI, OCHOBaHHBIA Ha Iepebope MOAMATPHUI, MATPHIIHL A.

Onpedenenue. 1lycts Z — BBINYKI0E MHOYKECTBO €BKJINIOBA MPOCTPAH-
crBa. Touxa 2° € Z maswiBaerca wpatineti mowkoli MHOXKeCTBa Z, eClIn He
CYIIeCTBYeT Takux Tovek z' # 2’ € Z m takoro gmcaa 0 < A < 1, 9ro
=2+ (1-)N)z2".

JIpyrumu cjioBaMu, KpaiiHgs TOYKa BBIIYKJIOI'O MHOZXKECTBA Z He SBJISAeT-
¢ BHYTPEHHEH TOYKON HUKAKOTO OTPE3Ka, COeJUHSIONIEro JBe TOYKU ITOrO
MHOYXKecTBa. HeTpyaHo BUIETH, 4TO KpaiiHds TOYKA HE MOYKeT ObITh BHY-
TpeHHeil Touko# MuoxKectBa Z. OJHAKO He BCsAKad IPAaHUYHAS TOYKA MHOYKE-
CTBa / sBJIsdeTCd KpaifHell ToUKo# 9Toro MHOXKecTBa. Hampumep, vy KBajpara
KpaIU/IHI/IMI/I TOYKaMU ABJIAIOTCA TOJILKO €I'0 BepUIWHBL.

Ynpaosrcnenue 5.4. Ilycts Z — BBIMYKJIBIH KOMIIAKT €BKJIN/IOBA ITPOCTPAH-
crBa n 2° €Argmax |z|%. Tokaxwure, uto 2° — KpaiiHga TOUYKA MHOXKECTBA
z€Z

Z.

Ynpasrenenue 5.5. Ilyers h(z) — nuneiinas GbyHKIWS, OnpeeIeHHas HA
BBIIIYKJIOM KOMIIaKTe 7 €BKJINI0Ba npocTpancTsa. Jokaxkure, 1to h(z) mo-
CTHTAET MAKCUMYyMa B HEKOTOPOIl KpaiiHeil TOUKe MHOXKECTBA Z.

Eciiu MHOXKeCTBO Z — MHOI'OI'DAHHUK, TO €r0 KpailHue TOYKU HA3bIBAIOTCS
sepuiunamu. Bepremcs kK urpe ¢ marpureii A m paccMOTpPUM MHOYXKECTBO
OIITUMAJIBHBIX CMEITaHHBIX CTpaTeFI/Iﬁ IMepBOT'O UTPOKa

P'={p" e P| > play>v, j=1,..,n},
i=1

rae v — 3HadeHHe MaTpudaHol urpnl. Herpymamo Buaern, uro PY — mHOTrO-
TPAaHHUK €BKJINJI0Ba IIPOCTPAHCTBA.

Onpedenenue. Kpatined ontumayibHON CMemanHoi crparerueil mepBoro
Urpoka OyleM Ha3LIBAThL BePHIMHY MHOTrorpaHnnka PO,
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MHO)KGCTBO OIITUMAJIBHBIX CMEIIIaHHBIX CTpaTeFI/IfI BTOPOI'O UT'PDOKa
n
0_ 1,0 0 .
Q" ={"€Q| X aiqg <v, i=1,...,m}
j=1

TaK2Ke ABJIdeTCd MHOIOIpaHHUKOM M €O BEPIINHDLI — KpaﬁHI/Ie OIlITUMaJIbHBbIE
CMCIIaHHbIE CTPATEIrnuu.

Teopema 5.2. Ilycts B urpe ¢ Marpurneit A = (a;;)mx, 3HaTeHTE U # 0.
Torga aaa mo6oit maper p°, ¢¥ KpaiflHEX ONTHMAILHBIX CMEIIAHHBIX CTPATe-
IHit UTPOKOB HAMIETCS TAKAs HEBBIPOJKIEHHAS MOAMATpuma A = (@ije)kxk
MaTpulbl A, 9TO BBIIIOJHEHDBI YCIOBUS

k k
Zp?laiu-t =, t= 1, ...7l€, Zp?l — 1’ (53)
I=1 I=1

k

k
Zailjtq?t =, | = 1, ...,kf, Zq;)f = 1. (54)
t=1

t=1
Hoxazamesvcmeo. Oupegesum cjieyIonne MHOKECTBA YUCTHIX CTpaTe-
Uil UIPOKOB:

h= (10> 0 = ] Sl = o).
j=1

Ji=1{j| Q? >0}, Jo={j| ;p?azj = v}.

U3 cBoiicTBa nonosHsmomel HexecTkocTH (TeopeMa 4.37) ciaeayer, uro
I, C I, J; C J,. Be3 norepu oOIIHOCTH OYIEM CUUTATD, UTO

Lo={1.r}, L={1,...d}, Ji={1,.,s}, Jo=1{1,.. A}

rae r < dwu s < h. 9Toro Bcerga MOKHO JOOUTHCS MOAXOISIIEl TepecTaHoB-
KOIf ¢CTPOK 1 ¢TOJIOIOB MaTpuibl A.

Paccmorpum noamatpuity A= (@;j)axn Marpumpt A. JlokazkeM, 9TO mep-
BblE€ I' CTPOK MaTpuipl A nuHeRHO He3aBUCHMBL. [Ipeamoso:kuM TpoTHBHOE.
Torma HAlIyTCS TaKWe 9UCIA vy, © = 1,...,r, He BCe paBHBIE HYJIIO, YTO

ZO&Z‘CLZ‘]‘ == O, j = 1, ,h (55)
=1

[Tokazkem, 4TO IpU 3TOM
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HeiictBurenbro, u3 (5.5) u u3 onpejeaeHus: MHOKecTBa [y cie/yer, 4To

T T

h h r
0= Z(Z aiaij)q? = Z ai(z aijq?) =0 Z Q.
=1 i j=1 i=1

]:1 =1 =1

[MockoabKy v # 0, orcrioga cieayer (5.6). YToGbl TPUATH K TPOTUBOPEUHIO,
paccMOTPUM HeHyJIeBOi BeKTOp o = (av, ..., ., 0,...,0) € E™ u npu £ # 0
onpenenum sekrop p° = p° + ea. U3 (5.6) ciepyer, 9To cymMMa KOMIOHEHT
BEeKTOpa p° paBHA GIUHUIE U IPH JOCTATOYHO MAJOM & 9TH KOMIIOHEHTLI
MOZKHO CIEJATh HeOTPUIATEILHBIMA. TakuM 0o6pa3oM, IpU MAJIOM € BEKTOD
p° ABIETCd CMEIIAHHON CTpaTerweil mepBoro urpoka. [lokazkem, 4To mpn
JIOCTATOYHO MAJIOM € cTparerus p° onTuMaJjbHa. elicrBuTebHO, HCIOIb3Y s
(5.5) u onpeseeHe MHOKECTBA Jo, TIPH MAJIOM € MOJIY9UM

L o= = d =, j=1,..h,
A(p®,7) = E S = E Yai; + e E QG
) i=1 ft i=1 fr i=1 "> s

CanegosaTeIbHO, CMENTaHHAS CTPATErws p° TPU MAJIBIX € onTuMaIbHa. Hako-
wer, p° = (p° + p~°)/2, 9TO NPOTUBOPEUUT ONpPEIeTeHHuIo cTpaTrerun p°.

AHAJIOTHYHO J0KA3BIBACTCSI, UTO IEPBBIE S CTONONOB MaTpuibl A Jmneiino
nezapucuMbl. OO03HAYMM depe3 k paHr MaTPHIIbI A. I3 10Ka3aHHOIO BbITE-
kaer, 9To k > max|[r, s|. Be3 norepu o6ImHOCTH MOXKHO CUNTATH GA3UCHBIMI
nepBbie k CTPOK U TIepBbie k CTOIOI0B MaTPHUIIBI A. Ha ux repecevYeHn CTOUT
HEBBIPOJKIeHHAS ToaMarpuna A = (@) kxk- /s 9TON HOAMATPUIEL CIIPABEI-
JINBBI PABEHCTBA

k k
Zp?afij =", j = 17 "'7k7 Zp? = 17
i=1 =1
k k
Zaiquzv, 1=1,..k, Zq?zl,

Jj=1 1

J
KOTODPBIE TIPEJCTABIAIOT coboit cucrembl (5.3) u (5.4), ecm BEpHYTHCS K HC-

XOJ/IHOM HyMepaluu CTPoK u c1oa01os. ll

Ynpaorenenue 5.6. Jokazkure, ato yeaosus (5.3) u (5.4) moctaTodssl 1
TOro, 4Tobbl ONTUMa/IbHbIe cMemanible crparerud p° u ¢° Gblin Kpaiinumu
ONTHMAJILHBIMA.
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[Mokazkem, uro cucrema k + 1 auHeitbix ypaBHenuii (5.3) OTHOCHTEIBHO
k + 1 HEU3BECTHBIX p?l, [=1,..,k, v aubo He uMeeT pereHnuss, Ju00 NMeeT
eJJMHCTBEHHOe pelneHne. /leificTBUTe/IbHO, pACIIIpeHHAsd MaTPHUIA CHCTEMBI
(5.3) mmeeT BHUI

ailjl s a’ikjd -1 | 0
Ce -1 | 0
Wirgyy 0 Qi —1 | 0
r -1 0 1

Herpyano BUzETH, 9TO e€e paHr pased k + 1. Ecau cucrema (5.3) umeer pe-
menne, 7o o reopeme Kpenekepa-Kanemin panr MaTpuipl CHCTEMbI TaKZKe
paBeH k + 1 m ona — HeBbIpokAeHHas. OTCIOAA CJeLyeT eJMHCTBEHHOCTh
pemternust cucreMst (5.3).

Beinuimem B nociaeauem ciaydae pemrennsi cucrem (5.3) u (5.4) B siBHOM
Buze. J1jist 5T0r0 BBEEM BEKTODHI

p=(, l=1,...k),q=(q. t=1,...k), e=(1,..,1) € E*

1 3anumeM cucremy (5.3) B MATPHIHBIX 0003HATCHUIX

pA = ve, <T9,e> =1

VMHOKag HepBoe paBeHCTBO chpapa Ha Marpuily (A)~!, Bolpasum BekTOp D
qepes v : p = ve(A) L. Tloacrapngs 9T0 BhIpasKeHHEe B ypABHEHHE
<]_), e> = 1, moyanm

D= —< e(A)” V= v

e(A)~1e)’ (e(A)~1e)
Anasornuno u3 cucreMmsr (5.4) HaxogUTCH

__ (A)te
@)
Ynpasicnenue 5.7. Tlpuseaure npumep 2 X 2-marpuupl A, /s KOTOpPOt
cucrema (5.3) He UMeeT pereHwusl.

Paccmorpum Teneppb ajaroputMm peirenusi Marpudnoit urpel. I[lepedbupaem
BCe HEBBIPOXKeHHBIE k X k-mommarpumsl A marpunst A, Haunnas ¢ k = 2.
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s xaxnoit mogmarpuibt A perraem cucremst ypasuennii (5.3) u (5.4). Ecou
pelnenns He CyMEeCTBYeT UM HEKOTOPhIE KOMITOHEHTHI

p?l, l=1,..,k, q?t, t=1,...k

OTPHUIIATEIBHBI, TO IePeXoauM K ciaeayiomieit nonmarpuie A. Ilycrs ykazan-
Hble KOMIIOHEHTHI PeleHnii HeoTpuiaTeabHbl. Toraa onpepeuM cCMenTaHHbIe
CTpaTerun

pO . p0: pgl7 L =1, 0 . qoz qz']ta J =17t
Z 0, 17w ’ 0, J#Je

Teneps s Tpoiiku (p°, ¢°,v) HeobGxomumo nposepuTh ycjiosue () Teope-
Mbl 4.17. Ecin ono Bwimosneno, to uckomoe pemrenue (p°, ¢°,v) maiineno. B
IIPOTUBHOM CJIydae IepexoauM K CIeAyrolnei mogmarpuie A.

Ipumep 5.4. PaccmoTpuM MaTpuily BuIa

1 0

OO ==
o O
— =0 O

0 1
1 0
0 1
3aech Her ¢1a00 JOMUHHDPYEMBIX CTPOK (J1a’Ke HUKAKHME BBITYKJIBIMI KOM-

GunaruamMu — JokaxkuTe!) u ¢1abo JOMHHUPYIOMUX CcTOAGHOB . Eciaun npume-
HUTHh YKA3aHHBIH BBHIIIE aJITOPUTM, TO IMOIMATPHUIA

=) =6
JaCT pelieHrne B CMEIlaHHBbIX CTpaTerudx
p° =(1/2,0,0,1/2), ¢° = (1/2,0,0,0,1/2), v =1/2.
V. Memod Bpaya.

B srom nmaparpade Mbl paccCMOTPUM HTE€PAIMOHHBINA METO/I TPUOJINKEeH-
HOTO pemrenust urpwl ¢ marpureit A. [lycts 3amano unciao € > 0. Tpebyercs
HalfiTH 3HAYEHHNE UTPBI C TOYHOCTBIO JI0 BEJIMYUHBI €, & TAK)KE E-MAKCUMUHHY IO
7 E-MUHAMAKCHYIO CMeIllaHHbIe CTPATeruu UTPOKOB.

Metox Bpayna coctonT B MHOTOKPATHOM (PHKTHBHOM pa3bIIPHIBAHUU MAT-
PUYHON UIPbI, IPU KOTOPOM MI'POKHU 110 OIPEJICJIEHHBIM [IPaBUJIaM BblOUpa-
I0T CBOM 4YuCTBIe cTpareruu. 1lycTh 3a k£ noBTopenuii urpbl NepBblil UTPOK T;
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pa3 BpIOpaJs cTpareruio ¢, ¢ = 1,...,m, a BTOpoil [; pa3 BEHIOpaa cTpaTeruio
7, j =1,...,n. BekTopbl 4acToT BHIOOpA YUCTHIX CTPATErnii

plk) = (%%) (k) = (%%)

ABJAIOTCA CMENTIAHHBIMHA CTPATETUAMH UTPOKOB.
Omnpegenum urepanuoHubiii mporecc bBpayna.

[ar 1. Urpoku BBIOMpAIOT NPOU3BOIBLHO CTPATEIUH 11 U Jy.

[IycTh 3a k nmoBTOpeHuilt UTPHI HEPBBIA UI'POK BBHIOPAJ CTPATETHH 11, ..., I,
a BTOpOIl — cTpaTeruu ji, ..., jx. lpu 3tom p(k) u q(k) — coorBercrBytomue
BEKTOPBI JaCTOT.

[MTar k£ + 1. Urpoku BLIOMPAIOT CTPATETUH If 1 W jpi1 U3 YCJIOBUIL

A(irsr, q(R)) = max A(i, q(k)) = vi(k),

1<i<m

A(p(k), jir1) = min A(p(k), j) = va (k).

1<j<n

Kaxkiblii MrpOK BBIGUPAET CBOK YUCTYIO CTPATETHIO KAK HAMJIYUIIUHA OTBET
HA COOTBETCTBYIONIMIT BEKTOD YaCTOT HApTHEpA. EC/oM HAUIYYIIHX OTBETOB
HECKOJIBKO, TO BBIOMpaeTcs JIio00i 13 HHUX.

[TokazkeM, uro vy (k) 1 vy(k) — OlEHKH J1JIs 3HAYEHUS U MATPUIHON UI'PHI:

ve(k) <v<w(k), k=12 .. (5.7)
JIefcTBUTENBHO, UCTIOMB3Ys CIeACTBHIE TeopeMbl 4.2 momyanm

vo(k) = min A(p(k),7) < max min A(p,j) =v =

1<j<n peP 1<j<n

= min max A(i,q) < max A(z,q(k)) = vi(k).

min max A(i,q) < max Ali,a(k) = v (k)
st nokazaresberBa cxogumoctn noctegoBareasrocteii {vi(k)}, {va(k)}

K 3HAYEHHUIO UTPBI U HAM MOTpedyeTcsd 0OOOIEHHBIH NTepalMOHHbBINA ITPOIIECC.
Ilycts ¢(0) € E™, d(0) € E™ — nBa BeKTOPA, yI0BICTBOPSIONIHE YCIOBUIO

max ¢;(0) = min d;(0). Bossmenm
1<i<m 1<j<n

i1 € Arg Jmax ¢i(0), j1 € Arg Zin d;(0).
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[IycTh onpejiesieHbl CTPATETHH &1, ..., Uk, J1,---, Jk 1 BEKTOPbI

c(0), c(1), ... e(k), d(0),d(1),...,d(k). Bospaen

ikt1 € Arg max ci(k), Jip1 € Arg mm d;(k)

<j<n

7 TMOJIOKUM i Bcex ¢ = 1,...m, j=1,...,n
Cl<k + 1) = Cl(k) + Qg s d](k + 1) = dj<k) + Q-

Takum ob6pazom, Bekrop c(k + 1) ectb cymma Bekropa ¢(0) u croabuos Mar-
purniel A ¢ HOMepamu Ji, ..., jx. Anamormuno, Bektop d(k + 1) ectb cymma
BekTopa d(0) u cTpok Marpuibl A ¢ HOMEPAMH i1, ..., 1. HeTPYIHO BUIETH,
970

cilk) = ci(0) + ) ay, = ci(0) + Z aijl; )+ kA, q(k)),

t=1

d;j(k) = d;(0) + kA(p(k), 5)-

[Tpu mynessix BekTopax ¢(0) u d(0) mMOCTPOCHHBIH UTEPAIMOHHDIH IIPOIECC

coBmaIaeT ¢ mporeccoMm bpayna. [IocKoTbKY MHOXKeCcTBa

Arg max ci(k) u Arg mln d;(k) moryr comepKarh 6ojiee OIHOTO JIEMEHTA,
’m

[0C/IE J0BATE IBHOCTIHL {c( )} {d(k)} ompenengiorcst B X0/e HTEPAITOHHOTO
IPOIecca He OJHO3HAUHO.
OnpejeinM, Kak U paHee, M0C/Ie10BATeIbHOCTH BeJININH
ci(k) . d;(K)

vi(k) = e == k) = min

L k=1,2,...

Hanee Gyaer qoKasaHa WX CXOIMMOCTD K 3HAUYCHHUIO UTPHI U TSl JTIOOBIX BEK-
topos ¢(0), d(0).
13 HepaBeHCTB (CM. J0Ka3aTeNbCTBO HepaBeHcTBa (5.7))

max A(i,q(k)) > v > min A(p(k),j), k=1,2,..,

1<i<m 1<j<n

CAeyeT, 9TO

k—oo k—oo

lim vy (k) = lim max [ .k:
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> i, 2, [ g PAREL)] = b
Orcrona
lim (vq (k) — va(k)) > 0. (5.8)
k—o0
[Tokazkem, 4TO
klim (v1(k) —wva(k)) <O0. (5.9)

Bynem ucnonb3oBaTh 0003HaYCHTE

A(k) = max ¢;(k) — min d;(k).

1<i<m 1<j<n

C momomipio Hero ycaosne max ¢;(0) = min d;(0) MOKHO 3anucaTh B BHjE
1<i<m

1<j<n
A(0) = 0.

o

Onpedeserue. Byaem ropoputh, uro i-ast cTpoka (j-it cronbern) marpu-
bl A cymiecrBeHHa (CYIIECTBEHEH) Ha OTpe3Ke IMAaroB [s, s + t|, ecaw st
Hexoroporo mara t’ € [s,s +t] iy =1 (jy = J).

Jlemma 5.1. Tlycrh Bce ¢Tpokn H CTOMOIB MATpUIBl A CylniecTBEHHBI Ha
oTpeske maros [s, s + t]. Torma

max ¢;(s+t) — min d;(s +t) < 4at, (5.10)

1<i<m 1<j<n

e @ = max max |a;;l.
1<i<m 1<5<n

ﬂonaaameﬂbcmso. ITokazkem CHa4vaJla, 9YTO B YCJOBHAX JIEMMbI CIIpaBe€/l-
JIUBBI HEPpaBCHCTBa

max ci(s+1) min ci(s+1t) < 2at, (5.11)
max di(s+1t) — Jnin. di(s +1t) < 2at. (5.12)

Hokazkem (5.11). TTycrb mist [-0if CTPOKH BBITIOTHEHO PABEHCTBO

min ¢;(s+t) = ¢(s+t). I3 ycnoBust ieMMbl BBITEKAET, 9TO HAHIeTCS TAKOi
1<i<m

Homep mara t' € [s, s + t], aro max ci(t') = ¢(t'). Torpa

max ¢;(s+t) — min ¢(s+1t) =
1<i<m 1<i<m

52



§5. Meronpl permenust MATPHIHBIX HID

= max ¢;(s+t) — max ¢;(t') + ") —a(s+1t) <

1<i<m 1<i<m

< max (ci(s+1t) —c;(t)) +at’) —als+t) < 2at,

MOCKOJIBKY BCe MOCTETHAE PA3HOCTH Ha mpeBocxoadar at. Hepapencrso (5.12)

JOKA3bIBaCTCA aHAJIOTMYIHO. TTokazkem TaKzKe, 4TO CIIpaBeIJIMBO HEPABEHCTBO

min ¢;(s+t) — max d; di(s+1t) <O0. (5.13)

1<i<m

[Iyctn v? — 3navenme urpel ¢ marpuneit A7, Tpancnonnposannoii k A. Torna
< — T
2, Al als 1) < g, Al a) =v
= < ).
= min max A(p,j) < max A(p(s +1), )
Orcrona
| a(0) ¢i(0)
nin + A(i, q(s + 1)) ggag;wH + min Ali,q(s +1)) <
d;(0) . d;(0) 4
< <
min =7 p—— +1I§ja<>§lA( p(s+1),7)) < max | + A(p(s +1),7))

Jomuozkast 910 HepaBencTBo Ha S + t, BeiBoguM (5.13). Hepasencrso (5.10)
Ho/IyvaeTcs croxkenueM Hepasencts (5.11)—(5.13). W

Jemma 5.2. Insg npomsBoabHOil Marpunbl A u mpomsBoabHOro € > 0
HaiieTcs Takoil HoMep miara kg, 9TO JJsI JI0OBIX TOC/IeT0BATEILHOCTER
c(k),d(k), k= 0,1, ... ureparmonnoro nponecca A(k) < ek npu k > k.

Jlokazamesvcmeo. Y TBep:KIeHre JIEeMMbl BEpHO it 1 X 1-marpur A, no-
ckonbky Torma c(k) = d(k) naa Beex k > 1. [lpumem, 910 JleMma BepHa, 115t
BCEX TOAMATPUIL MATPUIIBI A U JTOKaykeM, 9TO OHa BepHa u aasg A. Beibepem
k1 TakuM oOpa30oM, 9TOOBI JIJIsI JIOOBIX IOCJIed0BATEIbHOCTEH
ct(k),d (k), k = 0,1,... ATEPaAIMOHHOTO TIPOLECCA, COOTBETCTBYIONIETO TOJI-
marpune A' = (a;;)icrjes, NONYIeHHOR U3 A BBIYEPKHBAHUEM CTPOKH WA
cTosib1a, ObIJIO0 BHIIIOJTHEHO HEPABEHCTBO

. 1
A (k)E max el (k) — mind} (k) < Seky k= k.

i€l jeJ
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Jokazkem, aro ecan st Marpuibl A HEKOTOpast cTpoka (cTosder) Hecy-
MIeCTBeHHA (HECYIIeCTBeHeH) Ha OTpe3Ke [s,s + ki, TO cnpaBemInBo Hepa-
BEHCTBO

A(s+ky) < A(s) + %gkl. (5.14)

[IpemooKuM, HAPUMED, 9To ToaMaTpua A' mosyuaercs BpraepkuBanmem
u3 A HecymecrBennoit [-i crpoku. [omoxkum [ = {1,....m}\{l},

d;(0) = d;(s) + A(s), j=1,...,n, ¢(0)=ci(s), i €I

[TockonbKy l-ag crpoka marpuubl A necymecrsenna, A'(0) = 0 u B uTepany-
OHHOM TIPOIECCE MOKHO B3ATh i}, = igik, Ji = Jeik, k = 1,..., k1. Crenosa-
renbno, di(k) = dj(s+k)+A(s), j=1,...n, (k) = (ci(s+k),i 1), k=
1, ..., k. Urepammonnsrii mponece ams Marpunsl Al MoxKHO mpogosmkaTh u
npu k > k.

Ha ocmosanum Beiopa ky  A'(ky) < %5/{:1. [TosTomy

Als + E1) = ALk + Als) < Als) + %gkl

1 HepaseHcTso (5.14) moKazaHo.

MbI MOKEM TEIephb MOKa3aTh, YTO JIJIst JIOOBIX 110CIEJI0BATEILHOCTEH
c(k),d(k), k=0,1,..., urepanmonnoro npouecca A(k) < ek npu k > 8ak,/e.

Paccvorpum tienoe k > ki u npegcrasuMm ero B Buge k = (0 + t)k;, rue
0<6f<1,at>0— uenoe (fk; — ocrarok or jenenus k Ha k).

Cayuwati 1. Haiinercs takoe 1esoe moyIoKuTeIbHOe ducao h < t, 9To Bce
CTPOKH U cTOONEl MaTpuisl A ma otpeske [(6 + h — 1)k, (0 + h)ki] cyme-
cTBeHHbI. Beps nanbosbiniee u3 Takux h, mmeem

A(k) < A((6 + h)ky) + %5(15 )k (5.15)

DT0 HEPABEHCTBO MOJYYEHO MOBTOPHBIM TpUMeHeHneM HepaBencTBa (5.14),
IOCKOJIbKY Ha KaKJIOM U3 OTPEe3KOB

[(0+7r— 1Dk, (0 +7)ki], r=h+1,..,t,

HEKOTOPasi CTPOKA HJIU CTOJI0e MAaTPUIlbl A HECYIIECTBEHHBDI.
N3 nemmbr 5.1 na ocnoBanum BbIOOpa h umMeem

A((0+ h)ky) < 4dak,. (5.16)
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3 (5.15) u (5.16) nosyuaem
1 1
A(k) < daky + 58(15 — h)ky < (4a + §€t)/€1.

Cayuadi 2. B xaxaom orpeske [(6 +h — 1)k, (0 + h)ki], h = 1,..,t,
HEKOTOPasi CTPOKa WN CTo10er HecyinecTBeHHbl. Cle0BaTeIbHO, KaK U IIPH
BeBozie (5.15),

1 1

B oboux ciyuagx, ucrnoiab3ys HepaBeHCTBO thy < k, mosydum
A(k) < (4a + set)ky < daky + 3ek < ek upn k > 8ak, /. A

113 siemmbt 5.2 BbITeKaeT HepaBeHCTBO (5.9) U CXOAUMOCTD HOCIET0BATE b
uocreit vy(k),ve(k), k =0,1,..., K 3HAYECHUIO UTPHI V.

Bepuemcs x merony Bpayna. Cdopmymupyem npasuio octanoBku. [lycTn
3ajano qucio € > 0. Byjgem ocranapimBaThbes Ha 1mare kg, KOTJ/Ia BIEPBBIE
BBITIOJTHEHO HEPABEHCTBO

U1<]€0) - Ug(l{?()) <e. (517)

N3 (5.7) u (5.17) crenyer, uro Benuauunl vy (kg), ve(ky) npubamzxaor 3Ha-
YeHHEe U MATPHIHON HIPBI ¢ TOUHOCTBIO 70 €. [lokaxkem, 4ro p(ky) — &-
MaKCHMUHHAS CTPATErHs MEPBOr0 UIpoKa. JlelicTBATENBHO,

min A(p(ko),j) = va(ko) > v —e.

1<j<n
Ananornuno, q(ko) —
£-MHHUMAKCHAsS CTPATETHsI BTOPOTO UTPOKA.

Teopema 5.3. B metone Bpayna klim v1(k) = klim ve(k) = v, a m0O6BIE

o0

npegeabnbie Toukn p°, ¢ nocaesosarenvuocreit {p(k)}, {q(k)} apraiorca on-
THMAJBHBIME CMEIIAHHBIMEH CTPATETUSME HIDOKOB.

Jorasamenvcmeo. CxogumocTh nocaeaoBaTeasuocteii {vq(k)} u {ve(k)}
K 3HAYEHUIO UTPHI U BBITeKaeT u3 jemMMbl 5.2. Ilycts p° — miobas npenesnb-
Hag Touka nocaegosareabroctn {p(k)}. Tloxkaxem, uro p° — onrumanbHas
CMeMIaHHas CTPATerus IePBOro Urpoka. /IefdcTBUTEIBHO, MOCKOIBKY MOCTe-
nosarenbHocth {p(k)} npusamiexkur kommakTy P, 6e3 morepu OOGHIHOCTH
(BBLIEISIST COOTBETCTBYIOMIYIO MOANOCIEIOBATEIBHOCTD) MOKHO CIUTATD, ITO
ona cxoqurea K p°. Torma

min A(p(k),j) >v—¢p, k=1,2,..,

1<j<m
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rae €, — 0+ . Tlepexong B 3THX HEpaBeHCTBAX K HpPeJENy Ipu k — 00, Mo-
ayuum Hepasenctso min A(p°, j) > v, uTo 03HAaUYAET ONTUMATBLHOCTD CTPa-
1<j<m

ternn p° . AHAJIOTUIHO JOKA3BIBAETCSA ONTHMAIBHOCTD JJIsi BTOPOIO HTPOKA
moboii npepeabnoit Toukn ¢° nocaenosareasuoctu {g(k)}. W

OnennM cKOpocTh cxopumoctn nociegoBatensrocteit {vy(k)} u {ve(k)}
K 3HAYEHUIO UI'DbI V.

[Tycts A', | > 0 — moaMmaTpuIa, MOTyYeHHAS 3 MATPUILl A BBIUEpPKH-
BaHMeM Kakux-am60 [ crpok uam cronbmos, a {vh(k)}, {vh(k)} — mocremona-
TeJIbHOCTH 0DOOIIEHHOIO HTEPAIMOHHOTO HPOIECCA, COOTBETCTBYOIIETO MO/I-
marpuie A'. O6o3HadmM Yepes k; IUCA0 TOBTOPEHHH UTPHI, IPH KOTOPOM IS
1060t nogmarpuist Al 06bix Hauagbabx BekTOpos ¢ (0), d'(0) BhIIOTHE-
ro nepasenctso v (k) — vh(k) < 27le Vk > k. Tlpocmarpubast 1oKa3aTeib-
CTBO JIeMMHI 5.2, 3aMedaeM, 9T0 Ky, in_1 = 1 1 ko > S8ak,e~!. Anasormanniv
HepaBeHCTBOM cBA3anbl k; M ki1 : b > 2'8akii1e7', 1 =0,1,...m+n — 2.

Otcrona
3

8a 8a 8a
ko> —ki > | — | 2k > | — | 2-2%ky > ..
g 3 g
8 m+n—1 N m+n—1
a a (m+n—2)(m+n—1)
2 ? 21+2+...+m+n72km+n71 — - ) R

Taxum obpazom, npu J00oMm k > ky BbINOJIHEHLI HEPABEHCTBA

1
€ m+n— 1 mint
v1(k) —ve(k) < et om=tg, %

Wraxk, moaydeHHas OIeHKa CKOPOCTH CXOIMMOCTD Ipomecca bpayHa masioad-
derTHBHA NpH OONBIUX pasMepax Marpuibl A. [IpakTnueckn HabI0aeMasA
CKOPOCTH CXOJIMMOCTH CYIIECTBEHHO BBIIIIE.

B zakioduenne paccMOTpuM MOJTUMUKAIINIO TPABUJIa OCTAHOBKH MO METO-
ny bpayna. [Tosroxkum

U1 (k) = 1Iélt1£k Ul@)a U2(k) = gltag)i UQ(t)a k= 17 27

13 mepasencts (5.7) cremyer, 9410

vy(k) <v<ovi(k), k=1,2,... (5.18)

56



§5. Meronpl permenust MATPHIHBIX HID

Takum obpazom, v;(k),vi(k) — Hawgydmme ONEHKH CHH3Y W CBEDXY JJIsi
3HAaYeHUSA UTPHI v 3a k ee mosropenwuii. [Ipu 3agannom ¢ > 0 Gyaem ocra-
HABJMBATH IPONECC Ha Iare kg, KOIJAa BIEPBble BBIIOJHEHO HEPABEHCTBO
vi (ko) — vi(ko) < e. Ilpm srom Besmumust v;(ko), vs(ko) npubiauzKaor 3Ha-
YeHUe UTPBl ¥ ¢ TOYHOCTHIO 10 €. Ilyets vi(ky) = vi(t1), vi(ko) = va(ta).
[Mokazkem, uro p(ts) — e-MaKCUMUHHASI CTPATErUs IepBOro urpoka. leficru-
TeJIbHO, UCHONB3Ys HepaBeHCTBO (5.18) mpu k = ko, nomnyanwm
min A(p(t2), j) = va(t2) = v3(ko) = v —e.

1<j<n
Awnanoruuno, q(t;) — e-MHHUMAKCHAsI CTPATErHsT BTOPOTO UTPOKA.
IIpumep 5.5. Ilycrs € = 1/5, a MaTpuna urpsl —

1 0
0o 3
3 =3

A:

—_ DN DO

OTMGTI/IM7 qTO penienue Urpbl B CMEHIaHHBIX CTPpAaTErndx nmMeeT BU

P’ =¢°=1(0,2/3,1/3), v =1.

[Ipumenas meton Bpayna, Hafinem npuOankeHHOe 3HAUYEeHUE WTPHI, & TAKKe
€-MaKCUMUHHYIO U E-MITHUMAKCHYIO CMeITaHHbIe CTPATeTrni UTPOKOB. Boramc-
JIeHusE yA00HO NMpou3BoAuTh B ¢opme tabjuibl. B kaxmoit ee k-oii cTpoke
HOMYEePKHYTHI HanbobIne 3Hadenns sennand ¢;(k), i = 1,2,3 n HanMeHb-
e 3Havenns sesqudans d;(k), j =1,2,3.

Taba. 5.1
E g | c1() | cat) | e3() | 1) | Jr | di() | da() | d3() | va()
1 1] 2 2 | -1 2 [ 1] 2 1 0 0
2111 2 5 | -4 |5/2|3]| 4 2 0 0
312 2 8 | -7 |83 ]3| 6 2 3 |2/3
4 12| 3 8 | 4 2 | 2] 8 2 6 | 1/2
512 4 8 | -1 |85 2| 10| 2 9 |2/5
6|2 5 8 2 [ 4/3 2] 12| 2 | 12 |1/3
7121 6 8 5 18/7 12| 14| 2 |15 |2/7
8|2 7 8 8 1 | 2|16 | 2 | 18 | 1/4
93| 8 8 | 11 |11/9| 2| 15 | 5 | 15 |5/9
1003 9 8 | 14 | 7/5 | 2| 14 | 8 | 12 | 4/5
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v (10) =1, v3(10) =4/5, t; =8, ty = 10,
p(10) = (1/5,3/5,1/5), a(8) = (1/8,5/8,1/4).
Ynpaostcnernue 5.8. Tlposepurs 1/5-0nTuMaNbHOCT MOy YEHHBIX CTPATE-
ruii. Caearh erre 8 MAroB Mo aArOPUTMY H YIIydIIATh TOYHOCTH 10 € = 1/18.

§ 6. Urpsl ¢c BOorHyTOIl (PyHKINEN BBHIUTPLIIIA

Onpedenenue. AuTaronucruydeckas urpa [’ = <X Y, F(x, y)> Ha3BIBAETCS
urpoii ¢ soenymoti pyrryueti sviuepviwa, ecin X C B, Y C E" — BbIIyK-
JIble KOMIIAKTHI eBKJIMI0BBIX MPOCTPAHCTB, hyHKIusa F'(z,y) HenpepbBHA Ha
X XY u npu g060M y € Y oHa BOTHYTA 10 T.

Urpa I' HasbiBaeTcst Urpoii ¢ sunykaotl gynruued svuepoiuwa, ecin (BMe-
cro TpeboBanus BoruyTocTu) npu aobom x € X dyukuusa F(x,y) BHIyKIa
1o .

Teopema 6.1 (Xesnu). B eBkingoBom npoctpanctee E™ umeercs ce-

meiictBo Dy, « € {a} BBIIYKJIBIX KOMIAKTOB, 00JIAJAIONIEE CJIELyIONUM
m+1
CBOMCTBOM: JIUISA JIOOBIX V1, ..., Q1 [ ) D, # (). Torma

Jj=1
N Do #0.
ac{a}
HoxkazareshcTBO Teopembl cM. B [Ipunoxenun 112.

Ynpaostcnenue 6.1. Jlokazxkure Teopemy npu m = 1.

Teopema 6.2. /Iisg urpsi I' ¢ BoruyToit pyHKimeid BoIMIPBILIA CIHPABE/I-
JINBO PaBEHCTBO

v=maxmin F(z,y) = min max min F(z,y’).
zeX yeY yey rzeX 1<j<m+1
G=1,...,m+1

Hoxasamesvecmeo. OBO3HATNM TTOC/IEIHION BeinanHy depe3 w. Jlas jro-
obix y',...,y™"! € Y cnpaBe mmBo HepaBeHCTBO

max min F(x,y’) > maxmin F(z,y) = v.
zeX 1<j<m+1 zeX yey

CaenoBarensno, w > v. Jlokaxkem nepasencTeo w < v. ITo onpejenenuro w
g mobwix yl, ..yttt e Y

max min F(z,y’) > w =
zeX 1<j<m+1
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=3JrecX: Flz,y)>w, j=1,...,m+1.

Beenem muoxkectsa D, = {z € X | F(z,y) > w}, y € Y, upeacrasisionue

€000 BBINYKJIble KOMITAKThl B £, VI3 ocieinux HepaBeHCTB BHITEKAET, 9TO
m+1
N Dy, # 0 npu mobsix y', ...,y € Y. CireoBaTesIbHO, BBIIOTHEHBI yCI0-
Jj=1
Bust Teopemst 6.1 u () D, # 0, re.

yey

Jx e ﬂDij(x,y)Zw VyeY = minF(z,y) > w.
yey yey

Orcromav>w=v=w. M

m+1
[Homoxum Q ={ge€ E™ | Y ¢;=1,¢>0, j=1,...,m+1}.
Jj=1
Teopema 6.3. rpa I' ¢ Bornyroit pyHKIuEll BIMIPBIIIA UMEET PelieHue
B cMenanubix crparerusx suja (29,10 v), e 2° — Makcumunuag crparerus
MEePBOrO UTPOKA,

m+1

¢0 - Z q;')Igja qo = (q(l)7 "'7qgn+1) € Qa
7j=1

g..7=1..m+1) € Ar min max min F(z,¢’
@i =1,...m+1) g min max min A (z,97),
j=1,...,m+41

a q0 — MHUHHMaKCHad CTpaTerud B 3a/Ja4e

m+1
Iqlélcgl Igle%? (x7Q)a ($7Q) ]Zl (ZE,y )qj

/oxazameavcmeo. Ilo Teopeme 6.2 u 110 BEIOOPY

y.,7=1 . m+1 v=w=max min F(z,7).
Y0 =1,.., , v max min (z,7)

Oyuknua $(z,q) nenpepbiBaa, IuHelHA 0 ¢ U BorayTa 1o x. CiemoBaresib-
HO, IO TeopeMe 2.3 OHa UMeeT ce0BYI0 TOUKy. [loaTomy

v=max min F(z,7’)= maxmin®(z,q) =
zeX 1<j<m+1 zeX q€Q

min max (z,9) = max &(z,q")
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m+1

— e Y Plo,)e} = max [ Fla,y)diC(y) = max Fa, o).
Jj=1 Y

Otciona cl1eayioT paBeHCTBA

F 0 — — : F 0
max F'(z,9%) = v min (2", y)

u 1o Teopeme 4.1 Tpoiika (2°,1°, v) — peluenne Urpsl B CMENIAHHBIX CTpaTe-
rugax.

Sameuarue. B mokazareabcrsax TeopeM 5.2 n 5.3 BBIMYK/IOCTH MHOYKECTBA
Y HE€ HNCIIOJIb30BaJIACh. Y MOXKHO 6bIJIO CYUTATh KOMIIaKTOM METPpHYECKOTO
HPOCTPAHCTBA.

AHATOTHYIHO TOKA3BIBACTCS CJIEYIONIEe YTBEPKICHHE.

n+1
Monowum P={pe€ E" | S p;=1,p; >0, i=1,..,n+1}.
i=1

Teopewma 5.4. NUrpa [ ¢ BoinykJ10it (pyHKIIMEH BEIUTPBIIIA HMEET PEIeHne
B cMenanubix crparerusx suja (00, 40, ), rie y° — MuHuMakcHas crparerus
NepPBOTO UTPOKA,

n+1
W= pL, P’ =) i=1..n+1)€eP

=1

(T;, 1=1,...,n+1) € Arg max min max F(z' y),
ziex  yeY 1<i<n+1
1=1

a pO — MaKCHMHUHHad CTpaTerud B 3aJa4de
n+1

max min <I>1(p, ), q)l(ﬂ y) = ZpiF(fi, Y)-
i=1

peEP yeY

Ilpumep 6.1. Tlycrs X =Y =[0,1], F(x,y) =1 — (z — y)> — urpa c
BOTHYTON (pyHKIHE{l BRIUTPHITIA. 3716Ch

1
— — 1 —_ — 2 e 0 — 0 = 0 — 0 —
v=u= max Oglylgl[l (. —y)7] Y =g v =alyp el

A+ =1¢¢>0 0<7 <F <1
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Haitnem Bestmunmny

. . : 1 2
w = Ogyrlnglil2S1 Lax, min[F(z,y"), F(x,y)].

[Ipu pukrcupoBaHHBIX y', y?

2

1\2 212 Z/l—ZJQ
Orggéclmln[l—(x—y),1—(x—y)}:1— B
Orcrona
2
1 2

. y -y 3 o
= 11— — ] =-, =0, =1.

YT opisyra 2 TR Y

Haiigem reneps ¢Y, ¢9, pemas 3anaqy

min max ®(z,¢) = min max [(1 —2%)q + (1 — (z — 1)*)qa).

0<q1<10<z<1 0<¢q1<10<z<1
Nmeem @' (z,q) = —2xq; — 2(x — 1)ga = 0. Orcioga crpareruss T = @o
makcumusupyet yuknuo @ (x,q) no nepemennoii x. CienoBaTesbHO,
max ®(z,¢) =1-q(l—q) = ¢ = 0—1:>¢0—1]_|_l[
o2 q) = 51 41 Q1—C]2—2 = 5loT i

OTMernM, 9TO MOJyYeHHOE PEIIeHne UI'PHl MOZKHO OBbIIO MPeayrajiaTh 1 mMpo-
BEPUTH JIHIIb YCIOBHE ().

Ynpaotcnenue 6.2. Pemure urpy ¢ BOrayTo# (pyHKIMEH BHIMIPBIIIA

X:{(I1,$2)|0§$Z§17 121,2}, Y:X,

F($17$27y1;y2) =1- (351 - y1)2 - (xz - 92)2-

[[Iupoxwuit KJacc Urp ¢ BBIMYKJIBIMEA (DYHKIHSIMH BBIMTPHIIIA 00Pa3yioT
cmamucmudeckue uepou. Jaaum HeoOXoauMbie Olpe/1eJIeHus.

CraTtucTUK HAOJII0IaeT Peau3alun 2; He3aBUCUMBIX, OJIMHAKOBO pacipe-
JTeJIEHHBIX CIyYafiHbIX BeIuduH Z;, ¢ = 1, ..., n, IMEeIOIIIX IJIOTHOCTH PaciIpe-

jesienust §(z;|T), 3aBUCSIYI0 OT BEKTOPA HEM3BECTHBIX IapaMerpoB T € X.
3mecb X — BBIMYKJI0€ MHOYKECTBO €BKJIMIOBA NpPOCTpaHcTBa. llycts Z =
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(Zy,...,Z,) — BexTOpHas ciaydaiiHasi BeJUYNHA, MPUHUMAIOIIAS 3HAYCHUS
z =

n
(21, .., 2n) € Z W nMerOIas WIOTHOCTH pactpenenenns g(z|z) = [[ g(zi|z).
i=1

CTaTHCTHK ONEHUBAECT BEKTOP I, HCIOIL3YS Pewarouyto Gyrnkuuio y
Z — A = X. Bennuuna a = y(z) Ha3bIBaeTCI 0UeHK0l BEKTOPA T U3 MHO-
»kecTBa omeHok A. OmmubKka B Onpeie/ieHnd BEKTOpa T 33a0aeTCA ¢ MOMOIIHIO
Pynryuu nomepv L(x,a). Maremarndeckoe oxuganue 31oii QyHKIHH

Flay) 2 BlLGy(@) = [ Lo y(2)g(elo)dz

HA3bIBAECTCSA (PynKyuet pucKa.

CrarucTuk (BTOpPOit HIPOK) HCIOIB3YeT PEIIAolee MPABUIO (CTPATErHIO )
Y U3 HEKOTOPOT'O MHOXKECTBA Y U CTPEMHUTCS MHHHMU3UPOBATH (DYHKIIHIO
pucka. [Ipuposa (nepBbiit KTPOK) CTPEMUTCSI €€ MAKCUMU3HPOBATH, BHIOUPast
x € X. TlocrpoenHass aHTATOHUCTUIECKAS UTPA
= <X, Y, F(x, y)> HA3BIBAETCS CTATUCTUIECKON.

[IycThb omeHmBaeMbIii BEKTOp dBJsSETCS CIydallHON Besmduumnoil X, mpu-
HUMalomel 3Hadenus r € X W uMelomeil mIoTHOCThL pacnpenaenenus f. C
UI'POBOMl TOYKH 3PEHUsI ITO O3HAYAELT, UYTO HPUPOJA UCIOIB3YET CMEIIAHHbIE
crparernu f € {f}.

OOBIYHO WCIOIB3YETCS CJIEAYIOMINI MeTO I PEIeHns] CTATUCTUIECKON nr-
pbl. CHadaja CTPOUTCS YypaBHUBAIONIAsS PHUCK periaioniasd (pYHKIUS CTATH-
cruka y° : F(z,3°) = const ma X. 3areMm mog0upaercs CTpaTerus IpH-
POIBl — ILIOTHOCTH pacipejeneHnsd f0, 0THOCHTEILHO KOTOPOI peraomast
dbyuxmua y° asagercs batiecosckot, T.e. MUHIMHU3HPYIONIEH (DYHKITHIO PHCKA!
F(f°,¢%) = Iyrélél F(f°, y). Torna B cOOTBETCTBUNU C PE3YJIBTATOM YIIPAsKHEHHUS

4.3 f9 9" — onTuMasbHBIE CTpATErHH MPUPOH W CTATHCTHKA. [LTOTHOCTD
pacnpeetenns fC Ha3bIBACTCH ANPUOPHOT.

ITokazkeM, 4TO Jjid ILIOTHOCTH pachpejeieHus fO mpum KBaJpaTHUHOI
dbynkmun noreps L(z,a) = |z — al® Gaitecockaga pematomasa dbynkmus y°
onpeaessiercsa oanozHadno. Oupegeaum anocmepuopHiyio NIOTHOCTb PaCIpe-
aenenna f(z]z) = g(z|2) f°(x)/p(2), rae

M@I/EM@P@Mw

X

Ymeeporcoenue 6.1. Iycrs y° — Gaitecobekas pematomas (pyHKIMs OTHO-
CHTEIbHO IIOTHOCTH pacupeenenus fO. Torna mpu KBaapaTHaHoi byHKIIINT
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OTePH

y°(2) = E[X| ]def/xfo(a:]z)dx V zeZ (6.1)

Joxazamensvemeo. I1ockojibKy MHOZKECTBO X BBIIYKJ10, MOYKHO ITOKa3aTh,
aro y'(z) € A= X V z € Z. Jlna nupoussonbuoii pematomnieii pyukinun y € Y

/ / (@923l (@) =
/ / o = () (el dalp(a)d

[Ipu dpukcupoBanHOM 2 € Z BHYTPEHHUN MHTEIPAJ ABJIAETCA KBAJAPATUIHON
dbynknueit or a = y(z). llosromy ero munumym jgocturaercsa npu a’ = y°(z)
3 (6.1). W

B sanbreituiem 6yaem cautarh, 9ro GYHKIUS PACIpe/IeIeHus ¢ KazK 0l
CTydaifHON BeJMYIUHbL Z; 3aBUCAT TOJBKO OT OJIHOTO HEH3BECTHOIO MapaMeT-
pa — MATeMaTHYeCKOTO OXKUAAHUA T. [lucmepcuio crydaiiHoil Beaudunb Z;
obozraunm 4depe3 D(x). s MareMaTndeckoro 0KuJaHUsT 9acTO UCIOIb3Y-

n
eTCsT HECMEUWEHHAA OTIEHKA Z = Y z;/n. CBOMICTBO HECMEIIEHHOCTH O3HAYAET,

i=1
qTO0

B EZZ

FZ=-—"""" —g.
n

HOSTOMy €CTECTBEHHO PpacCMOTPETh MHOXKECTBO peIlaloInuX IIpaBUJI BHIA
V={ylylz) =cz+c, c,c20}

OYHKIMIO TOTeph GyIeM MpenoaaraTh KbapaTadHoll:
L(z,a) = (x — a)?. Tlonoxum ¢ = (cy,cz). Torma dynknus pucka

de

F(x,c) ZfF(x,y) =E@x—aZ—c)= clEZ +2¢1(co —2)EZ+ (1 — ) =

=c? (E + CE2> +2¢1(ca — )2+ (2 — )% = ch(x)

n

+ (1 — 7 + ¢p)?

BBIITYKJIa 110 C.
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PaccmorpuM KOHKpeTHbBIE IPUMEPBI CTATUCTUYECKUX UTP.

Hpumep 6.2. IlycTh crydaiinble BEIUUNHB Z; UMEIOT OUHOMUGADHOE PAC-
npejiesieHue:
T, Zp = 17
9(zilz) =
11—z, 2z =0;

D(z)=2(l—-x), x € X =[0,1].
[Mosmoxkum k = > z; = nz. Torna

i=1
glzlz) = 2*(1 — )" 7F,

F(z,c) = C1< 2U20) 4 22 ) — 26122 + 201000 4 22 — 2097 + B =

-1 2
= (nn c§—2cl+1>x2+ <%+20102—202>x+c§.

Haiijiem Boipasrusaontyio pemaioityio dyuxuuio y°(z2) = z+c). g sroro
pelmmM CUCTeMY ypaBHEeHUN

2

1
D22 9 41=0, %+20102—202:O (6.2)

1 IIOJIy1UM
0 _ Vn O — 1
Loy 7 2(n+ 1)

Vo1
V=17 2(/n—1)

Bropoe pemrenue
Cc1 =

OTOPOCHM.
Paccmorpum Ha otpeske X = [0, 1] 6ema-pacnpedenenue ¢ IIOTHOCTHIO

P71 — )7t

Fa) = Biog)

rie B(p,q fxl (1 — xy)?  dxy — bema-dpynryus, a mapaMerpsl p u g

HO.HO)KI/ITe.HbeI NuTerpupysd 1mo 4acTgam, HETPYAHO BLIBECTH, YTO

EX = /:cfo
P+q
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[Tokazkem, 9TO IPU MOAXOJSAIIEM BHIOOPE MMapaMeTpoB P U ¢ PelIaroIast
dbyuxmua y° asisgerca 6aiieCOBCKOH OTHOCHTEIBHO GeTa-pacupeaeaeHus fo.

Haiinem
1

ma:/éwwﬂwux:

0

B(p.q) o B(p,q)

Orcroga ycIoBHAsT TLIOTHOCTD

Gef)f @) _ at (1 =y

p(z) - Blk+pn+q—k)

1
_1/ﬂu—mw*ﬂ40—m%w Blk+p,n+q— k)

0

f(alz) =

3aJaeT OeTa-paclpeiesieHne ¢ mapaMerpamMu p* = k+pu ¢* =n +q — k.
BaitecoBckasi peratoias pyHKims

* k —_
mmaz/Qﬁmwm: r___"*p _ TP
p* +g* n+p+q n+p+gq
X

COBIIaJaeT ¢ BhIpaBHUBaomeil dynkuueit y° npu p = q¢ = ‘/75

Nrak, noka3zaHo, 410 Jijis ONEHKU [apaMeTpa OMHOMUAJIBHOIO pacipe/ie-
JIEHTA

0\ VnZ+05
y(2) = —FF7
vn+1
— MUHUMAKCHas pemrarorias yHKus.
nTepecHo cpaBHUTH 3HaueHud (PYHKIMHM PUCKA OPU MUHUMAKCHOH y° u
KJIacCu4ecKoil Z pematonux pyuknusax. Umeem
1 (1l —x)

F(x,yo)zﬁzm, F(z,z) = -

Hepasencrso F(x,y°) < F(z,Z) BblIIoJIHEHO JIULIb NPU

1 - def\/1+2\/ﬁ
rT— | <e=t—T .
5 21+ v/n)

Eciu n Besiuko, 10 MUHMMAKCHas OUEHKA JIydlle KJAACCUYeCKOH JIMIb Ipu
SHAYEHUsIX T, IPUHAIEKAIINX Maaoil e-okpectHocTH Touku 1/2. OnHako,
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IIpHU MaJIbIX T HHTEPBaJI 3HaYEHUH T, rae MUHUMaKCHasd OOECHKa Jy4dIle, 3Ha-
YUTEJIbHO YBEJIMYUBACTCA.

Bo mHormx 3ajiauax He CyIIeCTBYeT BblpaBHHBAIONIEH pernaoiieil yHK-
IUU ¥ YKa3aHHBIH BHIIIE METO/I, PEIIeHUs CTATHCTUYECKON UT'PBI UCTIOIB30BATh
HesTb3d. B TakuX cIydadx MHHIMAKCHYIO CTPATErHIo CTATHCTHKA y° MOMKHO
HalTH, pemniag HEMOCPEJICTBEHHO 3a/1a9y

7 = minmax F(z,y) = max F(z,y°).
yeY zeX zeX

Ipumep 6.3. CTpaxoBasi KOMIAHUS OCYIIECTBIAET CTPAXOBAHNE TPAK IAH-
CKO# OTBETCTBEHHOCTH aBTOMOOMJINCTOB. Bognresim 0ObIaHO pa3buBaroTCsa Ha
IPYIIBI 0 HECKOJBKUM TpU3HAKaM (mpodeccus, cTaxK BOXKICHHUs W T.IL.).
PacemorpuM HeKoTOpYIO TI'PyIIy, COCTOAIYIO U3 1 Boauteneit. Tpebyercs
OLIEHUTDH CPEJIHEee YUCI0 T JIOPOZXKHBIX HPOUCHIECTBUII B pacuere Ha OJHOI'O
BOJIUTE IS, KOTOPbIE ITPOM30HIYyT B TeueHue OJIMKAMIIEro rojia, MCXOoAd W3
nHMOPMAINY O TTPOUCIIIECTBUSIX TPOIIEIIEro roja. 3aaqy MOXKHO CBECTH K
PEITeHnIo CTATUCTUIECKONR UTPHI.

[IyeTh anceso TOpOXKHBIX MPOUCIIECTBUN ¢ BOIUTEEM ¢ ABJIAETCS CIydai-
HOIl BeJTMIUHON Z;, pacnpeaenenHoi mo aaxony Ilyaccona

Zi ,—X
g(zi|z) = %, z€Z=H{0,1,2,.... }.
Zis
Bnecy EZ; = x, VarZ; = D(z) =z, x € X = [0,2*], tae x* — BepxHss
rpaHb BO3MOXKHBIX 3HaUYeHN mapaMeTrpa x. MMeem

- o, D(v)

T
F(x,c) = ¢f . +(01x—x+02)2:cfﬁ+(61x—x+02)2.

HerpyiHO 1poBepuTh, 4TO HE CYIIECTBYET BbIPaBHUBAIOIIEH peraionieil pyHK
IUH.

O6oznaunm M (c) = sup F(z,c) n naiizem
0<x<zx*
7= min M(c) = M(c").
c1,c220

[Mockombky F(x,c¢) seimykna o z, M (c) = max[F(0,c), F(z*, c)].
Vmesepoicdenue 6.2. Jlna vummvaxcnoit crparernu y°(2) = ¢Z + ¢§ sor-
noseno ycaosue F(0,0) = F(z*, ") umm
o _ w(@)?+(dd —1)%"
? 2(1—cY)

@
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Joxasameavcmeo. omycrum, uro F(z*, %) > F(0,c°). Ecin ¢ > 0, To
npu Majaom € > 0

= oy _ ()% 0 0 ST 0 9
Fa' &) == —+(qz" + o —a") > Fa" e —e,+er’) =
0 _ )2, _
- % + (Adz* + &y —a*)? > F(0,d) —e, ) +ex*) = () + ex)?

u M() — e, + ex*) < M(P) (mpormsopetne).
Ecmm ¢ = 0, To

F(x*, ") = (& — 2%)? > F(0,) = (9)*.

Orciona creayer, uro ¢§ < x*/2. Veemnunsag ¢§ na maioe € > 0, npugem x
nporusopeunto. Cayuait F(z*, c?) < F(0, ") pasbupaerca anasorudno. W

N3 nokazaHHOTO yTBEPXKIEHUS BBITEKAET, 4TO

1 2 2%

~(c1)" + (e1 — 1)°x
min M(c) = min nl@) +la—1)
c1,c2>0 0<c1<1 2(1 — Cl)

[Tocneanuit MUHEMYM JJOCTUTAETCS TTPU

r'n+1—+vVrn+1 L0 vrmn+1-—1
Cg=—""—".

r*n +1 n

8=

Takum obpazom, pu oleHKe napamMerpa pacupejaesenus [Iyaccona

x*n—l—l—\/a:’*n—i—l__i_ vrn+1-—1
= Z
n

r*n + 1

y'(2)

— MUHUMAKCHAS CTPATErHs CTATHCTUKA. B 9acTHOM ciydae mpu
n =30, * = 0.5, Z = 0.2 nonyqaem ouenky y°(z) = 0.16.
Vnpascrenue 6.3. Ilycrh Bce ciydaiiHbie BeJTUINHBL Z; UMEIOT HOPMAAb-

Hoe paclipeaesjennue C IIJIOTHOCTBIO

1 _(z—2)? 1
g(zilz) = N e 22, z el
o

rae JUuciiepcud 0'2 CTaTUCTUKY HU3BECTHa, & MaTeMaTH4Y€CKOe OKHJaHue T —

mer: v € X = EL.
[Tokazarb, 4T0 KJlaccuveckas pelnaoiias (GyHKIUsS Z sABJILeTCd BbIPaB-
HUBAIOLIeH 1 MUHUMAKCHOHA cTparerueil crarucruka.
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§ 7. UccaemoBanme UrpoBbIX MogeJieit

Modeav "nanadenue-obopora”.

Nmeercsa n obopoHSIEMBIX TMyHKTOB C HOMEpaM# ¢ = 1, ..., BO3MOXKHOT'O
IpOpBIBa CcpecTB HamajeHus. [lycte A m B — KosmdecTBa CpejCcTB Hala-
JleHust 1 0OOPOHBI. DTHU CPEJICTBA IPE/IIOIaranTcs 0eCKOHEeUHO-IeTNMbIMH.
Crparerusi nepBoro Urpoka (HAIAJIEHUsI) COCTOUT B PACIPEEJEHUN CBOUX
CPEeJCTB 10 IMyHKTAM B COOTBETCTBHH ¢ BEKTOPOM

n
x=(x1,..,2,) € X ={z| Z:{:Z =A z;>20,i=1,...n}.
i=1
Bropoit urpok (060poHa) UCIOIB3YET AHAJOTHIHYIO CTPATETHIO

y= (Y1, yn) €Y ={y| Zyi:B, y; >0, i=1,..,n}.

=1

[IycTh p; — KOJIMYECTBO CPEJICTB HAIA/IEHHUS, KOTOPOE MOXKET YHUUYTOXKUTD
O/IHa €JIMHUIIA CPEJICTB ODOPOHBI Ha -OM MyHKTe. Kcam x; > [;y;, TO depes
1-if IyHKT TPOPBIBACTCS X; — [1;Y; CPEJICTB Hanajaenus. Bean x; < 1;y;, TO 4e-
pe3 9TOT MYHKT HamlaJeHue He mpopBercd. O0beaunss 0da cliydas, HaX0IuM
dopMyIy /1S KOIUYeCTBa CPEJICTB HaNAJIeHUs, ITPOPBABIIErocs 4depes i-it
IyHKT: max[z; — i;y;, 0]. Onpegesnm GyHKIUIO BBIUTPHIIIA IEPBONO UIPOKA

F(x,y) = ZmaX[xi — 1133, 0]

i=1
— 00IIIee KOJIMYECTBO CPEJICTB HAMTAIeHUs, ITPOPBABIIEECS Yepe3 BCe MyHKTHI.
Bamernm, ato dbyukims F(z,y) Beinykia 1o y. [To reopeme 6.4 3Hauenune
UIPHL ¥ = U U MEHUMAaKCHag cTparerus i’ o60pOHBI OITHMAIbHA. 3aiiMeMces
UCCJ/IeIOBAHUEM TON UI'Pbl B YUCTHIX U CMEIIAHHbIX crparerusx. bes norepu
OOIITHOCTHU TPEINOJIOXKUM, 9T0 KOIDDUIueHTs 3hPeKTUBHOCTH 000OPOHBI [i;
YHOOPSAJOYEHDI: [i1 > [lg > ... > b, U N-fl TYHKT 0DOPOHBI SABJETCS Ccaadeii-
IITAM.
a) [Tokaxkem, 4To
v = maxmin F(z,y) = max[A — u,B, 0], ™ =(0,...,0, A)
zeX yeY
— MAKCHUMUHHASI CTPATErWs HAIAICHUs, COCTOSIIAs B HAHECEHUM ''KOHIICH-
TpupoBaHHOro' yaapa mo ciaabeiinemMy myHKTY.
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Jlist 110001 cTpaTernu HallaIeHus X ONPeJesIIM BCIIOMOTaTeIbHYIO CTPa-
Ternto 0OOPOHBI Y :

Torza

. < 27) — J— - .
min F(z,y) < F(2,7) = ) max[z; — (17, 0]

Eciu B > ,;1%’ TO Y, > i/, i=1,...,n = F(z,7)=0.
B uporusHom ciayuae y;, < x;/p;, i =1,...,n, 1

n

F(e,9) =) (@ —pg) <A—pn ) ¥, =A— B

i=1 =1

Takum obpazom, juist J11000# cTpaTeruu x

min F(z,y) < max[A — up B, 0] = min max|A — pnyn, 0] = min F(z™, y)

n x(n) — MaKCUMHHHad CTpaTerud HallaJeHud.
6) [okazkem, 4TO

n

U = min max F(z,y) = max[A — B(Z i>_1,O],

yeY zeX P M

n

1\-1
yoy?:B<MZZ—> aizly'“ana

oy Mk

— MHUHWMAKCHas CTpaTerusi 00OPOHHI.
CuavaJja JOKaxKeM PaBeHCTBO

F = F(z® Y, 1
max F(z,y) = max F(z*,y) Vy €Y, (7.1)
re 9 = (0,..., A ,0,...,0) — crparerus HanaJIeHns, COCTOSIIAS B HAHECE-

HAW KOHIIEHTPUPOBAHHOTO y/Iapa MO ¢-My IyHKTY.
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n
[IpeacraBum cTpaTeruio = B BUIAE T = Y %x(z). ITo onpenenenuio BHITTYK-

Jioft pyHKIMK
F(z,y) <) %F(ﬂf(i),y) < max F(z, y).
i=1 -

CrenoBaresbHO,

max F(z,y) < max F(z®,y) < max F(z,y)

zeX 1<i<n zeX

u (7.1) nokazamno. Jamee umeem

7 = min max F(z,y) = min max F(z®,y) =
yey zeX yeyY 1<i<n

= min max max[A — u;y;, 0] = minmax[A — min py;, 0] =
yeY 1<i<n yeYy 1<i<n

= max[A — Bmax min pu,;y;/B,0] = [3ameHa nepemMeHHBIX
yeY 1<i<n

i=1

= max[A — B max min ;p;, 0] =

n -1
=| em. npumep 4.4] = max[A — B(k;1 i) ,0].
[Ipu sTom

n

1 —1
oy Mk

Korja B urpe cyimecTByer pelienue B YUCTBIX CTPATErUX !
n
Ecm B > A #—1]6, o v =0 > v > 0 u, ciegoBaressuo, v = v = 0.
k=1
JLna nanajgenud jiodas cTparerus onTuMajbaa. B 3rom ciaydae obopona Tak

MOYKeT PacIpeIenTh CBOW CHJIbI, 9TOOBI He MTO3BOJUTH HAIAIEHUIO, NCITOJb-
3yIOIEMY KOHIIEHTPUPOBAHHBIN y1ap, IPOPBATHCS HA KAKOM-TH00 MYyHKTE.
n

Ecm B< A /%k’ to dbyukuus F(z,y) cemnoBoii rouku He umeer. Jleii-
CTBUTEBHO, Bl

n

@:A—B(Zi)_l >A—B(i)_1 — A~ u,B.

k=1 Mk Mn
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Bamernm, aro v > 0 . [Mosromy © > max[A — u, B, 0] = v.

B) [TokazeM, 4TO B UT'pe CYIIECTBYET DelleHrne B CMEIIaHHbIX CTpaTeri-
ax suga (%, 4%, 0), rae y° — umcrag MUHEMaKCHAas cTpaTerus OGODOHBI, a
ONTHMAaJbHAA CMeIIaHHAd CTPaTerud /g HalaJeHHsd NMeeT BUJL

0= ip?fxm, P = <mii>_l, =10
i=1

g Mk

[Mockobky dyukius F'(x, y) BeILYKIA 0O Y, JOCTATOYHO IPOBEPUTH YCI0-
BHEe (%) 1y cMemmannoi crparerun @°

F(e%y) >1 Yy eY.

Umeem

P = [ Fan)d (@) Zp?F ) =
X

= Y max[A — puy;, 0] = Y max[p)A — piply;, 0] >
i=1 =1

n

> max[Z(p?A — 1ipYy:), 0] = max[A — Zy,(z )1,0] =
i=1 =1 1 Hk

n

= max[A — B(Z i)l,()] =7.
k=1

3,ZL€CB MbI BOCIIOJIb30BaJIUCh JIEMEHTAPHBIM HEPaBEHCTBOM

z": max|a;, b;| > max[zn: a;, zn: bil,
=1 i=1 =1

CIIpaBeJIUBOM JJIs JIIOOBIX BEIECTBEHHBIX Yucena a;, b;, i = 1,...,n.
Modeav dysau.

B nysam npuHAMAOT ydacTue nBa AydasHTA ( TEePBBIl 1 BTOPOH UTDOKH).
B HavayibHbIE MOMEHT BPEMEHH JYISHTHI HAXOAATCS Ha PACCTOSHUU dy U
0 KOMAaH/le HAUYMHAIOT CONMKATHCA. B pacmopszkeHUN KaxKJaoro My3IsSHTA
AMEETCS OJIMH BBICTPEJI, KOTOPBIH OH MOXKET NPOU3BECTH B NPOTUBHHUKA C
JIIOOOr0 paccTositius (KOHEYHO, IPU yCJIOBUH, YTO JLyJISIHT KUB), OH JazxKe
MOXKeT IMOJONHTH K IPOTUBHUKY BILJIOTHYIO.
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[Tycrb pr(d) — byukums Mmerkoctn k-ro ysjistHTa, paBHasi BEPOSITHOCTH
MOpaKeHUsT MPOTUBHUKA, €CIU BBICTPEN OBLT MTPOU3BEIEH C PACCTOSHUS .
[Ipeamonoxkum, aro GbyHKIuN py(d) HEOpepbIBHbBI U yOBIBAIOT HA OTPE3Ke
[0, do] u Ge3 norepu obmuocTu pi(0) = 1, pr(dy) =0, k=1, 2.

OnpegennmM anTaroHucTH4eckyio urpy. Illyers x € X = [0, dy] — paccro-
sIHUE, C KOTOPOT'O MEPBbIil UTPOK HAMEYaeT HPOU3BECTH CBOH BbICTpe. AHa-
aornano, y € Y = [0,dy] — paccrosiHue, ¢ KOTOPOrO HAMEYAET CBOii BBICTPEJT
BTOPO# urpok. Onpenesnm GYHKIUIO BHATPHITTA F(2,y) MTepBoro urpokxa.

PaccmorpuMm cHavgama wymHyo 0ysab, KOTAa TPOTUBHUKH CJIBIIAT BbI-
cTpennl apyr apyra. Torma

F(SE y) _ pl(x>7 O S 3/ S X S d07
’ L—pa(y), 0< <y <d.

[To embicay F(z,y) ecTh BEPOATHOCTH NOPaYKeHHsI TIEPBBIM UTPOKOM BTOPO-
ro. Ecim x < y m BTOpOH MIpOK IPOMAXHETCH, TO IEPBbIi, yC/IbIIIAB Bbi-
CTpeJI IPOTUBHUKA, CTPEJIAET B Hero ¢ paccrosaus 0 Bmecro . OTMeTnm, 9To
F(z,y) sBasercs ocpennennem (byHKIuM, mpuHUMatolei 3nadenne 1 nm 0
B 3aBUCHMOCTH OT TOTO, YOUT BTOPOH Jy3/I4HT Uin HeT. VTax, myMHast 1y31b
olpejieIeHa KaK Urpa B HOpMabHo# dopme ' = <X, Y, F(x, y)>

[Tokazkem, 4TO HIyMHAs Jy3/1b MMEET PEIICHHE B YHCTBIX CTPATErusx
(d*,d*,v = pi(d*)), rme d* — enuHCTBEHHBII KOpeHb ypaBHeHus pi(d) =
1 — po(d). TIpoBepumM HepaBeHCTBA W3 ONPEIEICHUsT CeTOBON TOIKN

F(z,d") < pi(d) = F(d",d") < F(d,y) Yz € X, Vy€eY.

Nnmeem
F(:C,d*) _ pl(x) S pl(d*>7 d* S € S d07
1—p2(d*>:p1(d*), 0§I<d*,
d* o<y<d*
F(d*,y): pl( )7 . . *—y— bl
1 —pa(y) > 1 —po(d*) =pi(d), d* <y <dy.

Ecsim byHKIMH METKOCTH UI'POKOB OJMHAKOBBI, TO W3 YPABHEHHSI
p1(d) = 1 — p1(d) maxomum, 9To 3HAYeHHE UrPHI paBHO 1/2, a d* aBiasgercs
KOpHeM ypasuenus py(d) = 1/2.

B 6ecuuymrot dysau uTpoOKM He CJBIIAT BBICTPEBI APYT Apyra

p(z), 0<y<z<dy,
F(z,y) =
pi(x)(1—p2(y)), 0<z<y<dp.
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§ 7. HccremoBanme urpoBbix Mojesiest

I_IOKa)KeM7 q9T0 6€CIHyMHaH AYy3Jlb HEe UMeeT pellleHud B YUCTBhIX CTpaTerudx.

Haiinem Bemauny v = sup inf F(z,y). Crparerust x = dy He MOKeT
0<z<dg 9<y<do
ObITh MakCHMUHHON, mockonbky F(dy,y) = pi(do) = 0 mpm Beex y € Y.

[Iycts 0 < x < dy. Torma

OSi;ledo F(ZE, y) - min[Ogyl;c F(CL’, y)7 :c<i?I41§fdo FCL‘? y)} -
= min[p; (), p1(z)(1 — pa(x))] = p1(z)(1 — pa(x)).

1
Otcrona v = X p1(z)(1 — pa(x)).

Ynpaorcnenue 7.1. JJoKaxKkuTe, 910

v= inf sup F(z,y)=pi(d").

0<y<do p<z<dy

Takum obpaszom, v = max p(z)(1 — pa(x)) <
0<z<do

: o —
< max minp;(z),1 — pe(z)] = p1(d*) = 7.
0<a<do
Pemenne GeciryMubIx myaeit 0ObI9HO CBOAUTCH K HHTETPUPOBAHUIO OOBIK-
HOBEHHBIX AnddepeHnaaibabIX ypaBHeHnH. MbI orpaHnanMces nccaeoBaHn-
€M KOHKPETHOTO IIpuMepa.

Hpumep 7.1. PaccmoTpum GeciryMHYIO JIy3/1b ¢ OJMHAKOBLIMU (DYHKITUSI-
MH MeTKOCTH UIPOKOB p1(d) = pa(d) =1 —d, 0 < d < dy = 1. Torna

z,y) =
Y (1-2)y, 0<z<y<L

T[Tpe/IIo/I02KUM, YTO ONTHMA/IbHBIE CMELIAHHbIe CTpaTeruu urpokos ¢ ()
u Y°(y) umeror conagaomue cnekrpbl Sp(¢®) = Sp(¥°) = [0, al, tae a < 1
— napamerp, nojJexamuii onpesenenuto. Ilycrs Ha orpeske [0, a] dbyuknuu
pacnpeenenus ©°(z) u ¥°(y) HeNPEPBIBHBI 1 UMEIOT IPOU3BOAHbBIE (ILIOTHO-
cru pacupenenenust) f(x) u g(y).

[To cBoiicTBy mononHsomel HexecTkocTn (Teopema 4.3)
F(e y)=v Yy el0,a] umu

a y a

/F(x,y)f(x)dx = /(1 —a)yf(z)dr + /(1 —z)f(x)dx =v. (7.2)

0 0 Y
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I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

Huddepennupyst apazxapl 10 y “HTErpajbHOe ypasHeHue (7.2), mosydnm
muddepennuanbaoe ypasrenne 3f(y) = (1 — y)f'(y), nverommee (mocae 3a-

MeHBI i Ha T ) obmiee pemenne sujaa f(z) = c(1 — z)73. Ilo onpenesnenuio
1
mnoruoctn [ f(x)dz =1 (yenosue Hopmuposkn). OTcioaa

ro e[ 1
c/mdm‘zélm—ll =1 (7.3)

0

Haiinennag mioTHOCTD f(X) JOZKHA TAKIKE YAOBJIETBOPATH UCXOJHOMY HH-
TerpajbHOMY ypaBHenutwo (7.2), T.e.

1
c —1—-yl|l =w 7.4
[1 — y] (7.4)
[TockoabKy ypaBHenue (7.4) He sIBAseTCS TOMXKJIECTBOM MO ¥, CMEIIAHHAsI
crparerus ©°(x) yKa3aHHOTO BUJA He CYIIECTBYET. I103TOMY MpeIIonoKuM,
uro QyHKIMA pacnpejesnenus ¢° (1) uMeer cKadoK BeJudYuHbl 0 B HyJe. Toraa
ypasrenus (7.2)—(7.4) uzmemsarcs:

Uy—i-/(l —x)yf(x)dx+/(1 —z)f(z)dr = v, (7.2)
c 1 ,
O-+§ —(1_a)2—1]: ; (73)
1
oy +c 1_a—1—y]:v. (7.4)

st Toro arobbl ypasHenue (7.4)" BBINOTHSAIOCH KAK TOKJIECTBO, HEOOXOIUMO
MONOKUTH 0 = c. VI3 ypasuenunit (7.3)’, (7.4)" moxyvaem

E[ 1 L ca

1—a

=1

Y

L = . (7.5)

N3 cBoiicTBa MOMOMHSIONIENR HEXKECTKOCTH TaK:Ke CJIeyeT, ITO
F(z,9%) =v Vz €0,a] nmn

a x a

/F(w, Y)g(y)dy = /(1 —x)g(y)dy + /(1 —2)yg(y)dy = v. (7.6)

0 0 T
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§ 8. Muoromarosbie aHTATOHHCTHIECKHE HUIDBI

Orciona, kak u Boime, noayunm ¢(y) = ¢ (1 — y)=3. Tloacrasnas g(y) B
ypasaenue (7.6), HaxomuM

€T 1 a y
Cl“‘@[/md‘”/mdy] =

1 a
UM, UCIONIB3Yst yeaosue HopMuposke [ g(y)dy = ¢1 [(1 —y) 3dy =1,
0 0

(1—17)[1— a .. 4 ]:U.

l—a 11—z

Jlsist TOro 4TOOKI IOC/Ae/IHee PABEHCTBO BBIIOJHSIOCH TOMKICCTBEHHO, HE00-
XOUMO, 9TO6Bl ¢; = v = 1 — a. Orcioga u u3 (7.5) HAXOUM

2—2
a:2—\/§, clzv:\/i—l, c:az—\/_.

2
OxoHYaTeJbHO
(
22 1
1 0<2<2—-+2
Sy = (w_wf+>, <z<2-42,
1, 2—V2<uz<l,
(
2-1 1
0 \/_ 2 1 ) 0 S Yy S 2— \/57
V(y) = 2 (y—1)
L1, 2—-V2<y<l.

OcobeHHOCTD ONITUMAJIBLHOIT CMEITAaHHON cTpaTernu gpo COCTOUT B TOM, 4TO
[IEPBBII UI'POK € BEPOATHOCTBIO 0 = %ﬁ JKIET 710 MOJHOTO COTMYKEHUs C

npoTUBHUKOM. OTMETHM TaK:Ke, YTO 3HAYEHUE UTPHI U = V2-1 HecrryMHOit
JIy3JI MeHbIIle 3HAYeHUsT UIpbl v = 1/2 MIyMHON Xy3uHd, 9T0 OObBICHACTCS
yMeHbIIIeHneM THOOPMIPOBAHHOCTH MEPBOTO UTI'POKA.

§ 8. MHoronraroBble aHTAarOHUCTUYECKNE UTPHI

OnpejiesiuM MHOTOMIATOBYI0 AHTATOHUCTUYECKYIO UTPY € NOAHOU UHdOp-
mayued. Vrpa npoucxoaur B Tevenue 1 maros ¢ somepamu t = 1,...,7. Ha
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I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

KA KJIOM Iare ¢ MrPOKYW BLIOWPAIOT 110 OYepeN ATbTePHATUBBI — 3HAUCHUS
HePeMEHHBIX Ty, y.

Hlae 1. CHadasa nepBblil UT'POK BbIOMpaeT ajabTepHaTHBY T1 € Uy, 3aTeM
BTOPOIi HIPOK, 3Has BHIGOP MEPBOTO, BHIOUpaeT ajbTepHaTuBy Yy € Vi (1) =
Vi().

[Tyctb urpoku B Teuenune t — 1 maroB BeIOpaIn ajbTePHATHBBI
Ty ey Tp 1y YLy ooy Yp1- LLOTOKAM Ty = (1, ooy T4)y Yy = (Y155 Yt)-

Iae t. Cravasia mepBblil UTPOK, 3HAS TIPEJIBICTOPUIO Ty 1, J,_1, BHIONpaAET
anvrepuatuBy x; € Uy(Ty—1,7,_,) = U(+). 3areM BTOpOii HIpOK BBIOHpaeT
anbrepHatusy y; € Vi(Ty, 7,_y) = Vi(+), 3HAS IPEABICTOPHIO Ty, Y1, BKIIOYAS
BBIOOD T; TIEPBOrO UI'POKA HA JAHHOM IIIare.

[Mocse 3aBepuienus mmara 1 Bo3uukaer napa (Tr,yr), HA3bIBaeMas nap-
mued urpel. [1o cMBICTY TAPTHS UTPHI — TO 3ATUCH BCEX AJbTEPHATHB, BbI-
OpaHHBIX HIpoKaMu. [1i1s mr0boit mapTun (ET, @T) 33,12€TCs BBIUTPHIT [ (TT, @T)
EePBOr'0 UI'POKA.

Onpegesum Tenepb Urpy B HoOpMaJsibHO# dopme. Ha mare ¢t nepsbiit ur-
POK MOXKEeT BBIOpPaTh AJbTEPHATHBY T; KaK 3HadeHune (pyHKIUU Ty @ T; =
Z4(Ty_1,7Y,_1), KOTOpas JOIKHA OBITH ONpe/IeJeHA TPU BCEBO3MOKHBIX 3HA-
JeHUAX apPIYMeHTOB Ty_1, Y,_,. ODO3HAUNM MHOXKECTBO BCeX TaKUX (DYHKIN
#; uepes U,. 3aMmerun, 910 &1 = 27, HOCKOJIBKY HA [EPBOM LIare HepBblit
UIPOK HUKaKoM mHMOpMAaIueil He paciIojaraer.

CrpaTerng mepBoro UTpokKa MpeacTaBasgeT co0oit Habop pyHKII

T
.f: (i‘t, t: 1,,T) GX :Hﬁt
t=1

Awnasornuno, Ha mare t BTopoil MrPOK MOKeT BbIOUPaTh aJbTEePHATHBY ¥; KAk
snavenne GYHKIAN §; @ Yy = (T4, Yp_q ), KOTOpasE JOTZKHA OBITH ONpe/IeJIeHa
PU BCEBO3MOYKHBIX 3HAYEHHUSAX apryMEHTOB Ty, T, 1. ODO3HAYNM MHOKECTBO
Beex Takux (pyHKImi §;, depe3 V;. CTparerus BIOPOro HIPOKA IPEICTABILET
coboit nabop pyHKImit

T
:&:<gt, tzl,,T) EY/:H‘;;
t=1

Wrpoku MOryT BHIOpATH CTPATEIHH T, §j HE3ABHCUMO JIPYT OT JAPYTa JO UTPHI,
a BO BpeMsi UI'Pbl — NpuMeHaThb ux "apromarudecku.' /1000l nape crpareruit
(Z,7) OMHO3HAYHO COOTBETCTBYET MAPTHsI UTPHI:
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§ 8. Muoromarosbie aHTATOHHCTHIECKHE HUIDBI

Ty =31, y1 = Gi(1), 12 = Ta(z1,91) W T

~odef . _ -

Hanee F(z,9)=F(Tr,yr), rne (Tp,Yp) — HapTHs, COOTBETCTBYOMIA
crparerusim I u ¢. ltak, MHOrOIIaroBasi urpa ¢ noJiHoi uudopmarueii omnpe-
JeIeHa B HopMasbHOi popme ' = <)~(, Y, F(Z, gj)>

B nanbneiinrem OygeM paccMaTpUBaTh IBa KIACCA UIP:

urpa [, B KoTopoii Bce muoxkectsa Uy(-), V;(+) KoHEeTHBDI;

urpa ['') B koropoii Bce muoxkectsa Uy(-) = Uy, Vi(-) = V; e 3aBucar or
NPEJIBICTOPUY U SIBJIAIOTCS KOMIIAKTaMU METPUYECKHUX MTPOCTPAHCTB, a (PYHK-
st F(Tp, ) HenpepblBHA HA MPOU3BEICHUN

U x--xUpxVy x-x Vp.

Onpenemm mapy cTpaTeruii
P =@0t=1,...7), =@, 1,...7),

UCIIOAB3Y METOH, JUHAMUMECKO20 NPO2PAMMUPOSaHuA. Joonpeseaum gpyHK-
o F' Ha Bcex orpeskax naprtud Buaa (Ty, Y,_q) wan (Ty,Y,) W HA30BEM
ee pynxyuet Beaamana. Komnonentsr crpareruit 10, Y Gyjem sanasarh B
opsijike, 06paTHOM BHIOOpAM HTPOKOB.

Onpenemm cHadana jo. g 3Toro 3adpurcupyeM NPOU3BOIbHOE 3HAYE-

HEE apryMeHTOB (T, Yp_;) U 333 UM 3HAYCHUE (DYHKIUH
~0 (= = %l o
Ur(Tr,Yr_1) = yp

def

F<§T7QT—17Z/%) = min F(iTayT—luyT) :F<fT7yT—1)'
yr€Vr(-)

Onpegenum dyukiuio 2. 3abukcupyeM Npou3BOJILHOE 3HAYEHHE apTyMeH-

T0B (T1_1,Yp_1) ¥ 3a7800M 3HAUeHHE DYHKIHH
def

=0 (= lef o .

Tp(Tr—1,Yp_1) = 7 :

- _ _ _ def
F(IT_l,l’gﬂ,nyl) = max F(xT—th)nyl) :F(
xpeUr(-)

Tr—1, nyl)'

[IycTh omnpejiesieHbl KOMIIOHEHTBI CTpaTeruii 1 3nadenus Gpynknun berivana

~0 ~0 0 ~0 S — S —
Yrs Ty ey yt+17 xt+17 F<$T7 yT—1)7 ) F<xt7 yt)
Torna ¢9,2° F (%, ¥, ), F(Ti_1,7, ;) 3a0al0TCd 110 IPUBEJEHHBIM BbIIIe
dopmynam ¢ 3amenoit T Ha t.
[Tokazkem, uro crpareruu °, §° onpegesensl KoppexTHo i urp IV u I,
HeiictBurenpro, B urpe I Bce muoxectsa Ui(+), Vi(-) KOHeUHBI W mO3TOMY
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I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

MaKCHMyMBI i MEHEMYMBI, (PUTYpHpYIoNue B onpeaeaenuax 20, 7°, rocTura-
10TCA. AHAJOTHYHOE YTBEPXKIEHHE CIPABEIIHNBO U Jijist Urpbl 1| IOCKOJBKY
no TeopeMe 2.2 ¢pyuKuga Berrvana HempepblBHA Ha COOTBETCTBYONINX KOM-
MaKTaXx.

OnpenemnM BeTUIAHY

- def F(x1) .

0 =max F(z;) "= "max min F(z1,11) = ...
z1€U; z1€U1 y1€VA(4)
= max min .. max min F(Tp,7p).

r1€Ury1€Vi(-)  zreUr(-) yreVr()
CrpaBeuBa c1eayomasa

Teopema 8.1 (IIepmeso). Besikast MHOrOMAroBasi aHTArOHHCTHYECKAST
urpa ¢ nosuoi uncdopmarmeit IV (wm ') umeer pemenne (2°,7°, 0).

Jlokasamenvcmeo. Jokaxem, aro dbyukius F (T, ) uMeer ceIoByI0 TOU-
ky (2%, 7°) ma X x Y. JIj1st 9TOrO JOCTATOYHO [JOKA3ATh, UTO

1) F(i%g) >0 VjeY;

2) F(z,°) <o VielX.

Jokazkem HepaseHcrso 1). Mmeem

F@,g) 2 min F@, g1, fr-nyr) = F@ 5, fr-1) =

def 39

I ~0 ~0 ~ ~

=" max F(Zy,....T7_ 1, %7, U1,y Jr—1) =
zreUr ()

- F(*%(l)7"'75’1’(1)"717?;17"'7QT—1) Z Z F('i‘(l)7gl) Z Jl/:{lealj}'{l F(xl) =.

HepagencTBo 2) g0ka3biBaeTcsi aHagtornaxo. W

IHpumep 8.1. ITokaxkem, aro urpa "maxmarsl'umeer perrenne. CyimecTBy-
eT TaKoe IeJI0e YUCIO 1), 9TO B COOTBETCTBHHU C MPABUIAMH HUIPBI JII00as
maxMarTHas HapTust 3aKkaHduBaeTcs He nosjiHee xoa 1. [Tosromy 6e3 norepu
ODIITHOCTH MOYKHO CYHTATD, BCe MAapTHH npogoKaiores 1’ xomos!. [TTaxMars
spatstiorcest urpoii Buga IV, Uy (71,7, 1) €cTh MHOKECTBO Pa3pPeIeHHbIX mpa-
BIJIAME AJBTePHATUBHBIX BHIGOPOB X071 GesibiMu ([epBBIM HIPOKOM) Ha {-M
XOJIY B TO3UIAH, OMPEIEATeMOi TPeIb Iy UMY XOIAME UTPOKOB (Ty_1,T;_1)-

'Ecan mapTns 3aKaHIMBaeTCs pPaHbIIE, TO UTPOKW JeIal0T HeOOXOIMMOe YHNCI0 (BDUK-
TUBHBIX XO/I0B, HE BJIUSIONINX HA WCXOI UTPHI.
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§ 8. Muoromarosbie aHTATOHHCTHIECKHE HUIDBI

AHAJIOrHYHO WHTEPIPETUPYETCs MHOKECTBO V;(Ty, 7,_1) BBIOODOB X014 dep-
HBIMU Ha -M XOy. BBIUTPHINT GeIbIX OMpeIe/sieTcs M0 MPaBUIy

1, €CJIH BBIUIpaJIu Oesible,
F(Zr,y7) =140, €CJI BBIUTPAJIN YepHBIE,

1/2, ecam chirpajgu BHUYBIO.

[To Teopeme Ilepmeno urpa "maxmars"umeer pemenue. [Ipaktmaeckoe
3HAYEHHE YTOT Pe3y/IbTAT UMEET /I MO3UINN SH ML, T/1e OOBIYHO UIIYT
dopcupoBaHHBIN BBIUIPHIII, JIHOO HUUYBIO.

IIpumep 8.2. PaccMoTpuM MaTpHUILY

= W N Ot
SN W
N W N~
Ot W O =

PazofbeM MHOXKECTBO ee CTPOK Ha moamuoxkectsa My = {1,2} u My =
{3,4}, a muOxecTBO cTOONOB — Ha moaMHOkecTBa Ny = {1,2} uw Ny =
{3,4}. Onpegesum JBYXIIAroBYI0 UIPY € MOAHON nH(bOPMAIHEii.

Hlaz 1. Cravana nepbiii UTpoK BHIOHpaeT HoMep « € {1,2} MHO)KecTBa
M, u3 KoToporo oH 6yJeT Ha BTOPOM IIIare JieJiaThb BLIOOP CTPOKU MaTPHUIILI
A. BareMm BTOpPOii UTPOK, 3Has «, BeiOGHpaer Homep [ € {1, 2} muoxkecTBa Npg,
13 KOTOPOro OH OYJeT Ha BTOPOM IIare BRIOUPATH HOMEP CTOIOIA MATPHUIIBI

A.

Ilaz 2. Tlepsoiit urpok BeIOUpaET HOMEP CTPOKU ¢ € M, 3Has «, (3, 3aTeM
BTOPOIl UI'DOK BBIOMpaeT HOMep cTonoma j € Ng, 3Had «, 3, 1.

Bremrpeim nepsoro Hrpoka pabeH a;.

Jlst perrenusi 331291 BOCIOIb3YyeMCsl NO3UYUOHHOU HopMOT UTPHI, KOTO-
pyio OyjeMm oToOpakaTh Ha IJIOCKOCTH B BH/JIE JIePeBa.
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I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

SESTATA

Puc. 8.1

Havanpnag (KopHeBasg) BepIIEHA JepeBal COOTBETCTBYET MEPBOMY XO-
JIy TIepBOrO UTPOKa (BHIOOD AJbTEPHATHBBI (v), B BEPIIHHAX BTOPOIO YPOB-
Hs ajbrepHaTuBy [ BbIOMpaeT BTOPOHl urpok m T.1. B dunasmbubix Bepin-
HaX, OTBEYAIONIMX PA3TUYHbIM HAPTUSAM HUIPHI, YKA3aHbl BBLIUTPBLIIIHN Iep-
Boro urpoka F'(«,(3,4,j) = a;;. B Bepmunax 4eTBepTOoro ypoBHS YKa3aHbI
sHavenust dpyukuun Bemivana F(«, (3,1) = mln F(a,,i,j), B BepiInHAX

Tperbero yposas — F(a, ) = max F(a, B, ), B BepIHI/IHaX BTOPOI'O yPOB-
1€My

ot — F(a) = énin F(a,3), a B HAYaJbHOII BepIiiHe — 3HAYEHHE UTDHI
—1,2
v = max F(a) = 2.
a=1,2

yKa}KeM OIITUMAJIbHBIC CTPATCI'U UI'POKOB
2 = (%, 8), 7 =(3a), (e, 8,)) :
o’ =2, °2,1)=3, °(2,2)=3, 3°1)=2, 2 =

7°(1,2,1) =3, ,7°(1,2,2) = 4, ;°(2,1,3) = 5°(2,1,4) = 2.

OrmeruM, 9TO cHaYa a Mbl nogcunTaan pynknuio bemivana, a 3areMm 1mo-
CTpouJin B €CTECTBECHHOM IMOPAAKE KOMIIOHCHTHI OIITUMAaJIbHBIX CTpaTeFI/Iﬁ. B
pesyJbrare ObLIa JOCTUTHYTA HEKOTOPAs SKOHOMUS BBIYHCJICHUH, ITOCKOJIBKY
9TH KOMIIOHEHTHI HEOOS3aTeIbHO CJIeIyeT ONpelessaTh IPH BCeX 3HATCHUIX

! Tlepero m306pazkeHo B MepeBepHYTOM BHE, ITOCKOIBKY TaK €ro yIoOHee PHCOBATE.
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§ 8. Muoromarosbie aHTATOHHCTHIECKHE HUIDBI

aprymenros. Hampumep, o = 2 u snadenns ynxmun i°(q, §) Hy2KHO HaX0-
JIUTH TOABKO MpH (v = 2.

Eme Gosee cymiecTBeHHOE COKpAIleHHE BBIYMCJICHHH JOCTUrAeTCs € HC-
MIOJIb30BAHHEM ITPUEMOB TEOPUU UCKYCCMEBEHH020 UHMEAAELKINA.

PaccmorpuMm Bompoc o nporpaMmmMupoBanuu maxmart. B Tekyiieit nosuiun
MaXMaTHOW MapTHH ITPU XOJIe, CKayKeM, OeJIbIX JI€PEeBO UT'PhI MOPOKIACTCS
Ha TJIYOMHY HECKOJIbKHMX X0JI0B. B (puHAIBHBIX BepIIMHAX JE€PEBa BHIMIPBIII
OeJIBIX 3aJIAeTCs C IMMOMOIIBIO OUeHOUHOU GYHKYUY, YIATHIBAIOIIEH MaTepu-
aJIbHbIe W TMO3UIIUOHHBIE 0COOEHHOCTH (buHAILHOI To3unuu. [locae sToro pe-
MAeTCcsd MOJIYUMBIIAACH WIPa C MOJHONH WHGOpMalueid U HaXOAUTCI ONTH-
MaJIbHBIH X0J1 OeJIBIX B TEKYIIEH MTO3UIINH.

OOBIYHO JIepEeBO UIPHI MOPOXKJIAETCS ¢ TOMOIIBIO PEKYPCUBHON MPOIETy-
PBI OCTPOEHUs mogaepeBbeB. [Ipn 3ToM B BepimHax aepeBa BBIYHCISIOTCS
3nadennd pyukuuu benvana. PaccMoTpuM BO3MOXKHBIH X0/1, O€JIbIX a1 B Te-
kymieit mozunuu. [IycTs mocTpoeHo mojaepeBo Urpbl, COOTBETCTBYIONIEE TO-
MY XOJIy W TOJIy9eHa ONEHKa XoJa ai (TOTHee, MO3UINH, BO3HUKAIOIIEH MOCIe
9TOro X0/a), paBHas 4. Paccmorpum Apyroit Xoi GebiX as B TeKYIIeil mo3u-
nuu. Ternepb mycTh depHBIe BBIOpAIN X0/ by M YCTAHOBJIEHO, UTO €0 OIeHKA
pasua 1. Torma onenka xoja as Oyaer ne Gosbire 1 u ero MOxkHO OTOpO-
CUTb, MOCKOJILKY OH XYK€ X0JIa a1. 1akuM oOpa3oM, 3/1eCh He MOTPedOBAIOCH
MOJTHOE TOCTPOEHUE TOJIEPEBA X0Ja ao. OIEHKA X0ja 4 B JAHHOM CIydae
HA3BIBACTCS (-0MCEYEHUEM.

Ecnu B TexyImeil mo3unuu XoJ YepHBIX, TO aHAJOTHYHO MOXKHO OIpee-
JINTH MOHATHE (3-0MCeUeHU.

Mnozowazosvie aHMa2OHUCTIUNECKUE uepsvl C HENOAHOU UHdiopmauueﬁ.

Onpenenrmm Tenephb 6osee 00ITYIO MOJIE/IbH MHOTOIIATOBOM UT'PHI, B IPOIEC-
ce KOTOPOH MIPOKHM MOTYT HE UMETh MOJHON MH(MOPMAIUE O CAeJAHHBIX BbI-
6opax. Orpannanmcs urpamu [V ¢ koreansivmu muozkectBamu Uy(+), Vi(+), t =
1,...T.

[lycrs H}(H?) — MHOXKECTBO BCeX OTpe3KoB maprtuil Buga (Ty 1,7, 1)
(Buna (Ty,7,_y)). peanonoxum, uro muoxecrso H]} pasburo na nenepe-
cekatorecs noamuoxkecrsa Hi (ay), oy € L. Tlepen BLIGOpOM T; mepBoMy
WTPOKY M3BECTHO, UTO (Ty_1,Y,_1) € H} (o). AHAIOrWIHO, TIyCTh MHOKECTBO
H? pasburo Ha HemepeceKaloluecs noamuozkecrsa H2(5;), By € By. Ilepen
BBIGOPOM Y3 BTOPOMY HUTI'POKY H3BeCTHO, 9TO (Tt ¥, ;) € HZ(B;). Ecmu, B

(7 . m (. m 1 2
HACTHOCTH, O = (Ti-1,Y;—1), B¢ = (T4, Yy_1), a muoecrsa H; (ay) u Hi (5)
COJIEPYKAT TIO OJHOMY JIEMEHTY (v M [3; COOTBETCTBEHHO, TO TOJIYIHM UTPY C
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noJIHON nH(OpMaIHeii.

Crparerust & € X IepBOro UIPOKa 33,1aeTCst HaGopOM bYHKIUR T; OT oy,
npuauMatomux 3uadennsa T (ay) € Uy(ay), t = 1,...,T. Crpaterus § € Y
BTOPOTO UT'POKA 33aeTCs HADOPOM (DYHKIUH ¢y OT [, IPUHAMAIONINX 3HA-
aennst §(5;) € Vi(By), t = 1,...,T. Tlo onpenenennto F(Z,9) = F(Tr,Yr),
re naptus urpbl (Tr, Yp) OJHOZHAYHO 3aJIA€TCsl CTPATEIUSIMU UIPOKOB T U
y. Utak, onpenenena urpa [' = <)~(, 37, F(z, gj)> B HOpMaJbHO# (opme.

Hpumep 8.3. Tycrs ap = By = (Tp-1, Y1),

H(ay) = {ev}, HZ(B) = {(T1,7,1) | 2 € Un(By)}

3mech Ha KaxkKIOM TEKYIIeM Iare HIPOKHM He 3HAIOT BBIOOpA JPYT Apyra, HO
OHU 3HAIOT BCe BHIOODHI, CAeIaHHBIE Ha IIPeIbIIYINUX marax. [Ipu arom Oymem
rOBOPHUTH 00 urpe ¢ noanot ungpopmayuet o npedvdywur wazax. Konkper-
HBIM TIPUMEPOM MOYKET CJIYKUTh TOBTOPSIONIasica urpa "opasaxa'.

Ynpaotcnenue 8.1. [lokazars, uro B urpe I' ¢ moyiHoit nndopmanueii o mpe-
JApLAymuX nrarax (mpumep 8.3) HUKHEee W BepXHee 3HAYEHHsT UIPhI 33IAl0TCs
CIeIYIONIUMHU BBIPAYKEHUAMMU:

¥ = max min  max min .- max min  F(Zr,yp),
z1€U1 11 €V z2€Us(z1,y1) y2€Va(z1,91) zr€Ur (o) yr€Vr(Br)

7 = min max min max --- min max F(ZTr,yr).
y1€VI 21€UL y2€Va(x1,y1) 22€U2(21,y1) yr€Vr(Br) zr€Ur (aT)

Ynpaotcnenue 8.2. HailTu BepxHee W HUKHee 3HAUYEHUS UTPHI U3 MpUMe-
pa 8.2, npejmnosaras NOJHYI0 HHPOPMUPOBAHHOCTH UT'POKOB O MIPEJIbITYIIHX
Iarax.

Ecim B urpe I' v < ¥, TO UTPOKH JOJKHBI HCIOIB30BATh CMeENTaHHBIE
crpareru. OrpaHuIUMCs ITPAMEPAMH.

Hpumep 8.4. Halimem perieHne B CMEIIAHHBIX CTPATEIUSIX UTPHI U3 IIPH-
Mepa 8.2, mpejrnosaras MoaHy0 THGHOPMHPOBAHHOCTH HI'POKOB O IIPEbITY-
mux mmarax. Ha BTopowm 1mare 3Ha4YeHUs <, J MTPOKAM U3BECTHBI U BOZHUKAET
MOJABITPA C 2X2-mogMaTpHUIle (az’j)iqujeNg maTpunbl A. [Iycrs
(P°(c, B), ¢° (v, B),v(cx, 3)) — pemenue B CMEMIAHHBIX CTPATETHAX YKAZAHHOM
noAbirpel. B ciepyromeit Tabuie 9ru perienuns IPUBEICHbI IPU BCEX 3HAYE-
HUSX o 1 3.
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Tabn. 8.1
a| B p’(a,B) | ¢°(a,8) |v(a,p)
11| (5/72/7) | (4)7,3/7) | 29/7
1121(2/53/5) | (4/5,1/5) 8/5
211 (1,0) (0,1) 2
212 (1,0) (1,0) 3

Ha nepBom mrare nepBbiit UTPOK CTPEMUTCH yBEJIUYUTH CBOU OYKUIAEMbIi
BBIUT'PBIII, TOJYYaeMblii Ha BTOPOM IIare, a BTOPO# UI'POK CTPEMUTCA ITOT
BBIUT'PBIII YMEHbIMUTh. [lo9TOMY Ha IepBOM I1are UrpoOKU y4acTBYIOT B HIDe

C MaTpuuen
ol = (7).

Pemmenne stoit HUI'PBI B CMEIIAHHBIX CTpaTerudX mMeeT BUJ
(P°,¢°,v) = ((35/124,89/124), (49/124,75/124), 323 /124).

Urak, mepBblii HIPOK JOJKeH BbIOHpaTh o = 1 ¢ BepogrHOCTBHIO 35/124, a
BTOPOii UTPOK JOJZKeH BbiOupaTh 3 = 1 ¢ BeposaTHOCTBIO 49/124. 3Havyenue
urpst ' pasro 323/124.

IIpumep 8.5. Bepymunit TeIeBUSHOHHOTO MIOY MpeJIaraeT yIacTHUKY MO-
Ka3aTh HA OJHY U3 TPeX 3aKPLITHIX JIBepeil, 32 KOTOPBIMU pa3Mertenn "Mep-
cenec'n gBa Kozaa. [locse 3Toro Beaynmii OTKPHIBAET KaKy0-1100 U3 JIBYX
HeBBIODAHHBIX J(Bepeil, 3a KOTOPOil HAXOAUTCSA KO3€7, W BTOPHYHO (mar 2)
peJIaraeT y9acTHUKY OTKPBITh OJHY U3 OocTaBmIuxcs asepeit. Eciu 3a naBe-
pbio crout "Mepcenec", TO yIaCTHHUK HOIYYaeT €ro B KAIeCTBe IPU3a, eCIH —
KO3eJI, TO YIACTHUK HUYIETO He MoaydaeT. [IycTh BRIUTPLIIT yIACTHUKA PABEH
1 wim 0 B 3aBUCHMOCTH OT TOrO, MOJyYeH UM npu3 win Her. Haiizem onru-
MaJIbHBIE CTPATErHH YIaCTHUKA (TepBOrO HIPOKA) W BEYIIErO IOy (BTOPOrO
UTPOKA), & TaKyKe 3HAYEHHEe HTDHI.

Ecyin Ha mepBoMm 1miare nepBbiii HIPOK MOKA3aJl Ha IBEPD, 38 KOTOPO# CTOUT
KO3eJI, TO SICHO, UYTO Ha BTOPOM IlIare OH JOIKEeH OTKDPBITH JAPYIYIO ABEPb 1
HaBepHsiKa NOy4nTh 1npu3. OTCI/a, UCHOAb3ysl COOOPAKEHUsT CUMMETPHH,
YKazkKeM ONTHMAJIbHbIE CMEITaHHbIE CTPATErHH HTPOKOB.

Onpemenmm crpaternio p° mepBoro Urpoka: Ha MEPBOM IIare OH JOJIKEH
BBIOPATH OJIHY M3 TPeX JBepeil ¢ BepOATHOCTHIO 1/3, a HA BTOPOM Iiare OT-
KPBIBATH JIPYTYIO OCTABIIYIOCS JIBEPD.

Onpegesnnm crpareruio ¢° BTOporo Urpoxa: OH JoJzKeH nomectuts "Mep-
cenec"3a onHOI BepbI0 U3 Tpex ¢ BeposTHOCTHIO 1/3. Ecau nepswiii nrpox
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nokasaJi Ha aBepb ¢ "Mepcemecom', TO BTOpOit UIPOK /10/I2K€H OTKPBITH OJHY
W3 JBYX JAPYTHUX JBepeil ¢ BepOsITHOCTHIO 1/2.

3HavyeHue Urpsl paBHo 2/3.

Jlng nokaszareabCTBa ONTHMAIBLHOCTH YKA3aHHBIX CTPATErwil IPOBEPHM
yeaosue (x). ITpu m060ii gucToif crparernu BTOPOro MIpOKa TepBbIii Wr-
poK, mpuMeHdd p°, MOKa3biBaeT Ha [BEPb € KO3JOM C BepOATHOCTbIO 2/3.
Ha BropoMm 1mrare oH yka3sIlBaeT Ha JPYIYIO JBepb W BeIUTPbIBaeT npui. C
JIPYTOil CTOPOHEI, MyCTh BTOPOil UIPOK mpuMenseT crparernio ¢°. [TokazkeM,
YTO MEPBBIA UIPOK HE MOYKET BBIMIPATH MPU3 € BEPOATHOCTHIO, OOJIBIIEH,
gem 2/3. PaccMOTpHM THOMYHYIO YHCTYIO CTPATErHIO TIEPBOTO UIPOKA: CHa-
JaJia OH BHIOMpAeT MEepPBYIO JBEPb, HA BTOPOM IIare OH OTKPBIBAET BTOPYIO
JIBePb, €CJIU BTOPOH UI'POK OTKPBLI TPETHIO U OTKPHIBAET HEPBYIO IBEPh, €C-
JIH BTOPO# MUT'POK OTKPBLT BTOPYIO. HeTpyaHo moacuuTarh, 9T0 BEPOITHOCTH
ero seiurpsima npu pasmerenusx MKK, KMK u KKM pasust 1/6, 1/3 u
0 coorBercTBeHHO. TaknM 00pa30M, /IaHHAS YUCTASI CTPATErnsd 00ECIeInBaeT
BBIUTPHITI MPH3a ¢ BeposaTHOCTHIO 1/2. Eciin Ha BTOpoM Imrare mepBbiii HTPOK
YKa3bIBAET HE HA MEPBYIO IBEPh, TO BHIUIPHIII NPHU3a (TOJBKO B 3TOM CIydae)
VBeJIMIUBACTCS 110 2/ 3.

OrMmernM, 9TO B 9TOM HpPHMEpPe Mbl OOONULINCH 0€3 MOJTHOTNO OIMHCAHWS
MHOYKECTB CTpaTeruii NIPpOKOB ¥ MATPHIIBI UTPHI. DTO TMPEACTABIsIET CODOM
BeCbMa, HEIIPOCTYIO 339y, eCIH PacCMOTPeTh 0000IIeHne UI'PBl HA, CIyYaii,
KOIJa MMeeTCs n JIBepeil, 3a KoTopbIMHU pacnojaraiorcsa ogud "Mepcenec'n
n — 1 kozes. Urpa npoucxomur B Tedenue n — 1 maros. Ha kaxiaom u3 nep-
BbIX 7 — 2 IIaroB yYaCTHUK MOKA3BIBAET HA KAKYIO-JIH00 3aKPHITYIO JIBEPD,
a BeIYIUIl OTKPBIBAET JPYTYIO JBEPh, 3a KOTOPOil crout ko3ena. Ha mrare
n — 1 Bce TPOUCXOIUT TAK Ke, KAK U IPH N = 3. 3HAYEHHE UTDBI 3/I€Ch PABHO
(n—1)/n. JokaxkuTe ONTHMAIBLHOCTD CJAEIYIONIEH CTPATErHH TEPBOTO UT'PO-
ka. C paBHOII BepOATHOCTBIO 1/n OH BBHIOMpaET OJHY U3 ABepeil, Ha KOTOPYIO
MIOKa3bIBAeT B TeUYeHWe HepBhiX n — 2 maros. Ha nocieanem (n — 1)-m mare,
KOTJIa OCTAHYTCs JIBE 3aKPhIThIe JBEPH, OH OTKPHIBAET JIPYTYIO JIBEPD.

ITycts MHOTOMIaroBast Urpa 3a/iaHa B no3unuonHoi dpopme. Toraa nudop-
MUPOBAHHOCTD UT'POKOB 33JTAETCS C TTOMOIIBIO UHBOPMAYUOHHBIL MHOHCECME.

Onpedenenue. NrDOpMAIMOHHBIM MHOYKECTBOM UTI'PDOKA HA3HIBAETCS MHO-
JKeCTBO BEPIIUH JIEPEBA UIPHI, B KOTOPHIX OYepeib XO/1a NPUHAIJIEKAT JTaH-
HOMY MI'POKY M UMEeTCs OJMHAKOBOE YMCIO ajgbTepHaTuB. VIrpoK 3HaeT, 4To
[MO3ULHA UI'PblI COOTBETCTBYET O,ZLHOI'?'I 13 BepUIinH I/IHCbOpMaHI/IOHHOFO MHOZKe-
CTBa, HO He 3HaeT Kakoit nMeHHo. Ha mudopmManmonHoe MHOKECTBO HaKJIa-
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AblBaeTCd CJeAyloliee OrpaHndeHne: OHO He MO2KeT COAepzKaThb JIBYX BEpHINH
JIeZKallluX Ha OJHOM IIyTH, BEAYIIUM U3 HaYaJIbHOM’ BEPIITNHBI B CbI/IHa.HbHyIO.

Bynem cuntarh, uTo Bce MH(MOPMAIMOHHBIE MHOXKECTBA MEPBOTO UTPOKA
Iy, ..., [}, mpoHyMepOBAHbI TAKMM 00Pa30M, 4TO €CJIU KAKasg-TO BEPIIHHA MHO-
JKecTBa [; peausyeTcs B UTDe paHbllle HEKOTOPOil BepIIMHbI MHOXKeCTBa [;,
TO ¢ < j. Bce nndopmammonubie MHOXKECTBA BTOPOro UI'pOKa Ji, ..., J; mpo-
HYMEpOBaHbl aHAJOTHYHBIM 00Pa30M.

Crparerueii mIepBoro Urpoka siBjstercst BEKTop « = (1, ..., xx) € X, ve x;
— Jymbo aJbTepHaTHBa, BRIOMpaeMasi H'POKOM B MHOxKecTBe [;, mubo x; = *.
[locennee o3HaYaeT, YTO BHIOOD AJbTEPHATHB X1, ..., L;_1 TAPDAHTUPYET, ITO
B HI'DE 3aBeIOMO He Oy/eT peajin30BaHa HUKAKas BEPIIMHA U3 MHOYKECTBA
I;. AnasormaHbIM 00pa30M ONPEAETSAIOTCs crparerun y = (yp,...,y) € Y
BTOPOT'O UTPOKA.

OTMerum, 4TO B UI'PE MOL'YT BCTPEUYATHCH NO3UYUU CAYUAHL. DTO O3HA-
4aeT, 9TO B HEKOTOPBLIX BepHIMHAX JepeBa UIPhl BLIOOD aJlbTepHATHBHI HE
NPHUHAIC’KAT MTPOKAM, & OCYIHECTBJISICTCS CIyYailHbIM 00pa3oM ¢ M3BeCT-
HBIM 3aKOHOM pachpejiefenus (cM. npumep Huzke). Torma mpu BHIOpaHHBIX
CTpaTerusgx UIPOKOB X M Y BBIUTPBIII MEPBOTO UIPOKA, OMpeleasdeMblil 1Mo
dbunasbHON Bepiune, Oyjaer ciaydaiinoii BesnunHoil u suadenue F'(z,y) cie-
JIyeT ONpeIeJnTh KaK MAaTeMATHIeCKOe OKHIAHIE 3TOTO BHIUTPBINIA. TakuMm
00pa3oM, Mbl CBEJIM TTO3UIMOHHYIO0 (DOPMY UTPHI K HOPMAJILHON (hopme.

IIpumep 8.6. Urpa "nokep". Konona cocrout u3 AByX Kapt: crapireii (¢) u
mitamedi (M). VIrpokam caercst o oHON Kapre pybarnkoii BBepx. [TepBbiit
UrpoK Geper CBOIO KapTy M MMeeT JBe aJbT€PHATUBBI: JIMOO macoBarb (i),
BBITLTAYMBASA BTOPOMY HI'DOKY cymmy a > 0, b0 yBesnauBaTh craBky (y)
JI0O cyMMbI b > a. FEcau nepBblit UrpoK yBeJWYHUBAET, TO BTOPO MTPOK, HE
3Has PACKJIAJa KapT, MOXKeT JIHOO MacOBaTh, BHILIAYUBAS IIEPBOMY a, JTUOO
VBEJIUYINBATH CTABKY 70 b. Ecim 0b6a UrpoKa yBeIUIUBAIOT CTABKY, TO KAPTHI
OTKPBIBAIOTCSI ¥ UTPOK CO CTapIneil KapToi moydaer cyMmy b or maprHepa.
Ha puc. 8.2 uzobpazkeHo j1epeBo Urphl.

85



I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

Puc. 8.2

[TepBoBlit UTPOK UMeeT JiBa WHMOPMAINUOHHBIX MHOZKECTBA, OTBEYAIOIIHX
JIBYM PaBHOBEPOSTHBIM packKjagaM KapT. [losToMy y mepBoro urpoka derbipe
crparerun: (1m,1),(my),(y,n),(yv,y). Bropoit urpok e snaer packiaaia kapr. Ou
UMEEeT eJIMHCTBEHHOE MH(MOPMAIIMOHHOE MHOKECTBO M JIBE CTPATCIWH: I H Y.
Martpuna urpsl B HOpMaJIbHO#M (hopme mMeeT BUJ

it y
(o,m) —a —a —a —a
L )| Heo+ta M edn | [0 =
(vu) | sa+3i(—a) b+ 3(—a) 0 ba
e\ datbe Brdiw ) \e

HerpyHo Bujierb, 4T0 TpEThsd CTPOKA MATPHUIILI JOMUHUPYET IEPBYIO U BTO-
pyIo cTpoku. Buruepkupasi ux u perras Urpy ¢ 2X2-marpuieil, mojgyauM pe-
NMEeHNe B CMENTaHHBIX CTPATerudax

20 b—a b—a 2a a(b— a)
o= (0,0, — —— |, "= e S
b ( ’b+a’b+a>’q <b+a’b+a>’v b+a

MoKHO c/1esraTh BBIBOJ, UTO deM Oosblne 3uadenue b/a, TeM ¢ GosbIneil Be-
POSITHOCTBIO HEPBBIA UIPOK J0JzKeH OJiedoBarh (yBeJMIMBATH HA MJIA/IIIEH
KapTe), a BTOPOil — eMy He BepUTh (IacoBaTh).
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KommenTapuii m 6ubamorpadus k raase I

§ 2. OCHOBHBIE TIOHATHS TEOPUU AHTATOHUCTUIECKUX UID OBLIN BBEICHDI
.Bopenem (cMm. amrmmiickuii mepeson [15] Tpex ero paGor 1920-x roz0B).
Tepmun "dusnueckas cmech crparernit"ucnonszosana E.C. Benrnens B [29].
[Tpumep 3.2 B3sar u3z kauru ["H. Jiobuna u B.I. Cyznans [46]. Eme oxun
npumep 9.7 ucnonb3oBanus "duznygeckoit cmecn crparernii' B GuMaTpuIHO
urpe cM. Bo BTOPOii rirase. OCHOBBI TEOPUH MOJE3HOCTH 3aJI07KEHBI B (DYH 1A~
MeHTaIbHOM Tpyae /K. dor Heiimana u O. Moprenmrepna [72]. O merogax
noctpoenust gynruui noaesnocmu cM. [49].

MHrepecHo npoaHau3upOBaTh MOBEJIEHUE HEPBOIO UIPOKA, MCIOIb3YT0-
I[ero ONTHMAJbHYIO cMemnanmyto crpareruio (a/(1+ a),1/(1+ a)) B urpe ¢
1
0
OTHOIIEHHUs K PUCKY. YeM Gostee 0cTOPOKeH UIPOK (€ POCTOM MOJIE3HOCTH @),
tem Omzke ero crparerus K (1/2,1/2). AzapTusiit urpok BHIOHpAET YHCTYIO
BTOPYIO CTPATEruio ¢ TeM OOoJbIell BEpOSTHOCTDIO, YeM MEHbIIe 3HAUYeHHe d.
Cxo/1HOE TIOBEIeHNEe MBI HAOIIOMAIN Y MIIHINOHEpA B ipumMepe 4.4.

Teopema 2.1 mokazana B kuure /. ¢pon Heitmana u O. Moprenrmrrep-
ma [72|. Teopema 2.2 moxyuena M. [udmamnom [104] B Xome moKa3aTesbCTBA
Teopemsl 2.3. [Ipumep 2.5 0b11 coobmen apropy C.A. AmmanoBBIM. AHaJI0-
ruunslii npumep cM. B [6] (¢.237). Teopema 2.3 nokazana C. Kakyrann [47]
¢ ucnosp3oBanueM 0600Ienns: reopemsl JI. Bpayspa o HenoaBUKHOI TOUKe.
O/1HAaKO OHA BBITEKAET W3 MOJYYEHHOTO YETHIPHMS TOJIAMEU PAHbBIINE CJIELY -
mero pesyJbrata [74].

Teopema (k. dbou Heiiman). Ilycts X C E™ u Y C E" — BH-
MYKJIble KOMIAKTBI €BKJIMIOBBIX MPOCTPAHCTB, a KoMmakTel U,V C X X Y
YJIOBJETBOPSIOT CJAEAYIOMEMY YCIOBUIO: Jijist JOObX © € X u iy € Y MHOKe-
crBa Y(x)={y €Y | (z,y) eV} u X(y) ={zr € X | (x,y) € U} asusorcs
HEILYCTBLIMHU BBITYKIBIME KoMmirakTaMu. Torma U NV # ().

eficTBUTENBHO, TTOJATasI B YCJIOBUAX TeOpeMbl 2.3

0
Marpuieil nosesnocreir A = ( u nmpumepa 3.4, B 3aBUCHMOCTHU OT €T0

X(y) = Argmax F(z,y), U = {(z,y) € X xY [z € X(y)},
Y(2) = Argmin F(z,y), V ={(z,y) € X xY [y eY(2)},
Y
noyunM, 9to cymectsyer mapa (20, y) € U NV — cennosasg Touka pyHK-

wuu F(x,y). Tlosromy reopemy 2.3 06biuHO cBu3bIBAIOT ¢ umenem JIk. dou
Heiimana.
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Joxkazarennscra C. Kakyranun u M. [lludpmana reopembr 2.3 MOXKHO TIPO-
gectb B kuure C. Kapiauna [48).

§ 3. C teopueit maTerpasia CTUATHECA MOZKHO O3HAKOMHUTBCS 1O YIeOHUKY
A H. Koamoroposa u C.B. ®omuna [50]. OcHOBHas TeopemMa MATPUYHBIX UI'D
(reopema 3.1) Gbita mokaszana Ix.cdon Heiimanom B 1928 roxy [73] MeTomom
MATEeMATHIECKON MHIYKIUU 110 pa3MepaM MaTpuipl urpbl. Panee D. Bopesb
[15] mpomeMOHCTPUPOBAIT e CpaBeInBOCTh sl KOCOCHMMETPHUYECKOT 3 X 3-
matpuisl. [IpuBesennoe nokazarenbcTBo TeopeMsbl 3.1 mpunamrexut C. Ka-
KyTanu [47]. Teopema 3.2 ob6venunster ase Teopembl . Xesuru ([50]). Ocnon-
Hasl TeopeMa HemnpepbiBHBIX urp (Teopema 3.3) 6buta nokaszana K. Bumwiem
[30].

§ 4. CpoiicTBa permeHnii B CMENIAHHBIX CTPATETHSIX MATPUYHBIX W HEIpe-
PBIBHBIX MI'D U3JIATAOTCA B OOJBIIHHCTBE KHUT 110 T€OPUU UTp (CM., HADH-
mep, [45, 63]). Ilpumep 4.2 npunamiekur . Bopero [16]. On takxke pac-
CMATPUBAJ JUCKPETHBIA BapHAHT UTPHI ¢ A = 7, KOTOPOMY JAJI CJIeIY IOy 0
unrepnperanuio. rpoku mabupaior 1no cemb kapr. Kaxkjias kapra MOKeT
OBITH OJHOM W3 Tpex macreii (comepzkarmux mo 14 kapt): Tpedbl, GyOHbI HIH
4qepBbl. [lepBblil UTPOK TOOEXKIAET, eC/IN B KaXK 0 U3 KaKUX-JTU00 JBYX Ma-
cTeit OH mMeeT OOJIbINE KapT, YeM NPOTUBHUK. O IPYTUX PENIeHUAX ITOU UTPBI
em. [78].

BripaBHuBaonue crparerud BuepBbie HCHOAb30Baa . Bopenb [15] s
JIOKA3aTeIbCTBA CYIIECTBOBAHUS PEIEHNsT B CMEITAHHBIX CTPATETNAX UTPHI €
KOCOCUMMEeTPHUYEecKo#t 3X3-marpureit. Irpbl ¢ qnaroHaJbHBIME U ITUKITTE-
CKUMHU MAaTPHIAMH, & TAKXKe HEKOTOpbIe UX 00001IeHust cM. B [48)].

§5. [loHaTus MTOMUHUPOBAHUS CTPOK W CTOJIOINOB B MAaTPUUYHBIX HUIPaX
HCIIOJIB30BAJINCHh MHOI'MME aBropaMu. B dbopme TeopeMm OHU, 1O-BHIUMOMY,
Briepsbie 6oL chopmystupoBanbl M. /Ipermepom B 1951 roay B oTuyere Kop-
noparun POHJI (cm. ero kuury [45]). T'padbuveckuii meros pereHust urp c
2 X 2-MaTpHUIlAMHU KCIOIb30BaJI emle . Bopenn. Bosee obmumit meTon " 1Boii-
HOoro onucanusi"cM. B pabore [70]. DKBUBAICHTHOCTH PEIICHUsT MATPUIHOI
UIDbI 33/1a4€ JIMHEHHOr0 HPOrpaMMUpOBaHust Oblja npojeMoHcTpuposana [
Hanmurom [43]. Teopema 5.2 0 KpaiiHUX ONTHMAJBHBIX CMEITAHHBIX CTPATe-
rusx pokazana JI.C. enau u P. Cuoy [101].

VTepalOHHbBIA METOM pelleHns MATPUIHONR UIPHI ObLI ¢hOpMYIUPOBAH
. Bpayroum B [17|. Cxoaumocts mporniecca Bpayna nokazana [Ixkynueit Po-
ouncon [84]. Ona ncnosnb3oBasa Gostee OOIIUHA HTEPAMOHHBIH HPOLECC ¢ HEHY-
neBbiMu HavasabHbIME BekTOpamu ¢(0) u d(0), HasbiBaeMbIil B JauTeparype
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§ 8. Muoromarosbie aHTATOHHCTHIECKHE HUIDBI

nporneccoM bpayna-Pobuacon. OmeHkKa CKOPOCTH CXOIUMOCTH O(kfm)
opuna nonydena [H. IHanupo B [100]. Momudukaius ycaoBusi 0CTAHOBKH
no merony Bpayna Gelia npemnoxena FO.B. Tepmeiiepom B [36]. O apyrux
UTPOBBIX TIporeccax Tuna bpayna-Pobuncon cm. [8].

§6. Teopema 6.1 0 mepecedeHnn BBIMYKJIBIX KOMIIAKTOB €BKJIUI0BA MPO-
crpaHcTBa OblL1a OTKpbiTa . Xewtn B 1913 romy u coobmiena V. Pamony,
onybIMKOBABIIIEMY ee JT0Ka3aTesJbCTBO B [83] Kak ciecTBrHe COGCTBEHHBIX pe-
3ysibTaToB. [eomerpuueckoe (u Gostee HATISIHOE) TOKA3ATENHBCTBO METOIOM
MaTeMATHYECKONW UHIYKIIMY 1T0 PA3MEPHOCTH MPOCTPAHCTBA OBLIO OMyOTHKO-
Baro . Xewmm B [94]. Muorouncienubie 0600IIECHNsT 1 TPUIOMKEHES TEOPEMBI
Xemmn cm. B |42].

CrpyKTypa pelnieHuii B CMENIAHHBIX CTPATErUsIX UI'P C BOTHYTHIMU U BbI-
NYKJBIME BBIMTpbImaMu yctanosaena X.®D. Bouenbsacrom, C. Kapaunom u
JI.C. Ilemmu B [12]|. TIpuBoguMBIe 3/1€Ch KOHCTPYKTUBHBIE JOKA3ATETHCTBA
teopem 6.2 u 6.3 npunamiaexar .I. TaseiaoBy [41], KoToperit onupascs Ha
pesyabrar 1938 roga JI.T. [ITaupensmana [106], mpumas emy cOBpeMeHHBIR
Bug '

OCHOBBI TEOPHH CTATUCTUYECKUX perreHuii Oblin 3as102keHbl A. Basibiom
[21] (em. maxzke [11, 20]), rme, B gacrrocTH, BBemeHa dbyukus pucka. C
PUJIOKEHUSIMI TEOPHUH CTATHCTUIECKUX WID MOYKHO O3HAKOMHUTHCs B [40].
MunuMakcHasi OlleHKa MapamMerpa OMHOMHUAJIBLHOTO PACIPEICTCHHs Oy de-
ma JIxx. Xomkecom u E. Jlemanom [96], a amamorndnas oneHKa MaTeMaTH-
YECKOI'0 OXKHIAHUSI HOPMAJIHLHOTO PACIPEeIeIeH IS IPU U3BECTHON JIUCIEPCUU
nonayuena 1. Boasdosuuem [33].

§ 7. Monesip "nanagenune-obopona' onpenenena u u3ydena FO.B. I'epmeite-
pou [36]. Ona aenstercst moguduranueit mogenu O. ['pocca, B KOTopoit hyHK-

n
[ysi BBIATPBIIA Hanajgenus umeer sun F(x,y) = > k; max[z; — y;,0], a k;
i=1

UHTEPNPETUPYIOTCA Kak KodpduimenTsl BaxkaHocTu myHKTOB. B.A. Topennk
[PEJIOKUIT CXOJHYI0 UTPOBYIO MOJIENb IIPOU3BOJICTBA OeH3una [39).
[TpuBoaumble 3/1€Ch IIyMHash U OECHTyMHAsT MOJIEIN JLydJieil NCC/1eI0BaHbI
I0.B. Tepmeitepom [36]. B kmaccuaecknx mogensx [48] F(z,y) morydaercs
ocpejHenneM (pyHKIWYM, TpuHUMAaloIeil 3nadenue 1, ecam youT BTOPOi Jy-
ISHT, & TEepPBBI OCTAJICd KWB, 3HAYEHHe —1, ecTM YOUT MepBBIH TyJILHT,
a BTOPOH oCTaJICst KUB U 3HaYeHHe () B OCTATBHBIX CIydasx (00a [y jstHTa

ITanpensman mokazan TeopeMy 6.2 B TepMUHAX BBITTYKJIBIX MHOMKECTB, He WCTOMb3Y
MTOHSATHE BOTHYTOM (DYHKIINHU.
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I'VTABA I. AHTATOHUCTNYECKHNE NT'PHI

JKUBBI WM 00a yOouThl). MeTopl pemeHust urp ¢ 6ubopom Momenma epe-
MeHY (JyJIbHOTO THMA), OCHOBAHHBIE HA WCIOAH30BAHUH WHTErDAJbHBIX U
nuddepeHnnanibHbIX ypaBHeHuil, cM. B |9, 48].

§ 8. Teopema cyIIecTBOBAHHSA PeLIEHIsT MHOTOIIANOBON UI'PHI ¢ IOJTHON MH-
opManmeil ¢ neabo TpPUMEHEHUs K IMaXMaTHOH urpe mokasana .llepmeso
B 1912 roy |97]. OcHOBHBIE IOHSATHS TEOPUU TO3UIUOHHBIX UID OHPEIEICHbI
Jxk. don Heiimanom u O. Moprenmreprom B [72|. Tloanas dbopmanusanus
srux urp nposepena [.Y. Kynom [58]. ITpumep 8.5 Gbia coobiien aBTopy
H.M. Hosuxkosoii. [Ipumep 8.6 mpocTteiitieit Moje/nm moKepa MPUHAIIEKAT
9. Bopeutio [16].
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I''TABA II. UT'PHI /IBYX JINI],

§9. Curyanum paBHOBecHsI B UT'PaX ABYX JIHIL

[TousgTHe AHTATOHUCTUYECKONH WTPHI MOYKHO 3HAYHUTENHHO PACIIHPUTH. B
Urpe JIByX JIMI, HHTEPEChl UI'POKOB HEOOA3ATE/IbHO OBIBAIOT ITPOTUBOIIOJIOXK-
HbpIME. PaccMaTpuBaioT u urpbl MHOIHX JInIl. VM mocBgdiiena TpeThs IJIaBa.

Onpegesum urpy jaByx Jjuil. IlycThb mepBblii HIPDOK MMEET B CBOEM pac-
MOPSI?KEHUHM CTPATEerHH T U3 MHOXKeCTBa cTparernit X, a BTOpOH HUI'POK —
cTpaTernu y U3 MHOXKecTBa cTparernii Y. Byzem paccMaTrpuBaTh Upy B HOP-
MaAbHOT Popme. DTO O3HAYAET, ITO KAYKIABIH M3 MIPOKOB BBHIOMpAeT CTpa-
Teruio, He 3Has BbIOOpa maprHepa. [lapy crpareruii (z,y) Oymem Has3bBAThH
cumyayued. Y mepBoro urpoka mMeercs GbyHKuug Bbiurpbina F(x,y), a 'y
Broporo — byuknus Beurpeima G(x,y), onpeaeJeHnbie Ha MHOKECTBE BCEX
cutyanuit X X Y. KaxKaplit UTpoK CTPEMHUTCS, IO BO3MOYKHOCTH, MaKCHUMU-
3UpOBaTH CBOIO (PYHKIMIO BBIUIPBITA. Takum obOpa3om, urpa JABYX JIHIL B
HOpMasIbHOI opme 3amaerca nabopom ' = <X, Y, F(z,y),G(z, y)>

B anTarorucTmyeckoit urpe mOHATHE PENTeHUs] MbI CBSI3BIBAJIN C CETIOBOM
TOYKON (DYHKITMU BBIUTPHIIIA MEPBOTO UT'POKA. B MPOU3BOIILHON UTPe JIBYX
JIMIL, @HAJIOTOM CeJIJIOBOM TOUYKH SIBJSIETCS MOHATHE CUMYAUUL PABHOBECUA.

Onpedeaenue. Curyanus (x°,y°) naszsisaercs curyauueii pasnosecus (pas-
HOoBecueM 110 Harry) urpsr I, econ

F 0y — F(20 4,0 G20 ) = 0,0y
max (z,y°) (z”,9"), max (%, y) = G(a",y")

Crparermm 2° n ¥, cocTaBasIoNue CUTYaIMio paBHOBECH, Oy/IeM Ha3LIBATh
pasrosecHvimu. Ecim 0oba Urpoka MpUAEPKUBAIOTCA CUTYAIIMH PAaBHOBECHSI,
TO OJTHOMY UTPOKY OT Hee HEBBITOJHO OTKJIOHSATHCS.

Ynpasenenue 9.1. Ecm F(z,y) = —G(z,y), 1o urpa I' — anTaronuncru-
deckas. JIOKaxKuTe, YTO B AHTATOHUCTHIECKON UIDe CUTYAIMU DABHOBECHS —
910 cejioBbie Touku dbyukmun F(x,y) na X x Y.

O06cyanm, KaK MOZKHO UCIIO/IB30BATH MOHATHE paBHOBecHs 1m0 Hamry ¢ Tou-
KW 3peHus NpuHATHd pelrenuii. B Teopum urp, KAk m BO MHOTHX JPyTUX
TEOPUAX, MOXKHO BBIJICJUTH ABA IMOAXONA: HOPMGMUGHGIY T MO3UMUusHul.
HopMaTuBHBIN MOIX0/T COCTOUT B TOM, YTO TEOpHS JaeT PEKOMeHIallnl, KaK
caepyer nedcTBOBATH B TOH mjin uHON KOH(MIMKTHONW cuTyaruu. A npu no3u-
THUBHOM IIOJX0AEe TeOpUd IbITaeTCd ONUCATh, KAK HA CAMOM JeJje IIPOUCXOAUT
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I'JIABA II. NT'PHI IBYX JINIT

B3aMMOIeICTBIE MeXK Iy urpokamu. V3HadajanbHO Teopus Wrp Pa3BUBAIACD
kak HopmaruBHasg. Il ceifyac mMbl 00CyuM noHgaTHe paBHOBecus 1o Haury
IMEHHO C TaKO#l TOYKHM 3peHus. B 3ToM cjiydae NpaBu/IO IPUHATHS PEIICHU
MOXKHO ¢(hOPMYJTHPOBATDH CJEAYIONMIM 0O0pa30M: B KOH(MDIMKTHONR CUTYaIUH,
ONMCHIBAEMOI UT'POH B HOpMaJAbHOU bopMe, KazKJIOMY YVUaCTHHUKY CJIeILyeT
UCIIOJIb30BATH CTPATErUIO, KOTOPasi BXOAUT B pasHoBecue mo Hamry. [lo3zm-
THBHBIH OAX01, 00cy:kmaeTcs B Konme § 10.

Cutryarus paBHOBeCHsI B IIPOU3BOJIBHON UIDE JBYX JIUI MOZXKET He 00/1a-
JIaTh TeMU CBOMCTBAME, KOTOPbIE XapaKTePHBI /s CeJII0BOH TOYKU aHTAIO-
HUCTUYECKOI UIDHIL.

B aHTaronumcrumdeckoit urpe, uMelomeil pernenue, KOMIOHEHTHI C€JIJIOBOM
TOYKH SBJIAIOTCSI MAKCUMUHHOW W MHHUMAKCHON CTpPAaTerusiMi UT'POKOB H,
Ha000pOT, JiIobasg napa Takux crpareruit odbpasyer cejijioByi0 TO4YKy. Takum
o0pa3oM, B AHTATOHUCTUYECKON Urpe TPHUHIMII PABHOBECHS COIJIACYETCH C
HPUHIIUIIOM ONTUMHU3AIUN UTPOKAMHU CBOUX TAPAHTUPOBAHHBIX PE3y/IbTATOB.
Kpowme Toro, Bo Bcex celioBBIX TOYKAaX BBIMIPHINI MEPBOTO UT'POKA OJIUH 1
TOT Ke W paBeH 3HadeHHIo Urpbl. K coxkaneHnio, B 00IeM ciaydae CUTyaIuu
paBHOBecUsi He 00/1aJlal0T yKa3aHHbIMU CBOcTBaMU. YO€JUMCS B 9TOM Ha
npumepax. [IpeaBapuresibHO BBEJIEM MOHATHE OUMAMPUYHOT UzPol.

Onpedenenue. Urpa apyx aun ' HazbiBaeTcst OMMATPUIHON, €CJIM MHOZKE-
CTBa CTpaTeFI/Iﬁ HUI'PDOKOB KOHE€YHBI:

X =A{1,...m}, Y ={1,...,n}.
3mech t € X, j €Y — crpareruu mepBOro W BTOPOTO UT'POKOB. BhIUrphiim
UT'POKOB 33/IAI0TCSI JIBYMSI MaTPHUIIAMUI

A= (F<Z7]>>m><n = (aij)mxm B = (G(Z7])>m><n = (sz>m><n
BanuireM onpeaeseHne CATYaldd PaBHOBECHs B 0DO3HAYECHHWSAX OMMAaT-
PUYHON HUI'DBHI.

Onpedenenue. Curyanus (10, j°) Gumarpuunoit urpet I' nassieaercst cuty-
anueii paBHoBecus (paBHOBecueM 110 Hoarry ), ecin

CLUO S ainO, 1= 17 L, Mm, bin S biojo, ] = 1, o, .

Bceerma im B urpe AByX JIWIL CYIIECTBYET CHTyallns paBHOBecusa! B obimem
clIydae OTBET — OTPHUIATE/JIbHBIN, MOCKOJbKY, HAIPUMEDP, B aHTarOHUCTHYE-
CKOIl UI'pe He BCerjia CYIecTBYeT CeJI0Basd TOYKA.

[TpuBesem npuMep HEAHTAIOHUCTUYECKOW MUI'PbI, HE UMEIOUIeH CuTyaluu
PaBHOBECHS.
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§9. Curyannn paBHOBeCHSI B UTPAX JBYX JIHI]

IIpumep 9.1. Tlokynaresnb (MrpoK 2) NPUXOAMT HA PHIHOK 32 siOJIOKAMH.
[Tpogasern, Topryomuii sib1okamMu (HTPOK 1), UCIOAB3yeT NPy KHUHHBIE BECH.
Y Hero ecThb ABe CTpPATEruu:

1) wectHO B3BECUTH 1 KT A6JI0K;

2) MOAKPYTHUTD MPYKUHKY U 06BeCUTh MOKymnaress Ha 200 Tpamm.
Hazopem s1n crpareruun "gecraoctsu "odman' coorBeTcTBEHHO.

[Tokynarenb TakzKe UMeeT JBe CTPaTeruu:

1) oBepHB MPOJABILY, 3AIIATATE JEHbIW W yiiTH;

2) B3BeCUTHb KYyILIEHHBIE sI0JIOKH HAa KOHTDPOJBHBIX Becax W B CIydae 06-
HapyzKeHus oOMaHa 3BaTh KOTO-TO H JOKA3bIBATh, YTO €r0 OOBECHIN.
Hazosem stu crparerun "mosepurs'"u "uposepurs'"coorBercrBenno.

Omnpee M BBIUTPHITH TPOJABIA U MOKYHATENd B KayKJ0H CUTyaIUu:

a) [Tpomaser; 4ecTHO B3BECHII, & OKyTaTe b eMy nosepust. CoOTBeTCTRY-
IOIHe BRIUTPBININ 000uX, paBHbIe (), BEIOepeM B KadecTBe HAadasIa OTCUeTa.

6) IIponaser; o6MaHyJI, a TOKYNATEb €My MOBepPHI. BBIUTDHIIT MPOJABIA
paBen 1, Tak KaK OH HOJIYYMJI JIONOJHUTE/IbHYIO HPUObLIb. BblUrpbliil 1OKY-
narejisd paBeH —1, TOCKOJIbKY OH MOJIYYHJ MeHbIe g6JI0K.

B) TIpomaBer; 4ecTHO B3BeCHJ, & MOKyHATeIb €r0 MPOBEPHUJI. BbHrphii
npojasna paped (. BoIMIPBINT TOKyIaTesst paBeH —1/2: OH, BO-IEePBBIX, 3ps
MOTPATUT BpeMsl, a, BO-BTOPBIX, IVIYIO ceOsT IyBCTBYET.

r) IIponaser; 0OMaHyJI, a TOKYIATENb €r0 MPOBEPHUI. BBHIUIPHINI MPOJAB-
na paBen —1, Tak Kak obHapyzkKeHue oOMaHa I'DO3UT €My OIpee/eHHbIMA
HEIPUATHOCTSIME (HAIPUMEp, €r0 MOTYT JUIIUTh JUIEH3UN Ha TOPrOBJIIO HA
STOM DBIHKE). BBIUrpBIIT HOKyTaTesis paBeH 1/2) Tak Kak, BO-IEPBBIX, €My
BO3MECTUJIN 00BeC, a, BO-BTOPBIX, OH HCIBITHIBAET MOPAJIBHOE YIOBJIETBODE-
HIE OT pa300/adeHus 0OMaHIIIKA.

[Tonyuaercs ciemyronias OuMaTpudHas Urpa:

OB  IPOB OB  IIPOB
4 TectH 0 0 p_ uecrn 0 —1/2
~ obman\ 1 -1 )7 ~ obman \ —1  1/2 )7
JIerko mMpoBepUTh, ITO 37ech HET paBHOBecHii mo Hamry.

B npuBenenHOM mpuMepe 3j1eMeHTh MaTpull A 1 B yIOBJIETBOPSIOT CJIe-
JIYIOIIUM HEPaBEHCTBAM:

ay a1o bii > bio
A Vo,
Qo1 Q22 bar < b
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I'JIABA II. NT'PHI IBYX JINIT

Vnpaosrcnenue 9.2. IIpoBepuTh, 9TO €C/IU 3JIEMEHTHI B MATPHUIAX BbIUT'DbI-
e HUI'PDOKOB CBA3aHbI TaKUMHW COOTHOHICHHMAMMU, TO B UI'DE HE CYIIECTBYET
paBHOBecuii mo Hamry.

Nrpsr, nogobubie npumepy 9.1, pacnpocrpaHerbl B MOJIEIAX, OMUCHIBAIO-
IIUX KOHOMHUYECKHe U KOJIOruvYecKne B3amMmojeiicTsusg. Paccmorpum npu-
Mep UTPbl, IMEONIEH B¢ CUTYAllMHd PABHOBECHU.

Hpumep 9.2. Urpa "cemeiinblit ciop':

b T b
b ( 1 o) b ( 2 o)
A= B = .
T \0 2)° T \0 1
Unrepnperanus. 2Kena u My (nepssiil 1 BTOpOit UI'POKH) 00CY K IAIOT BO-
poc, Kya noiitu pa3siedscs: Ha ¢dyrboa (crparerus 1 ) win B reatp (cTpa-
rerust 2). Eciau uayt Ha ¢yrboa, TO XKeHa moaydaer 1 eJIHHHIY, a MyXK —
2 enuanisl "yaosoaberBusd.'Ecain mayT B TeaTp, TO BBIMTPHINI KEHBI — 2,
a Myx)a — 1. Eciu 0ob6a uayT B pasHble MeCTa, TO BbIUTPBIINIE UTPOKOB —
HYJIEBBIE.

B urpe cymecrByer jase curyanuu pasaosecus: (1,1) u (2,2). Ilepas u3
HUX [OpeIIoYTUTeNbHEN BTOPOMY HIPOKY, a BTopas — nepsoMy. Eciu urpoku
OyIyT JAeficTBOBATh HE3aBHUCHMO, TO MEPBBIi BHIOEPET CTPATEruio 2, a BTOPOi
— crpareruio 1. B pesysbrare oba noayvar no nyso. [Ipumep 9.2 noka3bia-
eT, 970 HeOOXOINM KaKOW-TO MEXaHU3M KOOPIMHAIMH IPU BBIOOPE CTpAaTErnu,

eCJIM CYIIECTBYET HeCKOJIHKO paBnoBecuii mo Hatry. [Tosromy urpst, nogobunie
npuMepy 9.2, HA3BIBAIOT TaK:Ke "HrpaMu Ha KOOpIuHAImio" .

MCHOHBSOB&HI/IG CI/ITyaHI/Iﬁ pPaBHOBeECUA Ha MTPAKTUKE YaCTO CBA3BIBACTCA
CO CJIeIYIONIUM CIIeHAPHeM II0BeIeHust HrpokoB. OHM CHaYasa JTOJIZKHBI T0TO-
BOPUTBCA O CUTYAIlMH PABHOBECHS, 3aTe€M BCAKHE HEPErOBOPHI 3aPEIAITC
U UI'POKU HE3aBUCUMO BbIOMPAIOT CBOM CTPATErny, BO3MOXKHO HAPYIIas IPU-
HSTOE COLJIAIIEHNE. 3aMeTHM, 9TO OJHOMY HUI'POKY OyIeT HEBBITOIHO OTKJIO-
HSTHCS OT CBOEH PaBHOBECHOM cTparernu. ECaIm UTPOKHU MTPUIEPKUBAIOTCS B
UIPe TAKOIO CIEeHApUs MOBeIeHUs, TO Urpa || Ha3bIBaeTCsa HECKOaAUYUOHHOT.

[IpuBemeM eme oguH OpuMep "Urpbl HA KOOPIUHAIMIO" .

IIpumep 9.3. Urpokamu gBALIOTCS JIBA BOJUTEJsI, KOTOPBIM HAJIO IMPO-
exaTh Yepe3 MepeKpecToK, K KOTOPOMY OHHU TOUbeXaJd OJHOBpeMeHHO. EcTh
JIBE CTPATErHy [E€PECEUCHUs EPEKPECTKA: UCIOIb30BATH 'HPABUIO ITPABOi
pyku'", COrIacHO KOTOPOMY BOJWTE b JIOJKEH MPOIYCTUTH MOMEXY CIIpaBa
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§9. Curyannn paBHOBeCHSI B UTPAX JBYX JIHI]

(crparerns 1), win "npaBuao JeBoil pyku', COIJIACHO KOTOPOMY BOJMTENb
JIOJIZKEH TIPOIYCTUTh moMexy ciieBa (crparerust 2). Ecin 0b6a BoguTess npu-
JIEPXKUBAIOTCS OJHOIO IPABUJIA, TO OHH YCIEIIHO PAa3beayTCs, HO €CJIU OIUH
13 HUX UCIOIb3yeT "mpaBuiio npasoil pyku', a apyroit "mpasuio JeBoit py-
Ku'", TO MOXKeT BOSHMKHYTH aBapus. CjemoBaTesbHO, 11 GJIArOIpUITHOTO
UCXOJa B TAKMX UIPAX Y BCEX UIPOKOB JOJIKEH ObITh OJMHAKOBBIN MOJIX0/ K

BBIOOPY MpPaBHUJI ITOBEICHUS.

Ynpaotcrnenue 9.3. O6bsicauth (cM. puc. 9.1), moYeMy BBIUTDBIIIA HTPOKOB
B TIOCJIeTHEM TIpUMepe MOXKHO 33JaTh CJIeTYIONUMA MaTPUATIAMU:

np.p JeB.p np.p JieB.p

_Op.p 1 —10 _Op.p 0 —10
A_JIGB.p<—1 0 )’ B_.neB.p<—1 1 )

Puc. 9.1

Paccmorpennbie B npumepax 9.2 u 9.3 urpbl XapakTepusyorcs Caeayio-
UMY COOTHOIIEHUSIMH JIEMEHTOB MaTPHUIl BBIUTPBIIIA:

an 12 bir > bio
Vv AL
o1 9o bt < by

Ynpaosrcnenue 9.4. IIpoBepuTh, 9TO TPH BHITIOTHEHUHN TAKUX COOTHOIITEHUH
B WI'Pe BCerja CyIecTBYeT OBa paBHOBecwsd 1mo Hamry.

[IpuBenem npumep, KOTOPBIH MOKA3bIBAET, YTO paBHOBecue 1o Harry mo-
KeT ObITh HeI(D@MEKTUBHBIM C TOUYKH 3PEHUS WHTEPECOB HUT'POKOB.

IIpumep 9.4. Urpa " quaemma 3akr0o9eHHOroO":

np  Her np  Her
A TP -8 0 _op (=8 —10
~ mer \ —10 -1 )’ ~mer\ 0 -1 )°
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Unrepnperanus. /Ia 6anaura (urpoku 1 u 2), mojgo3peBaembie B cOBep-
MIEHUU TSAZKKOTO MPECTYILIEHUs, HAXOASITCS M30JIUPOBAHHO JIPYT OT JAPyTra B
Ipe/IBAPUTEIHHOM 3aK/I0UeHIN. BBUIY OTCYTCTBHS NPAMBIX YUK YCIEX HJIX
HeycneX 0OBUHEHUsT 3aBUCAT OT NpU3HAHUs (cTpaTerus 1) Wi HempU3HAHUSI
(cTparerus 2) camux GanauTos. Eciu o6a GaHgauTa MpU3HAIOTCS (CHTyanus
(1,1)), o oHu Gy 1y T NPU3HAHBI BUHOBHBIMH M IPUTOBOPEHBI K 8 TOAM TIOPb-
mbl. Eciin Hu o n3 HuX He ipusHaercs (curyanus (2,2)), To 110 0GBUHEHHIO
B IJIABHOM TIPECTYILIEHUN OHHU OY/IyT ONPaBIaHbl, HO OOBHHUTENIO BCE-TAKW
YJACTCS I0KA3aTh UX BUHOBHOCTH B HEKOTOPOM COIYTCTBYIOLIEM MEHEe TszK-
KOM IIPECTYILIEHMH, HAIPUMED, B HOLIEHUH OPY:KH, B PE3YIbTATe Yero OHU
Oy lyT HpUrOBOPeHbl K 1 rojay TiopbMbl. Ec/iu, HAKOHEN, IPU3HAETCS TOJbKO
oxun u3 nux (curyamun (2,1) u (1,2)), To npusnasmmiics OygeT 0cBOOOK IeH
(3a MOMOIIH CJIEJCTBHIO), a HEIPU3HABIIUICS OyIeT NPUTOBOPEH K OTOBITHIO
MaKCUMAaJILHOTO cpoka — 10 JeT.

B 9T0it urpe uMeeTcst eJMHCTBEHHAs CUTyalus papHoBecus (1,1): oGoum
npusHarbest. Onuako ecrb curyanus (2,2), 6osee BbirojHas 060MM UIPOKAM,
HO He sIBJIOIIasics curyanueii papaopecusi. Cjeg10BaTeIbHO, DABHOBECHS 110
Haury moryT 661Th HeaHEKTUBHBI B TOM CMBIC/IE, 9TO 3a CYeT OTKJIOHEHUS
060UX UIPOKOB OT CUTYAIlui PABHOBECHS MOXKHO YJIyYLIUTh BHIUTPBIIIE KazK-
JIOTO U3 HUX.

Omnucannasg B npuMepe 9.4 Urpa UMeeT CIeAYIONLYIO CTPYKTYPY:

a1 a2 bii > by
Vv v |,
aoq a9 bar > by

Vnpaosrcnenue 9.5. IIpoBeputsh, 9T0 IPK BHIITOJIHEHUH TAKUX COOTHOIIIEHU
B UI'Ppe BCerJa CyHieCTByeT € IJMHCTBEHHOE paBHOBECHE 110 HSIHy

B cBsa3u ¢ nociaegHuM npuMepoM JaauM ONPEeIe/IeHue CUTYAIUuu, ONnmu-
maavroti no Ilapemo.

Onpedeaenue. Curyanust (2°,y") urper ' nasbiBaercst onTuMa/ibHOMN 110
[MTapero, eciu HE CylecTByeT Takoii curyaruu (x,%y) 9TO BHINOJHEHBI Hepa-
BEHCTBA

F(z,.y) > F(2°y), Gz,y) = G2’ y")
¥ IpH 9TOM XOTd ObI OJHO M3 HUX — CTPOTOE.

B mpumepe 9.4 B curyanuu (2,2) o6a urpoka moayvatr mo —1, 94ro 6onb-
me, 4eM WX BuIUrpbinr —8 B curyanuu pasaosecust (1,1). Caenosaresbho,
CUTyalnusd paBHOBECHA HE ABJIACTCA ONTHUMAJIBHON IO HapeTO.
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Vnpasncrnenue 9.6. Jlokaxkute, 9T0 B aHTArOHUCTUYECKON UIpe J100ast Cu-
Tyalud ONITUMaJIbHa I10 HapeTO.

Caemyronuii npuMep MOKA3BIBAET, YTO HE BCErla PABHOBECHbBIE CTPATErNH
SABJIAIOTCI MAKCHMWHHBIMH.

Hpumep 9.5. Ilycrn

2 0 5 2 21
A= 2 2 3)° B = 0 7 8
Baech (1,1) — eqMHCTBEHHAsS CHTYAIMsI PABHOBECH, HO CTpaTerus 1 mepBoro

HATPOKA, He dBJIsgeTcd MaKCHMHUHHOM. eficTBUTEIBLHO,

W(l)= Join ay; = 0, W(2)= Join ay; = 2.

Crparerust 1 Broporo urpoka TakkKe He siBJII€TCsl MaKCUMUHHON. FEcam ur-
POK HeOIarozKe/1aTe/IbHO HACTPOEH 0 OTHOIIEHUIO K MAPTHEPY, TO OH MOZKET
HapYIIUTH COIJIAIIEHHE W BMECTO PABHOBECHOI CTpaTeruu BHIOPATbh MaKCH-
MHHHYIO. B pesyJsibTare OH MOJIYYHT TOT K€ BBLIUTPHINI 2, YTO U B CHTYAIIUH
paBHOBecusd, a nmapraep moaydut 0.
Mbi ormMeTwn TpU HEJOCTATKA NOHATHSA paBHOBecus 1o Hamny:
1) paBroBecuii mo Hamry B urpe MozKeT He CyIecTBOBATH;
2) pasrHoBecue 110 Harry MoxkeT ObITh He €JMHCTBEHHO;
3) pasHOBecue 110 Hamry Moxer GbITh Hea(HEKTHBHO.
Ho, HecMmoTpst HA 9TH HETOCTATKH, YKa3aHHOE MOHITHE UI'PAET HEHTPATb-
HYIO POJIb B TEOPUU HPHUHSTHUS PEHIeHUT B KOHMPIMKTHBIX CUTYaIUAAX.
[IpuBesem TeopeMy CyIIEeCTBOBaHUS CUTyallMl PAaBHOBECHS B UTDE JBYX
JIMI, KOTOpasi ABJgeTcss obodiernnem Teopembl 2.3. [Ipeapapurenbro chop-
MYJHUPYEM TOIOJOIHYIECKYIO TEOPEMY O HenodeuitcHot mouke.

Teopema 9.1 (Bpay»sp). Ilycts [ : Z — Z — HenpepbiBHOe 0TOOpazKe-
HHUe B ce0d BBHIIYKJIOIO KOMIAKTA Z KOHEYHOMEPHOTO €BK/IMI0BA IIPOCTPAH-
crBa. Torga y mero cymecrsyer Henogpuzkuas Touka 20 : f(20) = 20.

Hokazareabcrso Teopemst eM. B [Ipusoxkennn (I13,I14).
Ynpaotcnenue 9.7. Jokaxkure Teopemy aisa X = [0, 1].

OTMeTHM, 4TO BCE YCJIOBHS TEOPEMBI cylecTBenHbl. Hanpumep, eciu MHO-
JKECTBO / — HEBBINYKJIOE, TO YTBEPKJICHIE TEOPEMBI MOYKET OBITh HEBEPHBIM.
JleiicTBUTe/ILHO, €C/In / — OKPYXKHOCTb, a f — ee MOBOPOT HA yroa a < 27,
TO f HEMOABUZKHON TOYKH HE HMEET.
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Vnpascnenue 9.8. TlocTpoiiTe KOHTPIPUMEPHI K YTBEPKIEHUIO TEOPEMBI,
ecaun

1) Z =[0,00);

2) Z =(0,1];

3) Z =10, 1], Ho dbyukIus [ paspbiBHA.

Teopema 9.2. [Iycts B urpe asyx Jun, [' MHO)KecTBa X 1 Y — BBIIYKJIBIE
KOMIIAKTHI €BKJIUIOBLIX IpocTpancTB K™ u E". Ilpeanonoxum, 4Tto PHyHK-
uun F(x,y) u G(z,y) venpepbiBabt Ha X X Y, dyuknus F(z,y) Borayra no x
pu Jr060M dbukcuposanuoM ¥, a hyukuug G(z,y) BOrHyTa 110 Y Upu JTH000M
dukcuporannom . Torma B urpe I' cymecTByer curyarusi paBHOBECHSI.

Jlokasameavcmeo. Buadase npeanookuM, 9to dyuaknuu F(z,y) u G(z,y)
HeIIpepsIBHEL Ha X X Y U ¢TpOro BOrHyTH 10 "cBouM ' mepeMeHHbIM T B Y CO-
orBercTBeHHO. TOorma Jyisi JIIOOBIX cTpaTeruil §y U T MHOXKECTBA HAMJIYUIIUX
OTBETOB UTI'POKOB

X(y)< Arg max F(z,y) = {z(y)}, Y ()2 Arg max G(z,y) = {y(z)}

cofepzkar mo ogHomy aaementy z(y) u y(x). CornacHo Teopeme 2.2, GyHK-
muu x(y) u y(x) HempepbIBHBL. Bymem HA3BIBATD UX PYHKUUAMU HAUAYHULE20
0MBEMa NePBOr0 U BTOPOTO UIPOKOB COOTBETCTBEHHO.

Momoxkum Z = X x Y u paccmorpum orobpaxkenune f : 7 — Z,
f(z,y) = (z(y),y(x)). TTo Teopeme 9.1 orobparkenune [ WMeeT HEMOABUKHYIO
touky 2° = (2% 9°) : f(2°) = 2° wm 2(y°) = 2°, y(2°) = ¢°. Cnenoparenn-
o, (2°,9°) — curyanua pasroBecus.

Teneps npeuonoxum, uro byukuuu F(z,y) u G(x,y) Borayrsl 0o "cBo-
nMm''IepeMeHHBIM X U ¥y, HO HeoOs13aTeibHO ¢TPOro. [omoxmm

Fg(m,y)ZF(a:,y)—eSZ:U?, Gs(may>:G($ay)_€Zy]2'a
i=1 j=1

rae € > 0. @ynkunu F.(x,y) u G.(z,y) wenpepwiBabl Ha X X Y, F.(z,y)
crporo BorayTa mo x, a G.(x,y) crporo Boruyra 1o y. [lo joKa3aHHOMY B UT-
pe [¢ = <X, Y, F.(z,y),Ge(x, y)> CYIIECTBYET CUTYAIUs paBHoBecus (z°,y°).
[Tycrs {ep} — Takas nocsiegoBaTebHOCTD YHCe], 9TO €5 — 0+ U cooTBeT-
CTBYIOIIAsI TIOCIEI0BATEIHLHOCTE cuTyaluit papaosecust {(xh y)} cxompurcest
k nekoropoii curyarnuu (z°,4°). Tlo onpenenenuto (=)

B (,y™) < B (e, y™) Vo e X,
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Ge, (x*hy) < G, (2", y™) Yy eY.
[lepexosst B 9TUX HepaBeHCTBAX NMpU (PUKCUPOBAHHLIX T U Y K IIPEJIEIY MpU
h — oo, moayaum

F(z,y°) < F(2°y°) Ve e X, G(2%y) <G(2°y°) VyeY,

Sro oznauaet, uro (z°,¢y°) — curyanust pasnorecust urpst I'. W

PacemoTpuM MeTOJ1 TIOMCKA CUTYAIMH PABHOBECHS C UCIOIb30BAHUEM MHO-
JKecTB Hamtydnmx oTeetoB X (y) = Argmax F(z,y) n Y (z) = Argmax G(z, y).
reX yey

OH COCTOUT B pEIIEHNN CUCTEMbI BKIIOTEHUH
%€ X(y"), 3’ € Y(a). (9.1)

B ciyuae, Korja y UIPOKOB CYIIECTBYIOT HENPEPBIBHbIE (DYHKIUH HAUITY Y-
mero orBera (y) u y(x) (CM. IEPBYIO 9acTh JOKA3ATEJIbCTBA TeopeMbl 9.2),
cucrema BIoIenuit (9.1) SKBUBaJIEHTHA CHCTEMe yDaBHEHMI

r(y°) = 2% y(a?) ="

Hpumep 9.6. Haiigem Bce cuTyanuu paBHoBecus urpbl [ :

2 3 5 —1 75 47
4 —2 3 4 1551
A=1 2 15 4" P7 35656 2
—1 2 5 3 8 7 3 6

B marpume A moguepkHyTH HanOOIbINHE 3IEMEHTHI B CTOIOIAX, & B MaTPH-
e B — nauboJibline 3JieMeHTH B cTpoKaxX. OOIuit moJdepKHYThII 71eMeHT
coorBercTBYeT (3,3) — €JIMHCTBEHHOI CUTYAIIMH DABHOBECHSI.

IIpumep 9.7. PaccMOoTpuM UTPY JABYX JIUIIL
= <X, Y, F(x,y),G(z, y)>, e X,Y u F(z,y), G(x,y) — MHO)KeCTBa CTpa-

Teruit U PYHKIUU BBIMI'PHIIIA EPBOIO U BTOPOro urpokos. Ilycrb
X =Y =10,1], F(z,y) = —32> +2y* + 7oy, G(z,y) = —(v+y—1)>

Oyukuun F(z,y) u G(x,y) cTporo BOPHYTH MO MEPEMEHHBIM T U Y COOTBET-
crBeHno. OYHKIUKM HAMIYIHOICTO OTBETA, —

z(y) = {7y/6, 0sy<6/7, y(z)=1-uz.

1, 6/7<y<l,
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Pemag cucremy z(y) = z, y(r) =y, naxonum z° = 7/13, y* = 6/13.

Jlns umcaennoro pemennst cucreMbl BKiudeHnii (9.1) wacto mpumMens-
eTcsa npouedypa Haugynoearus no Kypno. OHa 3aKII09a€TCS B TOCTPOSHIH
MOC/IeTOBATETbHOCTH CTPATETuii:

vt e X,y eY(zh), 22 € X(y'), v* € Y(2?) u .

Mycts nocnepoBatenbuoctn crpareruit {z*}, {yF} cxomares coorser-
creenno K x° u y°. Torma (2°,y°) — curyauns paBHOBecHd, NOCKOMBKY i
(2°,4°) cnpaBeymBa cucrema Brmouenunii (9.1) (¢M. JOKA3aTETBCTBO TEOpe-

Mbt 2.2). Onnako nocienosarensuoctu {z¥}, {y*} exonares ne veerna.

Hpumep 9.8. PaccMoTpuM aHTATOHUCTUYECKYIO UIDY
= <X, Y, F(:c,y)>, B KOTODOIi
X =Y =[-1,1], F(x,y) = —2° + 2axy + >,

rie a € (0,1] — mapamerp. @yukuus F(z,y) cTporo BOrHyTa 1Mo T, CTPO-
IO BBIIIYKJIA 1[I0 Y U UMEET eJIuHCTBeHHYIO ceaioByio TouKy (0,0). @yHakuuu
HAUTYYIIero oTeeTa Urpokos pasubl z(y) = ay, y(x) = —az. Hycrs x! # 0.
Torna mpoteaypa HalynbiBaHus 10 KypHO TOPOZXKIaeT MOCIe10BATe TbHOCTH
{aF = (—a)* 2!}, {y* = (—a)*z'}, cxonsammecs pu 0 < @ < 1 m pacxons-
muecd npu a = 1.

Cremyronuit mpuMep MOKA3bIBaeT, UTO JJIs1 MOUCKa paBHOBecus mo H»-
Iy MOYKHO HCIHO/JIb30BATh HEOOXOJAUMbIE YCA0BUS ONTUMAJILHOCTH MEPBOIO
MOPSTKA.

Ipumep 9.9. Momennv dyonoauu. JBe pupMbl BHITYCKaOT OECKOHEUHO-
JIEJIUMBLI TOBap JIJIst POJIazKi Ha PhIHKE. [1ycTh & M iy — KOJIMIecTBa TOBAPA,
BBIIIYCKAEMOT0 NepBOM U Bropoil dupMamu, a 0 < ¢; < ¢ — 3aTpaThl HA €r0
IPOU3BOJICTBO, T.€. Ce0eCTOMMOCTH eIUHUILI ToBapa A1 obenx ¢dbupm. Ilena
toBapa p(x + y) 3aBucuT Oor 06IIEro Bhimycka x + y. OyHKINH BHIUTPHIIIA
dbupm F(x,y) = (p(x +y) — 1)z u G(x,y) = (p(x + y) — c2)y — npubbLin,
II0JIlyYeHHbIE OT PeaJU3alii IPOU3BEJIeHHON POy KIIUH.

ITycTh HeHa Ha TPOLYKIMIO OIIPEIeIAeTC Mo CIeAyiomeii dopmyre
ple+y)=K/(x+y)* roe 1 > a > 0. Torna MOKHO CUUTATD, YTO
X = [0,(K/e;)Y?], nocxkonbky mpu x> (K/c;)/ neppas dpupma repnut
yoprTrn. Anagormano Y = [0, (K/cy)'/e].

BaMeTuM, 4TO JIs HOJYYeHHONH UIPbI BBIIOJHEHbI YCJIOBUs TEOpeMbl 9.2
u curyanust pasuosecus (z°,¢y°) cymecrsyer. [ycrs 2° > 0, y° > 0. Toraa
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PaBHOBECHbIE CTpaTermu .TO, yO HaXO0OATCAd U3 CUCTEMBI ypaBHeHI/Iﬁ

K aKx
F/ 0 0 — _ —_—— = 0
l,(x ,y) (xO_{_yU)a €1 (x0+y0)a+1 )
K Kq°
A P S ¥ A"

(20 + y0) 2 (20 + y0)ot1

CKJI&,ZH)IB&H YpaBHEHHUdA, HAXOAUM CHadaJla CyMMY

2 —a)K\ Ve
xo—l—yoz (%) , & 3areMm
1 2
1 2 — a) K\ (at])/a
) = sy () et 0= s 0= 1),

[Tockosbky 40 > 0, To Heobxomumo ¢; + (o — 1)cg > 0. Eciu Boinosineno
HepaBeHCTBO €1 + (a — 1)ep < 0, To neppasi bupma sIBIsIETCST Ha PbIHKE
MOHONOJIUCTOM ¥ PABHOBECHBIE CTPATETMH MMEIOT BH

20 = <—(1 _ Q)K>1/a, yo =0.

&1

BaiitecoBckoe paBHOBecue

[Tycre B urpe apyx jun I' = <X, Y, F(x,y,c), F(x,y,c)> dynKIIHI
BBIUTDBINIA UTPOKOB F'(z,y,¢) u G(z,y, ) 3aBUCAT HE TOJBKO OT CHTYAIUMH
(,y), HO U OT CJIYYAHHOrO BEKTOPA mapaMeTpoB ¢ = (c1,¢y) € C. Ilpeano-
JIOXKUM, 910 MHOZKeCTBO C' KOoHeuno u p(c), ¢ € C' — BEPOSITHOCTHOE PACIIPe-
nenenne na C, n3pectHoe BceM urpokam. Ilycrs Cy — MHOXKECTBO 3HAYCHMI,
NPUHUMAEMBIX TTAPAMETPOM Cj, KOTa BEeKTOP ¢ npoberaer Mmuoxectso C. Ur-
poKy k mepes BHIOOpOM CTpaTerwy CTAHOBUTCH M3BECTHBIM 3HadyeHHe "CBOe-
ro"mapamerpa ¢, k = 1,2. [losromy crparerueii mepBoro Urpoka sBJIseTCs
dyuxnust T : C; — X, a Broporo — dyukuus gy : Cy — Y, MuoxkectBo Becex
taxux Gyuxuuii & 0603uadum depes X, a Gynxuuii § — uepes Y.

Oupeaennm ocpeanennbie BYHKIMNA BBIATPHINIA HIPOKOB

= p(OF(&(c), §(0),0), G(F,§) =Y p()G(E(c), §(c), o).

ceC ceC

Onpedenenue. Urpa T = <)~(, Y, F(i,9), G(&, yj)> U CUTyaluuyu PABHOBE-
cud B Hell Ha3bIBAIOTCA Oalieco8CkuMU.
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IIpumep 9.10. B npomomxkenne mpumepa 9.9 paccMoTpuM MOIEIb 0y0-
noauu ¢ QYHKIHSIME BBIUTpHIIAa UIpokoB F(z,y,¢1) = (p(r + y) — 1)z,
G(x,y,c2) = (p(x+y)—co)y u muneitnoit dyuxumeit nenst p(r+y) = a—r—y.
[IycTh cebecToUMOCTD ¢ U3BECTHA OOOUM HIPOKAM, a ce0ECTOMMOCTD Co TTPEJI-
CTaBageT COOOH CIydafiHyIo BeJUYHHY, TPHHAMAIONIYIO 3HAYCHHSA Cy H C3 C
BEPOSITHOCTHIO 1/2. B 9THX npeaiionoKeHusix crparerus T urpoka 1 siBjiser-
csa dynkuueii-koncranToit u cosnagaer ¢ x. Homoxum y' = g(ch), i = 1,2.

Torna B GaitecoBckoit urpe (PyHKIUHU BHIUTPHITIIA UTPOKOB UMEIOT BU]L

F(#,9) = (a—x— (yl—;y2> —cl)x,

.1 1
G(:r,y)=5(@-93—91—C§)y1+§(a—w—y2—63)y2-

Haiiniem Gaitecoseckyto curyanuio pasuosecus (20, (y°, y°%)) upn
a > 2max|cy, c3, c3]. DyHKIUN HAUTYYIIEr0 OTBETA UIPOKOB UMEIOT BHJL

_ 1
¥ (y',y*) = max [a a_Y TV

2 4

L e | R
Pemaga cucremy ypasHenunii
Py ) =, g ) =y, i=1,2,

HAaXOJUM CUTYAIIUIO DaBHOBECHA

S
©
Il
W |
VRS
Q
|
DO
o
A
+
o
[N
N |+
¥
[N \V]
N—

1 7 1 1 7 1
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§10. Curyanum paBHOBeCUs B OMMATPUIHBIX UI'PaX

[lepeiizemM K CMeIIaHHBIM paclIIpeHusM OuMaTpuyHbIX urp [, 3a1aBae-
MBIX MaTpUIaMU

A= (aij)mm, B = (sz)mxn

CMellIaHHBIE CTPATErdd UI'POKOB 371€Ch TaKHe K€, KAK U B MATPUYHOI urpe:
p € P, g€ Q. OxumaeMble BEIUTPBIIIT UIPOKOB —

A(p,q) = Z Zpiaij%'a B(p,q) = Z Zpibz’jqj'-

i=1 j=1 i=1 j=1

B pesyabrare nojyunsin cMenraHHOe paciiupenne OUMaTpUIHON UTPHI

f = <P7Q’A(p7 Q>’ B(pa Q)>

CHTyalii paBHOBECHS UTPEL I GyIeM Ha3bIBATh CHTYAIUSIMU PABHOBECHS B
CMENIAHHBIX CTPATerusX (MM CMEMIAHHBIME PaBHOBeCHsIMU 110 Hanry) uexos-
uoit urpwr I'.

MHOKecTBa CMeIIAaHHBIX cTpareruii P u () — BBIIYK/IbIE KOMIIAKTLL €B-
KJIMJOBBIX TIPOCTPAHCTB, a byukuuu A(p, q) u B(p, q) 6ununeitust. [1o Teope-
me 9.2 B urpe I' cymecrByer curyauys paBHOBECHS C CMEIIAHHBIX CTPATErusx
(p°, ¢°). Jlns Hee no onpejie/ieHUIO BLIIOIHEHBI HEPABEHCTBA

Alp,q") <AW", ¢°) Ype P, B(,q) <B@®",¢") YqeQ.

Paccmorpum cBoiicTBa cuTyaluii paBHOBECHS B CMEITAHHBIX CTPATErusIX, aHa-
JIOTUYHBIE CBOMCTBAM PEIIeHU MATPUYHBIX UTD.

Jemma 10.1. Jlns toro urobn curyamus (p°,¢°) Obiaa cutyanueii pas-
HOBECHS B CMEIIAHHBIX CTpPATErudax OMMaTpw4HON urpbl ', HEOOXOIUMO H
JIOCTATOYHO, YTOOBI OBLIO BBIIIOJIHEHO YCIOBHE

A, ¢°) < A@P°,¢%), i=1,...,m,
B, j) < B(®% ¢, ji=1,..,n.

(*)

Jokasameavcmeo. Heobxomumocts. Ilyers (p°, ¢°) — curyauua pasmo-
secuga. Torma A(p,¢°) < A(p®,¢°) V p € P. Tlonaraa p = (0,...0,1,0,...,0),
[OJLy YUM HEPABEHCTBA YCJI0BUS (%) jijist MATPUIlbl A. AHAJOIHYHO BBIBOISTCS
HEPABEHCTBA I MaTpUIbl .
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JTocrarounoctsb. ITycts curyanus (p°,¢°) yuosiersopsier yciaosuio (k).
Bo3bMeM TPOU3BONLHYIO CMEMIAHHYIO CTPATETHIO P IIePBOr0 UIPOKA, TOMHO-
xxum Hepapencrsa A(i, ¢°) < A(p°,¢°) ma p; u cnoxkum ux. B pesyasrare
nomyuum Hepasenctso A(p, ¢°) < A(p°, ¢°). Amamormuno, mag mo6oi cme-
MIAHHON CTPaTeruu ¢ BTOPOTO UTPOKA CIIPABELINBO HepaBeHCTBO

B(° q) < B(1°,¢°). m

Teopema 10.1 (cBoiicTBo momosnHsomeil HexkecTkocTn). IlycTsh
(p°,¢°) — curyauus paBHOBecHs B CMeNIaHHBIX CTpATerHaX GHMMaTPHYHOM
urpsl I'. Torma

D) p) >0 = A, ¢") = A", ¢°);

2) ¢} >0 = B, j) = B0’ q¢").

Jlokasameavcmeo. Jlokaxkem yrBepxkaerue 1). TIpeanonoxum, 4ro jiis
nexoroporo i1 p) > 0 u A(iy,¢°) < A(p°,¢°). B ycaoBun () xazjoe
nepasenctso A(i,q°) < A(°q¢°), i = 1,...,m ymHOX)uUM HA P) U ClOKUM
ux. [T0CKO/IbKY 41-e HepaBeHCTBO coxpanuTced crporuM, noayunM A(p?, ¢°) <
A(p°, ¢°) (mporuBopeune). YTBepzKaenue 2) J0KA3BIBACTCA AHATOIIHO. Il

Cnedecmeue. Tycrs (p°, ¢°) — curyanus paBHOBecHs B CMeMIAHHBIX CTpa-
rerusgx oumarpuanoil urpsl ['. Torma

1) Ai,¢") < A, ¢°) = p} =0;

2) B(°,j) < B®",¢") = ¢} =0.

Teopema 10.2. /T1a Toro uro6wr curyanus (p°, ¢°) Gputa curyarmeii pas-
HOBECHUS B CMENIAHHBIX CTPATErusix OMMaTpudHoil urpsi [', HEOOXOUMO U J10-
cTaToOuHO, 4T00HI Hamauch MEOKecTBa X C X, YO C Y u uncaa vy, vy, a1s
KOTODBIX BBIITOJTHEHBI YCTIOBUS

’Z(Zij(]?zUl ViEXO,
jEYO
) aijq; < v Vig X, (10.1)
jEY
S P=1>0 VjeY"
\jeY?
ZP?%‘:UQ VijeY?,
i€X0
> pibi; < v VjgY?, (10.2)
i€X0
S pV=1,p) >0 VieXO
L i€X0
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Joxazamenavcmeo. Heobxoaumocts. ITycrs (p°, ¢°) — curyanus pasnose-
cus. Honoxum vy = A(p°, ¢°), voa = B(p°, ¢°),

X={ieX|p!>0}, Y'={jeY |q >0}

Yeaorust (10.1) u (10.2) Boitekator n3 gemmvbr 10.1 u reopemsr 10.1.
Jocrarounocts. [lycers aua curyanun (p°, ¢°) Bermonunenst yenosus (10.1)
u (10.2). [TokazkeMm, uto Torma meodbxommmo A(p°, ¢°) = vy. HeitcTBuTenbHO,

w3 (10.1) )
Z aiqu = Z&Z]q;) = U1 VZ € XO.
j=1

JEYO

YMHOKas 9TH papeHcTBa Ha pY, 1 € X0 M cKIaapBasg X, MOJTYIUM
A(p°,¢°) = v1. Ananormuno nokaswisaercs, aro B(p®,¢°) = vy. To memme
10.1 (p%, ¢°) sBnsercst curyanueii pasuosecus. W

Ynpasncuenue 10.1. Jlokaxkute, 9To B urpe [' ¢ MmaTpunamn

A:

S =N

0 1 1
2 0|, B=|[2
1 2 0

N = O
—= O N

CYIIECTBYET eJMHCTBEHHOEe paBHOBecwe 1o Hamry
(r°,¢") = ((1/3,1/3,1/3),(1/3,1/3,1/3)).

Cdopmyaupyem yeiosue, obecriednsaioriee pasencrso | X0 = |[YO|!
B srom caygae marpunpt cucrem (9.7) u (9.8)

A = (a;5)iexojevo, B = (bij)iexojeyo
ABJILAIOTCA KBaﬂ;paTHbIMI/I.

Onpedesenue. Topopar, uro cucrema BekTopos a'V € E™, i € X0 | X0 >
m + 1 uMeeT marcumanoruiti apdumnrod pamne, eciu HajiyTca TaKoit HOMep
ig € X% m takoe mMuoxkecTBo X1 C X° 4y ¢ X! |X!| = m, uro BekTOpHI
a® — a0 e X' nuneitno mezasucumbl. Hanpumep, mpn m = 2 cucrema
TOYeK Ha IJIOCKOCTH TOTA U TOJIbKO TOIIa UMeeT MaKCHMaIbHbIA alppUHHbII
paHT, KOrga TOYKHW HE JICZKAT Ha OJHOW TPAMON.

Onpedeserue. Toopst, uro marpuna A (Marpuna B) HaxoauTest B obuyem
NOAONHCEHUY, €CTU CHCTeMa CTPOK (cToaboB) w0boil ee mogMarpuibl A =

"Mnoxectsa X° u YO comepsaT paBHOe YHCIIO 3I€MEHTOB.
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(aij)iexojeyo ¢ |X°| > |V (mogmarpumpt B = (bij)iexojevo ¢ | XO < YY)
uMeeT MaKCUMaJIbHbIH adpunnbiil pamr.

OrmeruM, 9TO 14 JIIOOBIX ABYX Marpull A u B HallyTcs CKOIb YIOIHO
nosjeMeHTHO Osim3kue Marpuiibl A’ u B’) j1isi KOTOPBIX BBITIOJHEHO YCJI0-
BUE OOITHOCTH MOJOYKEHUsI. DTO YTBEPKJICHNE MOXKHO J0KA3aTh, HCIOIb3YSI
HEIPEPBIBHOCTH OMPEeTUTE/IsI MATPUIIBI KAK (DYHKIIMH €€ 3JIeMEHTOB.

Teopema 10.3. Ilycts marpunsr A u B urper ' Haxomsarcs B obiiem
nonoxkenun. Torjga st ar0boti cutyamun pasuosecus (p°,¢°) B cmemanubx
cTpaTerngx Haiimyrcda Takme MHOKectBa X0 C X, Y0 C Y u Takme uncia
v1, Vg, 9TO BRIMOMHEHB! yeaosus (10.1), (10.2) u | X°| = Y.

Joxasameavcmeo. Iyers (p°, ¢°) — npoussonbhas curyanus paBHOBECHs!
B CMEIIaHHbIX cTparerusax. lorga mo Teopeme 10.2 HaiiayTcd Takue MHOZKe-
crea X C X, Y° C Y u makue uucia vy, ve, 4T0 BhIIOMHEHB! yeaosus (10.1)

1 (10.2).

Ioxaxem, aro | X°| = Y. [Ipeanmonoxum, uro | X°| > |Y°|. Pacemorpum
nommarpuiy A = (a;j)icxo0jeyo, OTBedatonyio cucreme ypapuenuit (10.1).
13 ycnoBus OOMIHOCTH MOJIOXKEHHS HafiayTcd Taxoit momep ig € X u Taxoe
muoKecTBO X1 C X0, 49 ¢ X', | X1 = |V, uro marpuna (a;; — aiyj)iex1 jeyo
— HeBBIPOXKIeHHAS.

13 (10.1) moaygaeM cucTeMy ypaBHEHHIA

Z(&Z’j —aioj)q? =0V:e Xl,

JEY?O

IMEIOTYIO HYJIeBOe peleHune q;-) =0, j € Y% u9To mpoTHBOPEUNT PaBeHCTBY

> =1

JEYO

AHaJIOrHYHO TPUXOMM K NPOTHBOPEUHIO, npe/nonaras, uto | X° < [YO].
[ |

YeaoBue OOIIHOCTH MTOJIOXKEHUs it MaTpull, A u B TpyaHO IpPOBEPHUTH.
OrTka3aBUINCH OT HEro, MOXKHO MOJMYYHUTh YTBEp:KIEeHHE, Dojee caaboe, dem
Teopema 10.3.

Teopema 10.3’. B m1060ii Gumarpuanoit urpe I' a1 nexomopoti curya-
nun pasrosecus (p¥,¢) B cMeIIaHHBIX cTpaTerusx HaiflyTcs TaKue MHOMKe-
cra X° C X, Y° C Y u takue uuc/ia vy, vy, 4T0 BhIIOMHEHB yeaosus (10.1),
(10.2) u | X° = |Y].

Zoxasameavcmeo. ng marpun, A u B HaligyTcs TaKue HOCTIeI0BaTe b-
noctu marpui, { A}, {B¥} yiaosiersopsiomux yea0Buio o61HoCTH 110107Ke-
nus, uro novtementno A¥ — A BF — B.
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BosbMeM mocsieoBaTebHOCTD cutyanuii pasnosecus {(pF, ¢F)} urp T ¢
marpunavu A* B¥. Tlo teopeme 10.3 HaifyTcs Takne MHOYKECTBA

XFC X, Y*CY uuncna of, v§, uro | X*| = |Y*| u oimonmens ycnopus
Zaz’ij:U1 Vie XF, prbfj: K VievYr,
JEY® ieXxk
> ayq; <vf Vig Xt 83 piby < Vjg¢Yr
JEYF ieXk
Sdh=1, >0 Vievk | Xpi=1p;>0 ViecX"
\jeYk \ie Xk

Bes norepu o6muOCTH (BBIAEIsIS COOTBETCTBYIONINE MOIIOCTEI0BATEIHHO-
ctu) MoykHO cuntath, 9To pF — p¥, ¢F — ¢ w X*¥ = X° Y* = YO npn
Beex k. [lepexo/isa B moCIeTHUX YPABHEHUAX U HEPABEHCTBAX K MPeJesTy IIpU
k — oo, momyunm ycaosus (10.1),(10.2) ang ememannbix crpaternit p°, ¢°.
ITo reopeme 10.2 curyamus (p°, ¢°) 6yaer pasnosecuem 1o Hamry. W

PacecmorpuM agropurs mouCKa CUTYAIUi DABHOBECHSI B CMEIIIAHHBIX CTPar-
terusx. [lepebupaemM KBajJipaTHbIE MOJIMATPUILBI

A= (aij)iGXOjEYoa B= (bij)ieXOjeYU

u pemraem cucreMs! ypasuennii u3 (10.1),(10.2). Ecin pemrenust stux cucrem
p), i€ X% vm q?, j €Y", vy yI0BAETBOPAIOT HEPABEHCTBAM U3 YCIOBHIT
10.1 u 10.2, To, mobasasa xkomnonentsl p; = 0, ¢ ¢ X° ¢; =0, j ¢ Y°,
noxyunMm curyanuio pasuosecust (p°, ¢°). 13 teopembr 10.3’ BbITeKaer, 4TO
Jepes KOHEYHOE UHCIO IATr0B aarOPUTM IMPHBOJAUT K CHUTYAIINUA PABHOBECHUS.

[TponsutocTpupyeM paboTy aaropurTMa JiJisi UIP ¢ MATPULAMEU PA3MEPOB

2xXn:
@11 - QAip by -+ biy
(am e azn) ’ (521 T b2n)

B nannoMm ciydae cMmeriaHHasi cTpaTerus MEepBOro MTPOKA UMeEeT BUJ p =
(p1,1—p1), tae 0 < py; < 1. [lepebuparh HYKHO 2 X 2-mogMaTpuIlbl. Kaxknas
U3 HUX 3aJ1a€TCsl HOMEPAMHU JIBYX CTOJOIOB j1, jo. SamumieMm cuctemy (10.2)

p?bljl + (1 - p(l))ijl = Uy, p(l)bljz + (1 - pcl))b2j2 = Uz,
Pibij + (1= pDboy < vy Vj # 1, ja, 0<p) < 1.

Ecnm sta cucrema HecoBMecTHa, TO TepeiljieM K Apyroit mape ji,jo. BEcam
pemenue p?, v cucremsr (10.2) cymectsyer, To pacemorpuM cucremy (10.1)

a1, q" +a,(1—q") =v1, ag5,¢" +a,(1—¢")=v, 0<¢" <1
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[Tycrs cymecrsyer ee pemenue! ¢*, vy. Onpejeanm crpareruio

q, J =71
o) =1—¢q", j=7a,
Oa j?éjlvj%

u curyarus (p°, ¢°) 6yaer cvemannbiv pasHosecuem 1o Hary.

31ech alropuTMy MOYXKHO JATh T€OMETPHICCKYIO HHTepuperanuio. Ha or-
peske 0 < p; < 1 crpoum mpsimsle [;(p1) = byjpr + boj(1 —p1), j = 1,...,n.
Touku nznoMa BepxHeil orubalomeil ceMeficTBa HPAMBIX [; COOTBETCTBYIOT
napam ji, ja, JJisl KOTOPBIX CyliecTByer perenue pY, vy cucremb (10.2). Tlo-
3TOMY MOCJIEI0BATENLHO NepebupaeM TOYKH BepxHel ormbaiomeii n pemaem
cucremy ypasaenuii u3 (10.1) ¢ nposepkoii Hepasercts 0 < ¢* < 1.

IIpu n = 2 06e marpunsl A u B mMmeroT pasmepsl 2 X 2. B sTom ciydae
npsmbie [1(p1) = by1p1+ba1(1—p1) w la(p1) = biap1+b22(1—p1) TOTIA U TOABKO
Tora nepecekaiorca B Touke 0 < pl < 1, Korua BHIIOIHEHO HEPaBEHCTBO
(puc. 10.1)

(b22 — 621)([)11 — blg) > 0. (103)

0 2

Puc. 10.1

Ecan cronbipl MaTpuiisl B (1 COOTBETCTBYIOINIHE NpsiMble 1 1 [3) He COB-
I1aJAT0T, TO KOMIIOHEHTBI CMeIanHo# crpaTerun p°, yAOBIeTBOPIONeH ch-
creme (10.2), MOXKHO 3amucaTh B SBHOM BUJIE

0 622 - 621 0 bll - b12
b1 = y Do = .
b22 - b21 + bll - b12 b22 - b21 + bll - b12

(10.4)

!B mpoTHBHOM CIydae TepexoauM K ApPYroi mape ji, jo.
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Mg cucremsr (10.1), n3 KOTOPOH BBIYUCASETCS CMEIIAHHASI CTPATErHsT BTO-
pPOTO UI'POKA, BCE PACCYKJIEHUS MPOBOAATCH aHAJOTMYHBIM ObpazoMm. B pe-
3yJbTaTe Mbl MOJY4YHM CJeJylollee ycJoBUe Ha MaTpPHUIy II€PBOIO UIPOKA,
obecrednBaoniee cylecTBoBanue pemenus cucremsl (10.1):

(a22 — a12)<a11 - agl) Z 0. (105)

9TO YCI0BUE MOXKHO BBITHCATH U CPA3y, UCXOId W3 CJIEIYIONINX COOOpazKe-
HUIi: HAJ0 3aMEHUTH BTOPOrO UI'POKA MEPBBIM U Y4YeCTb, YTO BTOPOI UTI'POK
BBIOMpAJ CBOM CTPATErWH MO CTOJAOIAM, & TIEePBbIi BHIOMPAET UX MO CTPOKAM.
[losTOMYy, 9TOOBI BBIMHCATH YCIOBHE CYIIECTBOBAHWS PeIlleHUs, HAJIO BbIIHU-
carb yeiopue (10.3), 3aMeHUB OJIHY MATPUILY HA APYTYIO, 4 CTPOKU Ha CTOJIO-
1el. Ecau ctpoku MaTpuisl A He COBIAJAIOT, TO KOMIOHEHTH CMEMIAHHON
crpareruu ¢°; ynosaersopstoueii cucreme (10.1), MOXKHO 3anUCaTh B ABHOM
BHJIE

0 __ A22 — Q12 0 __ a1l — a2
q = y 4o = .
Q22 — G12 + Q11 — G21 Q22 — G12 + Q11 — G21

(10.6)

Ipumep 10.1. Monenb TeXHHIECKOTO KOHTPOJS 38 Ka4eCTBOM ITPOIYKITHH.

3aBo/1 BBIMycKaeT apToMobmtn maptuaMu 1mo 100 mTyk. 3a KakIyio aB-
TOMAaIIUHY 3aBOJI, MOJAyYaeT OT KOHIepHa 1.3 eJ. OIIaThl, U3 KOTOPHIX 1 e,
COCTaBIALAIOT MpeMuaabable, a 0.3 €. mpeHa3HAYeHbl /I ONepanuit TeXHu-
geckoro koutposst (OTK). BasBosg (urpok 1) MOKeT BBILYCKATDH MAPTHIO ABTO-
mobmeit inbo ¢ OTK (crparerus 1), iu6o 6e3 OTK (cTparerus 2), ypeandu-
Basi CYMMY NpeMHuaJbHbIX. [Ipn ucno/ib30BaHuy MEePBOI CTPATETHH UTOTOBAS
CcyMMa TIpeMHAJIbHBIX, MMOJYYeHHAas 3aBOJIOM 3a MapTuio, coctasyiser 100 en.,
TIPU UCTOJB30BaHUU BTOpOit cTpaterun — 130 es.

C mespio YMEeHBbIIEeHUs TPOM3BOJICTBEHHOI'0 Opaka KOHIEPH PEeIId IMpH-
BJIeYb HE3aBUCUMYIO (DUPMY, OCYIIECTBISIONIYIO TEXHUIECKUN KOHTPOIb 3a
KadecTBOM mpoayKiuun. CTOMMOCTb TTPOBEPKH aBTOMOOMIS /st (DUPMBI CO-
crapiser 0.12 ex. Ecomm OTK 3aBomom #He mpoBoauTcs, TO aBTOMOOUIH HEWC-
[PaBeH ¢ BepOATHOCTHIO 4/5. B ciiydae oOHApY KeHHs HEHCIIPABHOCTEH 3aBOJT
00s13aH UX YCTPAHUTD, 3aTpaTuB 0.3 e11., U 3aIIaTHTh JOMOJTHATEIHLHO (PupMe
0.2 ex. w3 cBoux mpeMuaabHbiX. Pupma (MrPOK 2) MOXKeT JUOO MPOBEPUTH
napruio (crparerusi 1), ubo 0OTKA3aThCsI OT ee MPOBepKH (cTparerus 2).

Boiurpbiiiem 1mepBoro Urpoka sBJISETCH OXKUJIaeMasi CyMMa, IpeMuaJib-
HBIX, MOJIYYeHHAs 3aBOJIOM OT KOHIIEPHA 33 HAPTHIO aBTOMOOWJICH C y4eToM
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n3aepxek Ha OTK u Bo3mokubIx BhIIAT (hupme. Boiurpoiimem BToporo ur-
POKa ABJIACTCS OXKHUIaeMast CyMMa BBITLIAT, MOIYYeHHBIX OT 3aBOJIA IIPU MPO-
BepKe MapTUU aBTOMOOWJIENl ¢ y4eTOM 3aTpaTl Ha 3Ty NpoBepKy. Bormurrem

MATPHUIIBI UTPBI
100 100 —12 0
A= (90 130)’ B_( 4 0)'
Hamnpuwmep, ecim 3aBoa He nmposoautr TK, a dupma npopepsier mapTuio, TO
cpenune npemuasababie pasabel 100(0.8(4/5) + 1.3(1/4)) = 90 exn., a oxuiae-
Mast TpuObLTL bupmbl coctasut 100(0.08(4/5)—0.12(1/5)) = 4 ex. Herpyamo
BHJIETh, YTO B JAHHOH HIPE He CYIIeCTBYET CUTYAIMU DABHOBECHS B YHCTHIX

crparernsax. Yeaosust (10.3) u (10.5) BBIIOIHEHBI N CHTYAINIO PABHOBECHS
maxoauM 1o dbopmyaam (10.4) u (10.6)

(#”,q°) = ((1/4,3/4),(3/4,1/4)).
Pasnosecrbie crparernn p° n ¢° MOryT 6BITh peanm3oBaHbl B Buje "dbusn-
Jeckux cMmeceit': mepBbiit urpok "momken"25 aBroMoOHIeH KayKI0H HapTHH
BoinyckaTh ¢ OTK, BTOpoit UIpoK mOoTKeH MPoBepsaATh Mo 75 aBTOMOOMIeiH

KaxKJ10#d napruu.

IIpumep 10.2. Ilycth

I3
| | P

Puc. 10.2

Baeck l1(p1) = 3p1, la(pr) =2, I3(p1) = 3(1—p1). [lepsas rouka BepxHeit
orubatorieil ( nepecedenne UpAMBIX Iy U I3 Ha puc. 10.2) umeer abceruccy
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p{ = 1/3. Paccmorpum cucremy ypasnenuii uz 10.1
4 +5(1 —q*) = vy, 24"+ (1 —q%) = vy.

13 mee naxoamm ¢* = 2 > 1, 9T0 HEBO3MOXKHO. [lepexomuM Ko BTOpPO#l TOUKe
orubaroreil, jexkaleii Ha mepecedeHnd NpsaMbiX [ 1 [, OHa uMeeT abCIuccy
P} = 2/3. Cucrema

2" +4(1 —q*") =wvy, 40" +2(1 —q*) =,

umeer pemenne ¢ = 1/2 vy = 3. [losromy
®" ¢%) = ((2/3,1/3),(1/2,1/2,0))

— HCKOMad CUTYyallisd paBHOBECHUA B CMEIIaHHBIX CTpATCIUAX.

OrmeTnM, 9TO pacCMaTPUBAEMBIN aJTOPUTM HE BCET/a TPUBOJIUT K HAXO-
KJEHAIO BCeX CUTYalnil paBHOBECHSI.

Hpumep 10.3. Ilyctn

(o3

Bnech nepecedenue npambix | u lo gaer crparernio p° = (1,0) ¢ mynesoit
KOMITOHEHTOH (BBIPOXKACHHBI crydail). Perrast cucremy ypasnenuit u3 (10.1),
maxoanM ¢ = (1/2,1/2). Tlony4yennas cuTyauus paBHOBECHS HE €IHHCTBEH-
ua. JeficrBurenpno, 3anumiem ycaosue (10.1) qrs crparernn

(¢*,1 — ¢*) BToporo urpoka ¢ y4eroM CBOHCTBA JOMONHSIONIEH HEKECTKOCTH

1—q¢" =v, ¢ <v, 0<¢" <1,

Orcroga 0 < ¢* < 1/2. Takum 06pa3oM, B JIAHHOM IIPUMEPE HOJLY YHJIU [eJIbIiT
orpesok curyanuii pasaosecus {((1,0), (¢*,1 —¢*)) | 0 < ¢* < 1/2}.

JIist UTphl ¢ MaTPUIIAMHU PA3MEPOB 3 X 3 MOUCK CMEITaHHBIX PABHOBECHUI
o Hamry y2ke Tpebyer J0CTATOYHO OOMBIIOrO nepedopa BCEBO3MOMKHDIX MOJI-
MaTPHIL KCXOAHBIX MaTpull A u B. OJIHaAKO B HEKOTOPBIX CJIydasiX, 00CyK1a-
eMbIX B CJIEJYIONUX JABYX mnaparpadax, 9ror mepedop MOKHO 3HAYUTETHHO
COKPATUTh.

Booane cmentanHoe paBHOBeECHUE

Onpedenenue. CUTyalss pAaBHOBECHSI HA3BIBACTCS BNOAHE CMEULGHHOTU,
€CJIM BCE YUCThIE CTPATErMU MCHOJb3YIOTCH C MOJOKHUTEJIbHBIMUA BEPOSTHO-
CTAMM.
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B obmux npeanonoxenusix (s "mouarn 1060t GumarpuaHOi urpbr')
BIIO/JIHE CMEIIAHHOE PABHOBECHE MOXKET CYIIECTBOBATDH, TOJIBKO €CJAU 1M = M.
DTO UHTYUTUBHO MOHATHO: /T HAXOXK/ICHHA CMEITaHHON CTpaTerui BTOPOro
UI'POKA, B KOTOPOH BCE KOMIIOHEHTBI OTJAUYHBI OT HYJst, TpeOyeTCs pPeIuTh
cucremy ypasuenuii uz (10.1), cogepxkamiyto m + 1 ypasaerue ¢ n + 1 Hens-
BECTHBIM (YHCI0 97€MEHTOB BO MHOXKECTBE Y ILIIOC €Ile OJHO HEeH3BECTHOE
v1). CremoBarenbHO, JJisl CYIIECTBOBAHUS DEIICHUST JOJZKHO BBIIOJHATHCS
ycaoBue n > m. AHaJIOrMYHO, CMeIaHHast CTPATernsi NePBOT0 WTPOKA, YJ10-
BJIeTBOpsieT cucTeMe ypaprenuii u3 (10.2), comepskarieii n + 1 ypaBHeHue c
m + 1 HeU3BECTHBIM, U JIJIsT CYNIECTBOBAHUST PEITEeHUsT JTOZKHO ObITH M > n.
B pesyabrare mosydaem, 9To sl CyIIECTBOBAHUs PELIeHUs] 00EUX CHUCTEM
JIOJIZKHO OBITH M = 1, ecjii 00e CHCTeMbI HEBBIPOXKIEHHBIE.

Boinummewm s Brosnne cMemannoro pasuosecus (p°, ¢%) cucrembl ypas-
mennii u3 (10.1) u (10.2) B MaTpuaHoM BHIE

AqU = V1€, <q07 €> = 17 pOB = U3¢, <p07€> = 17

rie e=(1,..,1) € E™.

Ananormunsie cucremsl (5.3) u (5.4) cnpaBeIUBLI /I KPAHIX ONTH-
MAJIbHBIX CMEIaHHbIX crpareruit u3 5. (Tam ke ¢M. u cmocobd HaXOXKJIEHUs
pemenust 3rux cucrem.) Ilycrs marpunpt A u B — nesbipoxennsie. Torja

o Ale o 1
¢ = <A—1e,e>7 e <A_1e,e>’
o eB7! e 1
p= <eB—1,e>’ 2T <eB—1,e>'

JdoMuHHUpPOBaHNE B OMMATPUYHBIX UI'PAaX

IIpu moucke curyamuii paBHOBeCHS B OMMATPUUYHBIX HI'PAX MOYKHO HUC-
OIb30BATh JOMHUHHPOBAHUE CTPOK MATPHUILI A 1 cTOIOIOB MaTpuibl B.

Onpedenenue. Bynem ropopuThb, 4To B OuMaTpudHoii urpe I' crparerus
IEPBOTO HI'POKA 11 CMPO20 JOMUHUPYEM CTPATETHIO ig (i1 > i9) HA MHOXKECTBE
Y CY, ecnu a;,; > a;,; Vj € Y._BygeM TOBOPHTDL O CAGDOM QOMUHUPOBAHUL
(il i iz), ecJin ailj 2 am VJ € Y

[To cMblic/ly 1IpU CTPOrOM JIOMUHUPOBAHUM CTPATErUusd i1 IPUHOCUT HEPBO-
y pat
My UTI'DOKY OO/MBIINI BBIUTPBIIIL, Y€M CTPATEIrus o, KaK Obl HU HI'DaJ BTOPOi
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UT'POK, UCIOJIB3Ys CTPATErHU U3 MHOXKECTBA Y . AHAJIOTMTIHO BBOSITCS TOHSI-
THS CTPOTOTO U CJIADOT0 JIOMUHUPOBAHUSA JIJIA CTPATETHil BTOPOTO UTI'POKA.

Onpedenenue. Bynem ropoputhb, 4ro B OuMaTpuuHoii urpe I' crparerus
BTOPOT'O UT'POKA jJ; CTPOTO JIOMHHUPYET CTPATErHIO jo (J1 > Jo) HA MHOMKECTBE
X C X, ecin by, > bij, Vi € X. Byjem roBoputhb 0 ¢J1a60M JOMUHUPOBAHUE
(j1 > Jjo), ecom by, > by, Vi € X.

OnpeestuM npouedypy nociedo8amesdvHo20 UCKAOUEHUA CMPO20 JOMU-
HUPYEMBLT cmpamezudi. DTa MPoIeaypa COCTOUT B MOCTPOCHUH JIBYX IOC/IE-
JoBaTeabHOCTEeH BJIOXKEHHBIX MHOXKecTB X = X7 2O Xy 2O -+ DO X, u
Y=Y12Y;2D .- DY, Ilpusrom gnsa [ =1, ...,k — 1 BbIIOJHEHBI CJIE/LYIO-
e yCIOBHUS:

Vig € Xl\Xl—H di4; € Xig1: 11 = 1a HA Y]

Vie€eY\Yi1 3j1 €Yt j1 = joma X,

MuI onuca I nporeypy mocae 0BaTeIbHONO HCKII0YeHUs cTpaTeruii (pop-
MaJibHO. [locMOTpHEM, KakK 9Ta IpoIeypa OCyIIeCTBAIeTCsS Ha IPAKTHKE.

[MTar 1. 3 muoxkects X = X7 u Y = Y] crpoum muONKecTBa Xo 1 Ys. Jliisa
9TOr0 BBHIKHAIBIBAEM M3 MHOXKECTBA X; BCE CTPOTO JOMUHHUPYEMbIe Ha MHOMKE-
CTBe Y; cTpaTeruu, T.e. Mbl HIIleM TaKHe IMApbl CTPATETU 11, 29, YTO CTPOKA, i1
O3IeMEeHTHO OOJIbIIe CTPOKH iy B Marpune A : a;; > a;,j, j =1,...,n. Bo-
YEePKHUBAEM BCe TaKHe HalICHHBbIE CTPOKH iy B 00EHX MATPUIAX. AHAJOIHIHO
HIEM CTOJOIBI jo B MaTpuile B BTOPOro MrpoOKa, KOTOPBIE CTPOTO JTOMHHIU-
pyloTcd ApyruMu croaonamu ji o by, > by, @ = 1,...,m. Beruepkusaem Bce
TaKue JOMHUHUPYEMbIE CTOIOIBI Jo U3 006eux MaTpuil. [Ipeamnonoxum, 9To HaM
VJAJIOCh BBIYEPKHYTH XOTsI ObI OJHY CTPOKY HJIH cToJ0el. Toraa mepexoaum
K mrary 2.

[Mar 2. ITocste BbIYepKHUBaHHSI CTPOK U CTOJDIIOB HA IIEPBOM IIAre MBI
MOJIVIIIN PEAYIHPOBAHHBIE MATPHIIBI, B KOTOPBIX MHOXKECTBO CTPOK — Xo,
a MHOKeCTBO ¢TosiooB — Ys. Ilpu srom smbo Xy # Xq, smmbo Yo # Yy, smubo
0o0a MHOXKeCTBa HE COBHAJAIOT ¢ HpeaplaymuMu. MoxKeT HoJydnThCs Tak,
9TO B PEAYIMPOBAHHBIX MATPUIIAX OKAYKYTCS HOBBIE JTOMHHUPYEMbIE CTPOKH
u cToNONB. BhruepkuBaeM UX U HEPexXouM K CJIEIVIONeMy Iary.

N tax nasee. I[Tpomozkaem mporeaypy J0 TeX TMop, MOKa He BbIUYepPKHEM
Bce, 4TO MOXKHO. HuzKe 10Ka3aHo, 4TO IPHU 3TOM COXPAHAIOTCH BCE CMEIIaH-
Hble paBHOBecHs 1Mo Hamry.

Onpedenenue. Byaem ropoputb, 9T0o MHOKECTBO Z = X XY cTpOro gomu-
HUpyeT MHOKecTBO Z = X X Y (Z > Z), ecin OHO TOJY4YEHO U3 MHOKECTBA
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Z TOCJae0BATEIHHBIM UCKJIIOYEHHEM CTPOTO JOMUHUPYEMbIX CTPATeruii, T.e.
B ONMUCAHHOI BhIIe poreaype X = X;, Y = Y). Byjaem rosoputs o caabom
JTOMHHHPOBAHUE (Z = 7), eclli MHOXKECTBO Z HOJYYeHO U3 MHOXKeCTBa 7
NOCTIe0BATETbHBIM HCKJIIOUeHnEM cJIab0 TOMUHUPYEMBIX CTDATETHI.
PaccMoTpuM moHATHE TOMUHUPOBAHUS B CMENIAHHBIX CTPATETHSIX.

Onpedeaenue. Byaem roBOpUTh, YTO CMETIAHHASA CTPATETHS P CTPOTO J10-
MIHEPYeT THCTYIO CTPATerHio i Ha MHoxKectse Y C Y (p > 1), ecan
A(p,j) > ay; ¥V j € Y. ByseM roBoputh 0 ¢1aboM JOMUHUPOBAHUE Ha MHO-
xecrse Y CY (p = i), ecim A(p,j) > a;; VjeY.

Ananoruduo onpejessgercs JOMUHAPOBAHHE B CMEIIAHHBIX CTPATErHSX
BTOPOT'O UT'POKA.

Kaxk nckarh cTporo 10MUHUPYEMYIO CTPATETHIO!

IIpumep 10.4. Pacemorpum urpy I' ¢ maTpumamn

—4 0 2 4 4 4
A= 4 -1 7], B=[-1 3 1
—5 3 0 —4 -2 1

Haiiném B Kaxka10M cTos011e IepBOil MaTpUIlbl MaKCUMAJIbHBII saeMeHT. Ecim
MaKCHMyM €JUHCTBEHHBI M CTOUT B HEKOTOPOH CTPOKE, TO OHA HE MOYKET
OBITH cTpoOro goMmuHuUpyemoii. CaegoBaTeIbHO, CTPOrO JOMIHUPYEMOM MOYKET
OBITH TOJIBKO II€pBasi CTPOKa. B 4YHCTBIX CTpaTerusix JOMUHUPOBAHHS HET.
Wccneayem 1OMHHHPOBAHIE B CMEIIAHHBIX CTpaTerusx. Bo3bMEM BTOPYIO 1
TPeThIo CTPOKH ¢ Ko dunuentamu 1/2. BuaHo, 910 918 KOMOHHAISI CTPOTO
JIOMHHHPYET IEePBYIO CTPOKY.

Breiém nousatus JOMUHUPYIOMUX MHOXKECTB JIJIsi CMEITAHHBIX CTPATerni.

Onpedeserue. Byzer TOBOPHTD, ITO MHOKECTBO Z = X X Y cmpozo do-
Munupyem MEOZKecTBO Z = X X Y B CMeIIaHHHIX cTparernax (Z = Z), ecin
OHO HOMYYeHO W3 MHOXKECTBa ./ IOC/TIeJI0BATEIbHBIM HCKIIYEHHEM CTPOrO
JTOMHHHPYEMBIX 110 CMEITaHHOMY JOMHHUPOBAHHUIO CTPATErnil, T.e.

ZZZkCZk_l C---Ch=24, Zi=X;xY, l=1,...k,

U BBITIOJHEHBI YCI0BUS

Vie X\Xiys dpeP:p=inay, p;=0Vsé¢ X;q;

VjGYl\n+1 dge@: q>jua X, quOVk}¢YZ+1.

ByieM roBoputh, 4T0 MHOXKECTBO Z = X X Y €Aa00 0oMUHUPYem MHO-
xKecTBo Z = X X Y B CMeImaHHBIX cTpaterusx (Z = Z), eclli OHO TIOTy9IeHO
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U3 MHOYKECTBa /Z MOCAEJOBATEILHBIM HUCKJIIOYEHUEM CJI1a00 JJOMUHUPYEMbIX
110 CMETTaHHOMY JTOMWHUPOBAHWIO CTPATETui, T.e.

=0, CIlu1C---CZi=2, Zy=X,xYy, l=1,..,k,
U BBLIIIOJHEHBl YCJIOBUS

Vie X\Xiyy dpeP:p=inay, p,=0Vsé¢ X;q;

VieY\Y 3qeQ:g=jua X, qg=0VEk¢Y..

Kak cBsa3anbl Pa3JnvdHble OTHOIICHUA ,ILOMI/IHI/IpOBaHI/IH?

CTpPOroe TOMUHUPOBAHHE CTPOToe JIOMUHHUPOBAHUE
=
B YHUCTBIX CTpaTerudax B CMEIIIaHHBIX CTpaTerudx
Y Y
caaboe JJOMUHUPOBAHUE caaboe JJOMUHUPOBAHUE
=
B YUCTBHIX CTpATETruAX B CMEIMIaHHBIX CTpaTermdx

Bepunémca k npumepy 10.4 n maiiném moMmuHupyiomnme MHozxkectsa. [lep-
BYIO CTPOKY MbI BBIYEDKHYJIU, TaK KaK OHA CTPOrO JOMUHHPYEMa KOMOW-
Halnpel BTOpPOit M TpeTbe#l cTpok. Pacemorpum BTOpYIo MaTpuity. MoxKHO
3aMETHUTDb, YTO MEePBLIi CTONOEI] CTPOro JOMUHHPYETCs, HAIPUMED, BTOPBIM
crosibriom. CrenoBaTeIbHO, MEPBBI CTOIOEI MOYKHO BBIYEPKHYTH. [lomyda-
€M, 4TO
(2,3} x {2,3} = Z.

Tenepp chopmyupyeM TeopeMy O CBA3UM HCKIIOYEHHS JOMUHUPYEMBIX
CTpaTeruil W MOUCKA CMeNIaHHBIX paBHOBecui mo Hamry.

Teopema 10.4. 1) ITycrs muO)kecTBO Z = X X Y €TpoOro JOMWHUDY-
eT MHOXKecTBO Z = X X Y B cMelIaHHBIX cTparerusx. lorma s Jiro0oi
curyarun pasuosecus (p°, ¢°) BHIMOMHEHBI yCI0BUSA

i¢ X = pd=0;
jeEyY = q? =0.
2) [ycTs MHOKecTBO Z = X X Y €1a60 JOMHHIDYET MHOKECTBO

Z = X XY B cvemaHHBIX cTpaTerusix u (P, ) — CATyalldsi DABHOBECHS B
Urpe ¢ MaTpulamMu

A= (aij)iefje?a B= (bij)z‘efje?'
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OnpegesuM CMenaHHble CTPATET I

0 . 0 _ ]_92'7 7:677 0 . 0 __ qju j€77
pop = . — ¢ g = ‘ —
0, icX\X; 0, jeEY\Y.

Torna (p°, ¢°) — curyanus pasnosecusi B ucxonnoit urpe I'.
Ynpaoscnenue 10.2. Hokaxkute Teopemy 10.4.

OO6cyaum cMBICT TeopeMbl. Bropoe yTBep K eHe TOBOPUT O TOM, 9ITO €C-
JIM PelyIIUpOBaHHAs WTpa TOJYyUYEHa ITyTeM UCKJIOYeHUs c1abo JJOMUHUPY-
eMBIX CTpaTeruii, To KayKJIOMy CMeNIaHHOMY paBHOBecuto mo Haury (7,q) B
STON peayIupoBaHHON Hrpe OYIeT COOTBETCTBOBATH CMENIAHHOE PaBHOBECHE
o Hamy (p°, ¢°) B ncxoanoii urpe, onpee/seMoe 1o yKazaHHOMY HDPaBUILY.
[TepBoe yTBepkKI€HEE TEOPEMBI TOKA3BIBAET, YTO IPU BHIYEPKUBAHUN CTPOK U
CTOMOIOB MO CTPOTOMY JJOMUHUPOBAHUIO MBI He TepsieM paBHoBecwuit mo Hamry.

Taxum obpa3om, mpu moucke Bcex paBHoBecuii 1o Hamry MOXKHO BbIYepK-
HYTh BCE CTPOrO JOMUHUPYEMbIE CTPOKHU U CTOJIOIBI ¥ MCKATH PABHOBECUE B
peaynupoBannoit urpe. JlonoHUB HYJIME HaiileHHOe paBHOBECHE, MbI IO-
JIYIAM paBHOBECHe CMeIlllaHHOe B MCXOoAHoil mrpe. Eciam nHeobxomumo HaiTH
X0Ts OBl OJHO CMeIIaHHOe paBHOBecHe 1Mo Hatry, Torma MoXKHO BHIYEPKHBATD
CTPOKH M CTOJIOIBI 110 HECTPOTOMY JIOMUHUPOBaHUIO. VCcKjI04eHne cTpoK u
CTOMOIOB MO3BOJIAET COKPATHUTDH Mepedop MOJAMATPHUIL JIJid MTOUCKA PaBHOBE-
cuit mo Hamry. B mpumepe 10.4 mocie HCKIIOYEHUS CTPOTO JOMHHUPYEMBIX
CTpaTeruii MOIyIuM peyIHPOBAHHYIO UI'PY

— -1 7\ = 31
(1) (3)
B sroit urpe curyaums (p,q) = ((3/5,2/5),(7/11,4/11)) aasercsa enns-
CTBEHHBIM CMemranubiM pasaoBecuem 1o Hamry. CuregoBaresibio, curyarst
(p°,¢°) = ((0,3/5,2/5),(0,7/11,4/11)) aBasieTcs cMelIaHHBIM DaBHOBECHEM
no Hamry B ucxonmnoit urpe I

IIpumep 10.5. Pacemorpum urpy I' ¢ maTpumamn

2060 72 6 0
3 20 4 010 4
A= 03 720 , B= 0223
1131 5 3 4 3
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Nimem MakcuMmasbHbIE 3JIEMEHTHI B CTOJONAX NepBOil marpunbl. B 4n-
CTBIX CTpaTerudx JOMUHHUPOBAHUA HET. PaCCMOTpI/IM JOMHUHHUPOBaHUE B CMeE-
MIAHHBIX CTpaTerugdX. BuaHo, 94To 4eTBEpTas CTpOKa CTPOrO JIOMHHUPYETCS
KOMOWHAIMEl BTOPO# U Tperheit ¢cTpok ¢ Becamu 1/2. Ilosromy ee MOxKHO
BBIYEPKHYTh.

Tenepb HaiiiéM MaKCHMaJbHBIE JIEMEHTHl B CTPOKax BTOPOil (peyrm-
poBanHOIT) MaTpuiel. Bropoii crosben ¢Tporo TOMHHEDYeTCs KOMOWHATIHER
IEePBOr0 U 9eTBEPTOro CTOAONOB ¢ Becamu 1/3 — e u 2/3 + € mpu MaJbIx
e > 0. MblI MOzKeM BBIYepPKHYTH BTOpoii crober. Cienosaresbho, {1,2,3} x
{1,3,4} = Z. B pe3ybTare UCKIOUYEHNs] Y€TBEPTON CTPOKHU U BTOPOTO CTONG-
1a [MOJIyYuM CJIe/IyIONue pelylupOBaHHbIE MATPUIIbL:

2 60 76 0
A=13 0 4|, B=[0 0 4
070 0 2 3

[ToBTOpPsieM mpoleAypy MOCTeI0BATETbHOTO HCKIIOUEHNs CTpaTeruil as
peynupoBaHHbIX MaTpull. MimemM MakcuMaJibHbIe 3JIeMEHTH B CTOJIONAX 1ep-
BOit MaTpuiipl. B 4ucThix crparerusax goMuHupoBanus Het. Paccmorpum j1o-
MHUHUPDOBAHIE B CMEIIaHHBIX CTpaTerusdx. BTOpyio U TpPeTbio CTPOKY HUCKJIIO-
YUTHh HEBO3MOZKHO, TaK KaK B HUX COJEPXKATCSI MAKCUMAJIbHBIE MO CTOIOIAM
sneMeHTHI. [lepBast cTpoKa He COEPXKUT HU OJHOTO MAKCHUMATBHOTO 110 CTOJI0-
Iy 3JIeMeHTa, OJIHAKO, ee TaKKe HEeBO3MOXKHO MCKJIOYUTH, TaK KaK OHA He
JIOMUHUPYETCS HU OHON JUHEHO# KoMOuHAaIuel BTOPOil U TpeTheil CTPOKH.
AHaIorn9HO, HEBO3MOYKHO MCKJIIOYUTh HUA OJINH CTOJIOEI] BO BTOPOit MaTpHUIIE.
CrenoBaTenbHO, TPOIEAYPa UCKIOUEHUS MO JOMIHIPOBAHUIO CMEITaHHBIME
cTparernavu 3apepmrena u {1,2,3} x {1,3,4} = Z.

Ilo3uTuBHBIII MOAXO0H K HOHATHIO PABHOBECHS

CrietyeT OTMETHTB, 9TO WCIIOJB30BAHUE CMEITAHHBIX CTPATETHii ¢ MOMO-
IO MeXaHW3Ma OPOCAHHI MOHET WU JIPYTUX MOMOOHBIX MeXaHW3MOB He
XapaKTepHO /I PeaJIbHOTO ToBeJieHus Jitofeit. [lpyras unrepnperanus cMe-
MIAHHBIX PABHOBECUI OTHOCATCS K UTPaM, COOTBETCTBY IOIIUM TUIHYHBIM KOH-
GUIMKTHBIM CUTYAIUsAM, B KOTOPBIX MIPUHUMAIOT YYaCTHe MHOTO WHIUBUILYY-
MoB. Takme curyanuu onucanbl B npumepax 9.1-4: MHOXKeCTBO MOKymaTe e
MIPUXO/IUT HA PHIHOK M CTAJIKUBAETCS C MHOYKECTBOM IIPOJIABIIOB; PA3JINIHbIE
nmapbl BOJIUTENEN CTATKABAIOTCS Y TIepeKPecTKOB U T.1. [lo3uTuBHbIM moaxom
K PaBHOBECHIO B CMEINIAHHBIX CTPATEIUsX MPEJNOIaraeT, 4YTo KazKjaas TaKas
cTpaTerns OMUCHIBAET paclpejie/leHne WHANBUIYYMOB B COOTBETCTBYIOIIEH
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posn. Hanpumep, ecim (p°,¢°) — curyanus pasHoBecust B urpe "tupojaser-
nokynaresb" (mpumep 9.1), To Ha npakTHKe 10/ p| TPOJABIOB Bejer cebs
4ecTHO, a JIoNid py oOMaHbIBaeT, JoJd ¢) MOKymaTesell He IpoBepsger Kyll-
JIEHHBII TOBap, a OCTAJbHBIE TPOBePIOT, U T.N. OYeBUIHO, YTO JUIIH €CITU
pacnpesieeHus 10 CTPATErusIM B KazK/IOH PO COOTBETCTBYIOT CMeNTaHHbIM
paBuoBecusiM 1o Hamry, 1o HE y KOro He OyJeT CTUMYJia HOMEHSITh CTpaTe-
ruto nosejenus. Popmaabao 310 orpaxkeno B jgemme 10.1 u Teopeme 10.1.
[TosToMy MOYXKHO OXKHJIATH, YTO CTAOMILHBIE PACIPEIE/TCHUS 10 CTPATETH-
IM B PeaJbHBIX B3aHUMOJEHCTBHAX OOJBIIUX IPYNI OTBEYAIOT CMEITAHHBIM
paHOBecusaM 1o Hamry. Teoperndueckoe o00CHOBaHHE 3TOTO Te3UCA JTAIOT -
HaMudeckue mogesnn nosejgenust (cm. §14). Ilpumepom momesnn mosejgeHust
UI'POKOB MOZKET CIYKUTHb MeToJ DpayHa (DUKTHBHOrO pa3bilpPbIBAHUS MaT-
PUYHOI WTDBI, U3T0KEHHBI B § 5. AHATOTHYHBIN METOJ MOXKHO TPUMEHSITH
U JIJId TIOUCKA CUTYAIlnil paBHOBeCHs B OMMATPUYHBIX UIPAX CIENUATBHOTO
BH/IA.

Onpedenenue. Urpy I' ¢ marpunamu A u B Ha30BeM 9K6U8AAEHTHOL GH-
mazonucmuueckod, ecn Haliaerca Takag Matpuna A’ = (a;;)mxn (aHTATOHN-
CTHYeCKON urpsl) u Haiiayrcs Takue wucaa f;, j=1,..,n, ¢, i =1,...m,
49TO

aij = a;j + f]’, bij = —CL;-j +gz, 1, = 1, S, m, j = 1, o, n. (107)

3amernm, uro marpuna A u kosddunuentsl fj, g; 37ech onpeesaOTcs He
OHO3HAYHO. [leficTBUTEIHbHO, eCcJin OHU yI0BJIeTBOPSAIOT pasercTBam (10.7),
TO JJIs JI000T0 YHCJIA ¢ MaTPHUIA C SJIeMeHTaMU a;j + ¢ u Ko3pUIEeHTH
fi — ¢, gi + ¢ Takxke ynoBrersopstior (10.7).

Ecim urpa I’ sKBUBaJIeHTHA aHTAIOHUCTUYECKON, TO CyMMa €€ MaTpHIL
npeacrasuma B Buge A+ B = (¢; + f;)mxn. OOpaTHO, ecin Takoe mpeacras-
JIEHWE MMeeT MeCTO, TO | 3KBUBAIeHTHA aHTATOHUCTHIECKON HI'PE ¢ MaTpHIei
A" = (aij = fj)mxn = (=bij + gi)mxn-

Ynpaostcnenue 10.3. Tlyctb Gumarpuyunas urpa [’ SKBUBaJIeHTHA, aHTATO-
HUCTHYIECKOH urpe ¢ marpuneit A', a f; = 0. Boipasure 3/1eMeHTH MATPHIIHI
A’ gepes snementn marpui, A u B.

Ynpaotcnenwue 10.4. Ilycts dumarpuyunasg urpa ' SKBUBaJIeHTHa aHTAro-
aucTudeckoit urpe IV, Jlng Toro uro6sr napa (p°, ¢°) Geu1a cenmosoii Toukoii B
CMeIaHHbIX crparerusax urpbl 17, neobxoaumo u jocrarouno, 4robnt (p°, ¢°)
ObLTa cuTyanueil papuosecus urpsbl 1. lokaxkure.
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OmnpegeuM UTepanoOHHBIH TPOIECC, aHAJOTHIHBIH Tponeccy Bpayna u3
§5.

[Tar 1. Mrpoku BBIOKPAIOT MPOU3BOJIBLHO CTPATEIUN 11 U Jy.

[lycth 3a k moBTOpeHuit UIphl MEPBLIH UI'POK BLIOPAJ CTPATEIWH i1, ..., ik,
a BTOPOii — CTpaTeruu ji, ..., jr. llpm atom p(k) u q(k) — coorBercTByIOIIHE
BEKTOPBI 4aCTOT.

[Iar k£ + 1. Irpoku BLIOUPAIOT CTPATETUH ifyq U Jii1 U3 YCJIOBUH
Alint1,q(k)) = max A(i,q(k)), B(p(k), jit1) = max B(p(k), j).
<i<m <j<n

Kazkiplit MrpoK BBIOMPAET CBOIO YHUCTYIO CTPATErHi0 KaK HAWIYUIIUN OTBET
Ha COOTBETCTBYIONIMII BEKTOP YaCTOT MapTHepa. EcIn HAUIYUIIAX OTBETOB
HECKOJIbKO, TO BbhiOUpaeTcst 1000t 13 HuXx.

Teopema 10.5. Ilycth Oumarpuunast urpa [’ 9KBUBaJIeHTHA aHTArOHU-
cruueckoit. Torga mobas upegenbnas Touka (p°,¢°) nocienosaresbHocT
{(p(k), q(k))} nrepamuonsoro mporecca ABASETCs CUTYyaIHell pABHOBECHS UT-
por I

Ynpaostcnenue 10.5. Hokaxure Teopemy 10.5.

Eciun Oumarpuunas urpa [’ He skBUBajieHTHA AHTArOHUCTUYECKO, TO
yTBepxkaeHune Teopembl 10.5 MoxkeT ObITH HEeBepHBIM. Besd ocTaBirascs 4acTb
naparpada OyeT nocBsIeHa JI0Ka3aTeIbCTBY 3TOro axkta. B kauecTre npu-
Mepa paccMoTpuMm urpy I' u3 ympaxkuenunda 10.1 ¢ maTpumamu

2 0 1 10 2
A=|1 20|, B=[2 1 0],
01 2 021

B KOTOPOH CYIIECTBYeT eJIMHCTBEHHOE CMeIIaHHOe paBHOBecHe mo Hatry
(poa qo) = ((1/37 1/37 1/3)7 (1/37 1/37 1/3))

[Iycts ¢ € E3 — Bekrop, i-ag KOMIIOHEHTa KOTOPOrO pasHa 1, a ase
apyrue paabl Hy 0. [lyets ¢ (k + 1)-ro o (k + s)-biii mar nepBbiii HTpoK
BBIOMpAJ YUCTYIO CTPATEruio ¢. 1oria

(2
kp(k) + se _ k o) + S i

k+ s k+ s k+s
Herpyauo Bugers, ato touka p(k + t) npu msmenenunu t = 0,1, ..., s, mepe-
MeImaeTess BIOAb oTpeska [p(s),e’] or touku p(s) go Toukm p(k + s). Ana-
JoruuHas popmysia MozKer ObiTh 3alMCAHA U /I BEKTOPOB 4aCcTOT BIOPOIO

plk+s) =

UTPOKA.
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[Tycrb Ha Hekoropom k-om mrare (k > 1) BosHukaa napa (ig, jr) = (1,1).
T0 O3HAYAET, 9TO BHIIOJHEHLI HEPABECHCTBA
Al q(k —1)) = A(i,q(k — 1)), i = 2,3,

Torna
A(L, q(k)) = Lk 1>A(17q<kk_ PR
(k- 1),4(1,2(1{ —1))+2 (k- 1)A(27Z(k‘ —D)+1 A(2,q(k)).

Ananornuno nokaspiBaercd, uro A(1l,q(k)) > A(3,¢q(k)). Ilostomy HEoOx0-
Mo 11 = 1. [lastee,

(k= )B(p(k —1).1) + B(e',1) _

B(p(k). 1) = ;

C(k=DBk—-1),)+1 (k= 1Bpk-1)2)
_ ‘ . 4 — B(p(k),2)

U, CJIeJIOBATEJNbHO, jri1 7 2.

Taxum o6pasom, Ha (k+ 1)-m mare posaukuer mapa (1,1) wim (1,3). [Tpu-
94eM TI0C/Ie HECKOJIBKUX BO3MOXKHBIX MoBTOpenuii napa (1,1) obs3arenbHo me-
peiizer B mapy (1,3). AHATOTHYHO JOKA3BIBAETCSI, UTO TOcTe mapbt (1,3) mpo-
ecc 0bsi3aresIbHO mepeiiger B napy (3,3) u T.J1. 0o cxeme

(1L,1) = (1,3) = (3,3) — (3,2) — (2,2) — (2,1) — (1,1).

[Tycrb Ha (k + 1)-m mrare npomnecc meperen ¢ napst (2,1) wa mapy (1,1)
(re. ixg =2, jp =1, tgy1 = Jrr1 = 1), vHa (k+ s+ 1)-m mare — ¢ mapsr (1,1)
ma mapy (1,3), a ma (k+ s+t + 1)-m mare — ¢ mapst (1,3) ma mapy (3,3):

k k+s k+s+t

L(2,1),(1,1), 0, (1,1),(1,3), 00, (1,3), (3,3), ..
Torma A(1,q(k)) > A(3,q(k)) u

kA(3,q(k)) + sas + tass

AB,qlk+s+1)) = P

> Al q(k+s+1t)) =

kA1, q(k)) + say +tays - kA(3,q(k)) + sai1 + tas
B k+s+t - k+s+t '

Orcrona mosydaeM HEPABEHCTBO Sasy + tass > Sajy + tajz wam t > 2s.
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§ 10. Curyamun paBHOBECHS B OMMATPHIHBIX HIPAX

Urak, "npebbiBanme porecca B ero ocranopke Ha mape (1,3) Oymer mno
KpaiiHeil Mepe B J1Ba pa3a IPOJIOJKATETbHEe, 9eM Ha HeTIOCPEeICTBEHHO IIPe/I-
mecTBoBaBiieil ocranoBke Ha mape (1,1). Touro Tak ke mocIeayIOMAas 0cTa-
HOBKa Ha nape (3,3) 10 KpaiiHeil Mepe B JIBa pa3a MPOJOJIZKUTEbHEe, YeM Ha
nape (1,3) u 1.1

Temepsb paccMOTPUM, KaK MEHSIOTCS CTpPATernd UIPOKOB. Eciu mepsbrit
WTPOK Ha HEKOTOPOM IIare MCHOJb3yeT CTPaTeruio 1, TO B jJaJbHeHIIeM OH
ee CMEHHT Ha CTPATeruio 3, MOTOM CTPATEeTrwio 3 Ha CTPATeruio 2 W T.J. 1O
caemytoniemy mukiay: 1 — 3 — 2 — 1. PazobbeM paccMarpuBaeMblil POIECC
Ha OTPE3KH ITaroB MOCTOAHHOTO UCMOJb30BAHNUS MEPBBIM UTPOKOM CBOUX UH-
CTHIX cTparernii. /JyimHa TAKOTO OTPe3Ka — ITO YUCIO COMEPIKAIINXCS B HEM
n1aros.

Jlemma 10.1. JInnHA OTpe3ka MOCTOSHHOTO HCIOIB30BAHUS MEPBBIM HT-
POKOM T1000i1 4mcToll cTpareruu 6osiee, 9eM B TPH pa3a MPEBBIIIACT IUCIO0
IIaroB IpoIecca, IPe/IITecTBOBABIIAX TAHHOMY OTPE3KY.

Joxazamesvcmeo. be3 norepu obiiHocTH Oy/ieM CUATATh, 9TO HMPOIECC
HAYMHAETCs ¢ nmapbl crparernii (i1, j1) = (1,1). IlyeTs nepsbiit urpok l; =
1 + s pa3 moapsiji, HAYMHAsI ¢ MEPBOTO Iara, BeIGUpas crpareruto 1 ( oxun
pa3 mpu mape (1,1) u s pa3 npu mape (1,3)). Jasee, mycts on I3 = t + h
pa3 BeiGupas crparernto 3 (¢ pas npu mape (3,3) u h pas npu nape (3,2)).
Barem OH [y pasa moapsia BbIOHpaJ crparernto 2. Torma, coracHO paHee
JIOKa3aHHOMY, § > 2, t > 28, h > 2t > 4s = Il3=t+h >6s. Holy =1+s <
3s/2 < l3/4. CinenoBaresibho, I3 > 417 > 3l;. AHAJOIUIHO MOXKHO JIOKA3aTh
HepaBeHCTBO [y > 413 > 3(1 + 13).

MTak, yreepKaeHue JJeMMBI JOKA3AHO /I HAYAJIbHBIX OTPE3KOB HCIIO/Ib-
30BaHUs cTpaTernii 1,3 u 2. 3aBepiruM J0Ka3aTeTbCTBO HHIYKIHEH M0 IUCTY
OTPE3KOB MCIOJIb30BaHNS IEPBBIM UTPOKOM CBOUX CTPATErnil.

[Iycrb i = 3 u, wauunas ¢ (k + 1)-ro mara, nepesiii Urpox [, pa3 uc-
noJib30Bas crparernio 2, 3arem ¢ (k + l5 + 1)-ro mara on [} pas ucnoap3oBast
crparernio 1 u manee crpareruio 3. Torma [ > 41, (310 H0Ka3bpIBaeTCS aHa-
JOTUYIHO HepaBeHCTBY [1 > 4ly). NHAYKTUBHOE MPEINoNoKeHne COCTOUT B
BBITIOJTHEHUN HepasencTsa [, > 3k. Ho torma I > 41, > 3(l5+ k). A

113 jleMMBbI HEIIOCPECTBEHHO BBITEKAET, YTO €CJIM B MOMEHT k + 1 nepsbiii
UTPOK MEHSIeT CBOIO CTpaTeruto i (ix = i, ipy1 # 1), TO i-ass KOMIOHEHTa
BekTopa p(k) Gombie 3/4.

[Tocmorpum, Kak nepemeniaercs Touka p(k) B cumiiekce P — MHO)KecTBe
BCEX CMeIIaHHbIX CTPaTeruii HepBoro Urpoka. Menonb3ysa 6apuneHTpudecKe
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KOOD/IMHATHI, CUMILJIEKC P MOXKHO m300pa3uTh HA ILJIOCKOCTH B BUJE PABHO-
CTOPOHHETO TPeyroabHuKa (M. KoMMenTapuii K puc. 4.1). Ha puc. 10.3 Toukn
M, N, u K pa3buBaioT CTOpoHBI Tpeyrojbiuka P B orHomenun 3:1. OTpe3ku
lel, M], [e?, K] n [e¢3, N], nepecekasch, 06pa3yloT BHYTPeHHHII TPeyroabHUK

ABC.

Puc. 10.3

B TedyeHmne HECKOJNBKUX HAYAJIBHBIX IMAroB TOYKa p(k) HAXOMUTCS B Bep-
mune e'. Barem ona nepemenaercs B10/b orpeska [e!, €3] 10 nekoropoii Tou-
Ku p', Muys nipu 37oM Touky K. Tanee rouka p(k) aBUZKeTCs BIOIb OTpe3Ka
[0/, €?] no nekoropoit Touknu p”, nepecekas orpesok [e!, M]. Barem ona nepe-
MeIaeTcs B0 oTpeska [p”, el] no mekoTopoit Toukn p”, mepecekas oTpe3ok
[e3, N|, m T.n. IIpu sTom Touka p(k) HEKOrga He OymeT HAXOAUThCA BHYTPH
Tpeyronsauka ABC, comepxkamero Touky p° = (1/3,1/3,1/3). ITostomy p°
He sBJISeTCS LPEeJeJbHON TOUKOi mocienosarensuoctu {p(k)}. Anmamormd-
HO joKasbiBaetcs, ato ¢° = (1/3,1/3,1/3) ue aBasercs npenenbuoii TOUKOM
nocsieoparebaoctu {q(k)}.

§11. UNepapxudeckue UTPHI JABYX JIWIL

3/1eCh MBI PACCMATPUBAEM UI'PHI JIBYX JIMI], B KOTOPBIX UI'POKU MPEZK/IE,
yeM BbIOpaTh cTparerun x € X, y € Y, npeaBapureabHO 0OMEHUBAIOTCS
nndopmalreil 0 cBouX BbIOOpax. Takoro poja Urpbl OMUCHIBAIOT B3auMOIeii-
CTBHE MKy BEDXHUM M HUYKHHM 3BEHbsME YIpPaBJIeHHs (HAYATHHUKOM W
MOJYUHEHHBIM, IEHTPOM U MPOM3BOJUTENEM TPOJAYKINM ¥ T.II.) ¥ HA3bIBA-
I0TCs uepapruveckumy. byjgeMm cauTaTh, 4TO HEePBBIil UTPOK OCYIIECTBJISET
yIPaBJIEHHE BTOPHLIM UTPOKOM U JeJaeT COOOIIEHNE TIePBBIM.
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§ 11. Hepapxwaeckue Urpbl JBYX JIHI]

PaccmorpuMm uCxoHyI0 HIpy ABYX JIUI B HOPMaabHO (dhopme
= <X, Y, F(z,y),G(z, y)>, Ha OCHOBE KOTOPOii Oy/ieM CTPOUTH Hepapxude-
ckue urpel. Ilpu 3rom Hac Gyger MHTEpEcOBATh HAMJIY YA rapaHTHPOBaH-
HBI pe3ysibraT (BBIUTPHIII), KOTOPBIH MOYKET MOJYYUTh B UrPe MEPBHIi Ur-
pok. B mannom maparpade mpeanosnaraercs, aro dyakuun F(z,y) u G(x,y)
HeNpepbIBHBL Ha pousseaennn X X Y KOMIAKTOB METPUYECKUX IIPOCTPAHCTB.

Wrpa I'y. Ilepsoiit urpok Beibupaer crpareruio r € X u coobIiaer ee BTO-
poMy. 3aTeM BTOPOil MIPOK BBIOMpaeT crpareruio y € Y, 3uad x. Ilpm sTom

OyJIeM MCIOJIb30BaTh CXeMATHIHYIO 3aINCh xiy. CwmbIcst TOT06HBIX CO0bIIe-
HUIl OYeBHJIEH B TeX CIydasdX, KOIJIa WHTePechl HTPOKOB Osm3ku. Hampumep,
€CJIU BBl PEIUJIH ¢ KeM-HUOY/Ib BCTPETUTHC, TO coOOIaeTe, KyJda MpHIe-
te. Urpa 'y gaBjsercd HeaHTArOHUCTUYECKON OJJHOIIAIOBOM UI'POW € MOJIHOM
unpopmarueii.

DKOHOMHYECKAs WHTEPIPeTalust: epBblii UIpoK (IeHTp) coodIaeT BTO-
POMY UTPOKY ([IPOU3BOAUTENIO MIPOJAYKINK) IEHY T Ha MPOAYKINIO. BTOpoit
UI'POK BBIIIYCKAET HPOAYKIMIO B KOJUYECTBE Y, 3Has LEHY T.

[Tone3sno 3anucats urpy I'y B HOpMasbHON dopme. Bropoit urpox wc-
OJIb3yeT cTpaTeruu Buja g : X — Y. MHOXKecTBO BceX TaKUX CTpaTernii
oboznauum depes {g}. Torma

Iy = <X7 {g}7F<x79)7G<x79)>7

def def
rae F(z,9)=F(x,9(x)), G(x,9)=G(z,g(x)).
Haiiiem namrydmmii rapaHTUPOBAHHBI pe3yJibTaT F] mepBoro urpoka B
urpe ['y. [Ipeamonoxkum, 9To BTOpOil UTPOK, 3HAS X, BHIOMPAET

y € Y(z) = Argmax G(z,vy),
yey

T.e. MAKCHMHU3HUpYeT cBoIO dbyHKuio Bourpoima G(z,y). [lepsolit urpok 3na-
eT (bYHKIUIO BHIUTPHINIA BTOPOTO UI'POKA, EMY TAKKe U3BECTHO, YTO BTOPOi
OysieT BBIGUpATH CTPATETHIO W3 MHOXKeCTBa Y (X), HO OH He 3HAET KOHKDPET-
HOTrO BHIOOpA ¥ € Y (7).
Bennuuna W(x) = g}lfigl)F(x,y) HA3BIBAETCSI 0Uenkotl sfexmusrocmu
Yy x

(rapaHTHPOBAHHBIM DPe3YJIBTATOM) CTPATETHH .
3amMeTnM, 9T0 MHOXKeCTBO Y () — HemycToe u aBisgercs: KommakTom. Cire-
JIOBaTE/BbHO, MIN JIOCTUTAETCHA W HAWIYUIINil TApAHTHPOBAHHBIN pe3y/bTaT

yeY ()
MeeT BHUJI
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Fy =sup min F(z,y).
zeX yEY (z)
Onpedenenue. Ilycrs 3agan0 € > 0. CTparernst mepBoro Urpoka xr° Ha3bl-
BAETCS £-ONTUMAIBHOMN B urpe I'y, ecim W (x®) > F) — .
B nmanbueitiiiem Mbl nmpuBeieM NpUMEP, B KOTOPOM SUP HE JOCTHUTAETCS.

rzeX
Permuts urpy ['y — 370 3naunTt naiitu Bemduny Fi v e-ONTUMAJIBHYIO CTpa-

Ternto x° npu 3a7aHHOM € > 0.

Urpa I's. TlepBorit urpok nepej BHIOOPOM & UMeET TOJHYI0 WHMOPMAIIHIO
006 y. OH XOJHUT MepBBI U cOOOIMaeT BTOPOMY UT'POKY cTpaTeruto Buja f :
Y — X. MuoxecTBO BCexX Takux crpareruii obosnaunm depes {f}. Cxema
coobmennit B urpe 'y : f 2 Y L= f(y).

DKoHOMUYECKas uHTepnperanus: f(y) — BeIMYHHA TpeMuH, oberaeMast
MEHTPOM 32 MPOU3BEJEHHYIO MPOAYKIIHIO Y.

Haitnem BeIpakenme N HAWTYUIITEr0 TAPAHTHPOBAHHOTO Pe3yabTaTa Fh
nepBoro urpoka B urpe ['s. [Ipeamnosoxum, aro BTopoit urpok, 3uas f, Beioun-
paer y u3 MHOKecTBa Y (f) :Argrgleai; G(f(y),y). Muoxkecrso Y (f) moxer

OKa3aThCs MycThiM, ecan yHKIHs f paspeiBHa. B ciydae mycroro Y (f) Gy-
JIEeM CUUTATh, 9TO BTOPOHl UIPOK MOXKET BHIOpATH JIIOOYIO cTpareruio y € Y.
OrnpeiesiiM MHOZKECTBO

vy {Y Y0,

Y, Y(f)=0.

B caeaHHbIX TpeIIoIoKeHNsIX BTOPOil HIPOK BeiOupaeT y € Y*(f) u onenka
adekTuBHOCTH cTparernn f 3amaerca popmyioit

W(f)= inf F(f(y),y).

yeY™*(f)
Hawnnyumnii rapaHTHPOBAHHBINA pe3yAbTAT MEPBOTO UIPOKA UMEET BHIL

5 = su inf F JY).
»= sup nf (f (), y)

Onpedenenue. Ilycts 3amano € > 0. Crparernst f° Ha3bIBaeTCSA
g-onTUMaIbHOU B urpe [y, eciiu W (f¢) > Fy — e.

ITouck Benmuunbl Fh 1o ykazanHo# (opMmyse BecbMa CI0XKEH, TaK Kak
CBSI3aH C pellleHneM ONTHMU3AINOHHOM 3a1a49u Ha MHOKecTBe dbyHkimii { f}.
Mpur gasee ympoctuMm bopmyay A Fo TakuMm 06pa3oM, YTOOBI ONTUMH3AIN A
BEJIACh 0 MCXOIHBIM MHOXKecTBaMm X u Y.

Urpa I's. Ilycts BTOpO# HIpOK HIpaer IPOTHB MepBOTO B Urpy 1%, T.e.
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§ 11. Hepapxwaeckue Urpbl JBYX JIHI]

coobmaer emy crpareruio g : X — Y (dbyukmuo orsera). IlepBbiii urpox
B urpe '3 nmepebim coobimaer Bropomy crparernio f; @ {g} — X. Cxema
coobmenuit B urpe I's : fi 2 g L= fi(g) 2 y = g(z).

DKoHOMUYeCKas WHTepnperauus: fi(g) — BeIMYHHA pecypca, KOTODPbIi
BBIIEJIAET IEHTP IPOU3BOAUTENIO NPOLYKIIUH, KO TOT COODIIACT €My CBOU
[IPOU3BOJICTBEHHBIE BO3MOKHOCTH ( DYHKIHUIO g ).

Haunyummmii rapanTHpOBAHHBIA Pe3yILTAT IEPBOTO UTPOKa B Urpe '3 mMe-
eT BUJL

F3;= su inf F . q),
T et eer () (f1(9).9)

rie

Y(f), Y(fH)#0, N
o v(fh) = [ UD=AsmaGfil).9)

Y*(fi) = {

Bepnewmcs k urpe I's. Haitem 6os1ee npocryio dopmysty s Fy. [Tonoxum
X(y) :Argma):? F(z,y) — MHOKeCTBO HAWJIYYITHX OTBETOB MEPBOIO UTPOKA,
Tre

X*(y) =Arg ma(x) G(z,y) — MHOXKECTBO HAWJIYUIINX OTBETOB IIEPBOI'O UT'PO-
zeX(y

Ka, GJArOZKeIaTeTbHBIX O OTHOIIEHUIO KO BTOpoMy. OmpeesnM cTpaTeruo
nepsoro urpoka f*: f*(y) € X*(y) Yy € Y.

Jlemma 11.1. @yukuua G(f*(y),y) morayHempepbiBHA CBepXY B J000i
touke y° € Y, Te. mna Jsoboit mocienoparenbHocTn {yF}, cxomameiica
", BLIIOJIHEHO HEPaBEHCTBO

Tim G(f*(y"),9") < G(f*(4°),4°). (11.1)

k—o0

Jokazameavcmeo. Iycrs B nekoropoit rouxe y° € Y dyuxuus G(f*(y), y)
He sIBJISETCS HOJYHENpepbiBHOi cBepxy. Torma maiinercsa Takas mocsenoBa-
TesbnocTh {yF}, exongmasca k y°, uro

¢ Tm G ). ") > G "), o). (11.2)

k—oo

Bes notepu obuiHocTH cauTaeM (BbI/Ie/ st COOTBETCTBYIOINLYIO MO/IIOCTEI0BA~
TeILHOCTD), uTo f*(y*) — 2’. U3 menpepwisroctn dbyukmun G(z,y) creayer

G' = lim G(f*(y*),y") = G(a',4").

k—oo
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[Tokazkem, uro 2’ € X (y°). Jeiicreuresnbho, no onpejenennto gpyuxuum f*
mveem F(f*(y*),y*) > F(x,y*) Vo € X, k=1,2,.... Orciona, nepexons B
II0C/IeJHEM HEPABEHCTBE K IpeJeny Ipu k — 00, MOy IuM

F(',y°) > F(z,y") Ve e X = 2 € X(°).

Urak, HepaseHcTBO (11.2) MOXKHO 3amicaTh B BUJIE
G'=G(2',9°) > G(f*(¥*),y°). Ono nporusopeunr romy, 4To
@) e X*(°). m

Hawm norpebyercs ciaegayioniue BeJIUYUHBI B MHOYKECTBA!

Gy = max Hél)l(l G(z,y) — Hamrydmuii rapaHTHPOBAHHBINH PE3yJIbLTAT BTO-
Yy x

poro urpoka npum yCJOBHH, YTO HepBbIﬁ IpuMeHdeT 110 OTHOIIEHUID K HEMY
crpareruio "makazamusa" f1: fH(y) €Argmin G(x,y) Vy €Y
zeX

FE =Argmax min G(z,y) — MHOKeCTBO MAKCUMHHHBIX CTPATETUil BTOPOTO

yeY zeX
UIPOKA;
D ={(z,y) € X xY | G(z,y) > Ga};
sup F(z,y), D #0,
K = { (zy)eD
—00, D =0

Y

M = mi F(z,y).
min max F'(z, y)

Teopema 11.1 (Tepwmeiiep). B cienanHbIX MPeANONOKEHUSIX HAMITY Y-
M TApaHTUPOBAHHBIN PE3yJIbTAT IIEPBOro UT'POKA B urpe 'y paBen
Fy, = max[K, M].

Samenwanue. Jns naxoxaernuss F HEOOXOAMMO pPEHIATH ONTHMHU3AIMOH-
HbIe 3312491 Ha UCXOTHBIX MHOKecTBaX X 1 Y. OnrnmasibHbe (e-0onTHMaIbHbIE)
crparernn, obecrneunBatonie max|K, M|, OymayT ykasaHbl B TepBOi YacTu
JIOKA3aTeIbeTBa TeopeMbl. Pesyibrar max|[K, M| nososbHO Besuk. YT06BI B
9TOM YO IUTHCsI, PACCMOTPHUM YaCTHBIH corydait. JlomycTuM, 9T0 CyIIecTByeT

napa (2°,9°) €Arg max F(z,y) N D. Toraa
(z,y)EX XY

(x,y)eD (z,y)EX XY

T.e. pe3yibrar F, pasen makcumymy dbyukmun F(z,y) ma X x Y.
Joxazameavcmeo. llepsas yacrs. [locrpoum crparerun nepBoro urpoka,
obecneanBatonue emy pesysiabrar max|[K, M]. Pacemorpum nBa caydast.
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§ 11. Hepapxwaeckue Urpbl JBYX JIHI]

1) K > M = D # (. Tokaxem, uro miga Bcakoro € > 0 naiizercs
takas crparerust f€, aro W (f¢) > K — e. Tlo onpenenennio BepxHeil rpaHu
K maijinerca takas mapa (z°,y°) € D, aro F(2°,y°) > K — . [lonoxum

N E o y=1v,
f(y)_{fH(y), y#

[Mokaxkem, aro W (f¢) = F(2°,y°) > K — . JleficTBATEIBHO, BTOPOI UI'POK,

MOJIVIHUB coobienne o f©, BeIOepeT y = °, TaK KaK B IIPOTHUBHOM CJIydae OH

nostyunr suiurpeimn G(fH(y),y) = ml)l(l G(z,y) < Gy < G(2°,y°). ockosb-
xe

Ky BTOPOH UIDOK MAKCHUMU3UPYET CBOIl BBIUIDBILI, OH BBIOEpET y = ¥°, T.€.

Yo(fe) ={v}.

2) K < M. Ykaxewm crparermio fU) mra xkoropoit W (f%) > M. Ionoxum

f*v), yek,
), y¢E,

r7e crparerus f* Obiia onpesesnena Beie mepes jgemmoit 11.1. Tlosyaus co-
obmienue o f°, propoit urpok Boibeper y € E. Jleiicrpurensho, eciu y ¢ E,

To G(fM(y),y) = min G(z,y) < Gy. Jdanee, mpn y € E G(fy),y) =
G(f*(y),y) = minG(r,y) = Go. Pymxmns G(f*(y),y) noaynenpeprisia

fy) =

cBepxy Ha KoMmakTe F, mosromy Y*(fY) :Argmab%( G(f*(y),y) C E. Orciona
ye
W(f% = min F(f*(y),y) >
(f°) onin (f* () y) 2
> min F'(f* = mi F = M.
2 min F(f*(y), y) = min max F(z, y)

Bropas uacre. [okazkeM, 4To Jyig npousBosibHOU crpareruu f € {f}
W(f) < max[K, M|. Umeem

> ] = .
21615 G(f(y),y) = max min G(z,y) = G,

Paccmorpum jBa cirydast.
1) sup G(f(y),y) > G3. B arom ciaydae HaiieTcst Takas CTpaTerns BTOpo-
yey

ro urpoka y° € Y*(f), uro G(f(y°),4°) > Ga, re. (f(y°),3°) € D. Heiicrsu-

TebHO, ecau sup gocturaercs, o Y (f) # 0 u y° BosbMeMm peanusyronium
yey

sup. Ecmu sup me gocturaerca, ro Y*(f) = Y u crparerns y° maiizerca mo
yey yey
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onpeaenenuio sup . Orcoaa
yey

W(f) = yegf(f)F(f(y),y) < F(f(y°),9°) < K < max[K, M].

2) supG(f(y),y) = Ga. llokaxem, uto E C Y*(f). HeficrBuressro,
yey

nyctb y € E. Torna
Gp =minG(z,y) < G(f(y),y) <sup G(f(y),y) = G2

yey

B 310i1 nenovuke HepaBeHCTBa BHIIOJHEHB! KaK paBeHcTBa. OTciona y € Y*(f)
u E CY*(f). Uraxk,

W(f) = yegﬁf) F(f(y),y) <

< inf F(f(y),y) < minmax F(z,y) = M < max[K,M|. &
yeE yeE zeX
Cdopmynupyem aHamorudHbIil pe3yabTar jjid urpsl 1's. HamomuuMm, qTo
B urpe I's BTOPOii UT'POK BLIOMPAET Y, KOIJa BLIOOP CTPATEIHU X IIEPBOTO €My
u3Bected. BTopoit urpox mcmoiab3yer crpareruio g @ X — Y. Oupenenum
CJIeJIyIOIIe BEeJIMYNHBI 1 MHOXKECTBO:

G3 = minmax G(x,y) = max G(2", y) — manmyummit rapanTHPOBAHHBIIT
zeX yeY yey

PE3yJIBTAT BTOPOIO UTPOKA, KOTJIA MEPBHIH MPUMEHSAET CTPATEIHI0 HAKAZAHUSI
xt
D' = {(l’,y) eXxY ‘ G(.’L’,y) > G3};
sup F(z,y), D" #0,
K’ = < (zy)eD’
—00, D' = 1.
Torma MOXKHO JoKa3arh, uro F3 = max|K’, Fy| (cM. ynpaxkuenus 11.1-
2). Ecmu Fy > K’ T0 nepBbIil HTPOK MPUMEHSIET E-ONTUMAIBHYIO CTPATETHIO
urpsl I'y. [lycrs F; < K'. B arom cayuae Haiizercsa takas napa (x°,y°) € D',

aro F(xf,y°) > K' —e.

Ynpaostcnenue 11.1. Jlokaxkure, 9T0 i CTPATETHT

€ o xsa g($s> :Zf’

onenka sddexrusnocru W(f5) > K' —e.

Ynpaostcnenue 11.2. Jokaxkure, 910 s JI000H crparerun f; nepBoro
urpoka B urpe I's W (f1) < max[K’, F}].
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Ynpaostcnenue 11.5. Jlokaxkure, uro B urpe I'y B nopmasbuoit (popme Bee-
[71a CYIIECTBYET CUTYAINs PABHOBECHSI.

Ynpaorcnenue 11.4. JHokaxute, ato F; < F3 < F.

Ipumep 11.1. Pemtum urpet 'y, 'y, I's 1t urpet I' ¢ MarprnamMu

3 6 8 743
A=|4 3 2|,B=[773
7 -5 —1 46 6

Urpa I'y. Fy = fgﬁg}gjrengg) aij = Max Wi(i), Y (i) = Arg max bij, W(1) =

W(2) =3, W(3)=-5=F, =3ui =12 — onruMajbible CTPaATETUH.
Urpa I'y. Gy = lrgjaé}%lrélilggbij =4, E ={1,2}, D = {(3,7) | bi; > 4},

K = max a;; =4, M = min maxa;; =6 = =M =6
(i.)€D 1<j<21<i<3

o )3 a=1

u f°(j) = _ ONTUMAJILHAST CTPATETHSI.
L j=23,

Urpa I's. G3 = min max b;; =6, D' = {(4,7) | b;; > 6},

1<i<31<5<3

}(/::(H¥¥§ am'::4 >F, =3= I3 =K =4
1,j)€D’

3, 9(2) #1,
Hpumep 11.2. Pertum urpot 'y, 'y, I's 1t urpsr T :

2 2)=1
u f(g) = { 92 =1, ONTUMAJIbHAST CTPATErHsl.

X=Y=[0,1, F(z,y) =3x/4+y/2, Gx,y)=(v—y)

Urpa I'y. F} = sup min (3z/4 +y/2),
0<z<1Y€Y (z)

1, o0<z<1/2
Y(z) = Arg max (z — y)* = ¢ {0,1}, x=1/2,
0<y<1
o), 1/2<z<l.
I'paduk bynkmun W(z) = H}l/i(n)(?)x/ll +9y/2) em. ma puc. 11.1.
yey (z
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Puc. 11.1

Bumecy Fy = 7/8, ° = 1/2 — 4¢/3 — e-ontumanbhas crparerus. OTMeTHM,
9TO BHEIIHsIsI BEPXHsIs IPAHb B BRIDAYKEHUN it F| HE JTOCTHTAeTCsI.

_ : 2 _ 2
Urpa I'y. Gy = zax orgnxl%(x Y) 0, D= {(z,y) | (x —y)* > 0},

£

=,y =y,
K =5/4=F, (z5,9°) = (1 —4¢/3,1), f(y) = .

Yy, Y#FY,
— E-OIITUMAJIBHadA CTpaTeFI/IH.

— a2 H _
Urpa I's. G5 = [nin, Olgggxl(x y):=1/4, x 1/2,

D= {(z,) | le—yl > 1/2}, K' = sup (3a/4+y/2)=1>

(z,y)€eD’

T/8=F = Fy =K', (25,0°) = (1,1/2 — 2¢) € K,

1 gy =1/2-2
fito) = {1/2, o) #1/2 2,

IIpumep 11.3. Urpa nepecrpaxosanus. [lepecrpaxoBmuk (urpok 1) u
CTPAXOBIIUK (MIPOK 2) 3aKJIIOYAIOT JTOrOBOP mepectpaxoBanus. [lycts Z —
CYMMapHOe BO3MEINEHNEe CTPAXOBINNKA KJIMEHTAM, MPEeJCTaBJIsionee coboii
CJYYadHYI0 BEIUYNHY C SKCIOHEHIUAIBHON NJIOTHOCTBIO PACIIPEIeTIeHNs
efz/m/m, z > 0. Ilpu 3ak/I109€HUH JOTOBOPA CTPAXOBIIUK BLHIOUPAET npeden
yowmounocmuy €Y ={y € E' |y > 0} : ec;im Z > y, 10 cymmy Z — y Bo3-
MemaeT nepecrpaxopuyk. Orvernm, 9To npu iy = 0 CTPaxoBIIUK NOTHOCTHIO
nepeaeT OIIaTy MCKOB MepecTpaxoBINNKy. Beaudanna

— E-OIITUMaJIbHasd CTpaTerud.

. Ji 1
h(y)d:fE maX[Z -, 0] = /(Z’ — y)_e_z/mdz — me_y/m
m

Y
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— CpeHAA BEeJIMYNHa BLIILJIAT IIEepeCTPaxXOBUIUKA. CTOI/IMOCTB J0roBopa I1e-
d
pectpaxoBanus pasHa d(z,y) éf(l +x)h(y), rne x > 0 — koapdunnenT wa-

6aBKHU 3a PUCK, yCTAHABIUBAEMBIH IIepecTpaxoBIIMKOM. Byaem cuurarh, 910
oIIaTa JOrOBOPA OCYIIECTB/IAETCH CTPAXOBIIMKOM U3 (POHIA CTPAXOBBIX ILIa-
rexeil Besmunnabl A > m. JIoroBop moxer ObITh 3aKJIOYEH JIMIIb HPH Bbi-
nosnennn nepasenctsa d(z,y) +y < A. Toroxum )
Y() ={y €Y |dx,y)+y <A}, X ={r e E'| x>0, Y(z) # 0}.
Eciu y € Y (2), T0 J0roBop 3aK/II04aeTcst, BRIUIPHILI ePECTPAXOBIIKA Pa-
BeH ero oxkupaemoit npubsin F(x,y) = xh(y), a BBIUTPBIIT CTPAXOBIIAKA —
rapaHTUPOBAHHOI BeJIMYMHE OCTATKA (hOHIA CTPAXOBbIX muarexeil G(r,y) =
A —d(x,y) — y, coorBercrByfomeii ciaydawo Z > y.

Pemum urpy I'y. Hanmomuuwm, 9ro cnadajia mepBblil UTPOK COOOITAET BTO-
pomy crpareruto r € X. 3areM BTOpPOil HTPOK BBIOMPAET CTPATETHIO
y € Y(z) = Arg max G(z,y). llycts x € X. Makcumym

yeY ()

max G(z,y) = max [A — (14 z)me ™™ —y| = A —m —mn(l + z)
yeY (z) yeY ()

JOCTHTaeTCs B eIuHCTBeHHON Touke y(x) = mln(l + z). Orciona BbITEKAET,

aro Y (z) # 0, ectu A —m —mIn(1 + z) > 0. Cregosarensuo, X = [0, 2],

0% (A=m)/m

rae z° = — 1. Orcona

0

xrm xrm
F = F == e
| = max (z,y(x)) I vl 0

n 1}0 — ONTUMaJIbHad CTpaTerud 1mepBoro urpoka.

Ynpaostcnenue 11.5. Paccmorpure urpy jaByx ¢dpupm usz npumepa 9.9 npu
a = 1 u permmure urpy ['y. CpaBHuTe HAMTY YNl rAPAHTHPOBAHHBIN Pe3y ih-
TAT TEPBOTO UTPOKa F) ¢ BBIUTPHINIEM, KOTOPHIH OH MOJIyYaeT B CHTYaIlUH
DaBHOBECHSI.

PasuoBecue no ITItakennbepry

Onpenenrnm Tenepb pastosecue no IlImakesvobepey urpsr I'1. Tlonoxum
Y*(x) =Arg max F(z,y) — MHO’KeCTBO HAMJIYYIITHX OTBETOB BTOPOIO UTPOKA,
yeY (x)

0/1ar02Ke/1aTe/IbHBIX 110 OTHOIIEHHWIO K TTEPBOMY.

Onpedeaenue. Curyaunus (z°,1°) naswisaerca pasrosecuem no Ilmakens-
bepey, ecan

0 0 *0 .0
x° € Argmax max F(z,y), eY (z).
g zeX yeY () ( y) Y ( )
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3/1ech NPEANnoIaraeTcs, 9T0 BTOPOH MIPOK, HOAYINB HHAOPMAIMIO O X, HC-
MOJIb3YeT CBOM HAMJIYIIINi OTBET, OJ1aroKeaaTeJ bHbI 110 OTHOIIEHNWO K ITep-
BOMY HUI'DOKY.

[TokazkeM, 9TO B CeJIAHHBIX TIPEJINOI0KeHNAX paBHoBecue 10 [Irakesb-
Gepry cymiectByer. JIjist 9TOro onpeaesuM CTpaTeruio BTOPOro Urpoka ¢* :
g*(x) € Y*(z) Yz €Y. Ilo ntemme 11.1 dbyuxuus F(z, g*(x)) noayuenpepbis-
Ha csepxy Ha X. Cire10oBaTeIbHO, OHA JOCTUrAET Ha KOMIakTe X HauOOJbIIee
snadenue B Hekoropoii Touke z°. Torma npu y° = ¢g*(2°) curyamus (2°,y°)
oyaer paBuoBecueM 1o Iltakennbepry. Il

Ynpaostcnenue 11.6. B ycnosuax npumepos 11.1 u 11.2 naiigure paBHoBe-
cug no [rakeanbepry.

Ormernm, 9T0 HCHOAb30BaHne papHopecus 1o Illrakensbepry Tpedyer or
HUI'POKOB COTPYIHHYECTBA, KOTOPOE, KAK IMOKA3BIBAET CACAYIONNI IPUMep, He
BCErJa BO3MOYKHO. B urpe ¢ Mmarpumamu

() o)

curyanus (2,2) siBiasiercst eamHCTBeHHBIM paBHOBecneM 1o Illtakesnbepry.
OJIHAKO JIOTOBOPUTHCS O Hel MrpokaM OyJer OYeHb CJIOKHO, MOCKOJIbKY B
curyarun (1,2) (BosHuKaromeil npu perreHnd Urpbl ['1) BBIUTPHITT BTOPOTO
HI'POKA CYIIECTBEHHO Gosiblie, yeM B (2,2), U OH eJiBa JIM COTJIACUTCS HA CH-
Tyanuio (2,2).

KommenTapuii m 6ubanorpadus K riaase 11

§9. [lousaTue curyaruu paBHOBECHS B 4aCTHOM Cjrydae, emie B 19-m Beke,
ucnoan3zoanock O. Kypuo npu anamuze mozmenn gyononun [59]. Onpenese-
HUEe CUTYAINN PABHOBECHsI JIJIsl UTPHI MHOTUX JIUI puHaaekut JIxx. Hamry
[76]. B 1999 roay dxxou Hamr nosyant HobesleBCKy o TpeMHIo 0 9KOHOMHUKE.
Kpurnueckuii pa3bop NOHATHS CUTYalNd PABHOBECHs! (B YACTHOCTH, AHAJIH3
urp "cemeitupiii ciop"u " aunemma 3akaodennoro”) caenan P.J1. JIbrocom u
X. Paiidoit [61]. [Tpumep 9.3 saBasiercss moaudukaimeii npumepa "mepexpe-
crok"u3 [71].

Teopema 9.1 0 HENMOABUZKHOM TOUKe mpuHaLIekuT J1. Bpayspy [18]. Kom-
OUHATOPHOE TOKA3ATEILCTBO ITON TEOPEeMbI, HCIOAb3Yotee Jemmy . [llmep-
uepa |107], nosyueno B. Kuacrepom, K. Kyparosckum u C. Masypkesudem
[53] (nokazarenbcTBo Teopembl cM. B [Ipunoxkennn u B [79)).
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Teopema cyiecTBOBaHNUS CUTYyallN PABHOBECHS B UTPE MHOTUX JIUII C BO-
THYTHIME DYHKIMAMA BHIMIPHIITA (CM. TaKzKe CIeYIONyIo TJIaBy) JOKa3aHa
X. Huxaiigo u K. Ucona [75]. IIpumep 9.6 gBJIsieTcst 9acTHBIM CJIydaeM MOo/Ie-
au O. Kypao [59]. BaitecoBckue urpet Besiennt [Ixx. Xapruanbu [92]. TIpumvep
9.10 B3ar u3 [91].

§10. Tepmun "6umarpuunas urpa'"obun npemioxen H.H. Bopoboesbim
(em.
|34], rme comepkuTCs cucTeMaTHUeCKOe W3JI0KEHNE TeOPHH OeCKOATUIINOH-
HBIX UTp). TeopeMa CyIeCTBOBAHUs CATYAIIMN DABHOBECHS B OMMATPHIHBIX
urpax jgokasana JIzk. Hamewm [76]'. Tam ke nmpuBegeHbl CBOHCTBA CHTyaIyil
PaBHOBECHSI B CMEIIAHHBIX CTPATEIWSAX. YCJAOBHE OOIHOCTH IMOJOKEHUS JIJIsi
6uvarpuanbix urp ucnosb3osaan K. Jlemke u /Ixx. Xoycon [60] npu paspa-
O0TKe aJIrOpUTMa TOUCKa gcexr cuTyaruit pasuoBecusd. Teopema 10.3 umeercs
B Kuure . Mysrena [71]. V310:KeHHBI aJrOPUTM MOUCKA CHTYANUH PABHO-
BecHsi OUMATPUIHON UT'PHI ABISETCS BEChbMa YIPOIIEHHBIM BAPHAHTOM aJIro-
purma K. Jlemke u JI:x. Xoycona |60, 79].

Konmenmus curyamun paBHOBeCHsI, OCHOBAHHAS HA UCK/IIOUYEHUN TOMUHU-
pyembIx cTpareruii, npemoxena . Myiaenom [71]. TokazarenbcTBo 0TCYT-
CTBHS CXOIUMOCTH HUTEPAIMOHHOTO IPOIECCa K CHTYAIMH PABHOBECHS UIPHI
u3 npumepa 10.1 npunagiexur JI.C. Mlemmu [103]

§11. OcHOBBI TeopuM HePaApXHIECKUX HMID € HUCHOIb30BAHHEM MPUHIIN-
[a rapaHTUPOBAHHOIO De3yJibTara JJisi UTPOKa~aujaepa (Mrpoka 1) 3aoxke-
ubl FO.B. Tepwmeitepom [37, 38]. B wacrhocru, FO.B. Tepwmeitepy npunaie-
JKAT TMEeHTPAJbHBII pe3y/IbTaT 3TOT Teopun — Teopema 11.1. AHagOrmdHBII
pesysbrar ais urp I's (ynpaxsaenust 11.1 u 11.2) moayuen H.C. Kykymku-
HBIM [57]. DKOHOMHYECKAs HHTEPIPETAIMS] HEPAPXUICCKAX UTD MPEJJIOKEHA
I1.A. Barenem u @.U. Epemmko [28]. Oupenenenne pasnosecust o [Hrakesin-

Gepry cdopmymuposano B [95]. O630p pabor MO HEpAPXUYECKHM MI'DAM CM.
B [52].

! axe nms Gomee OOMIMX MTP ¢ KOHEYHBIMH MHOMKECTBAMM CTPATerHil UTPOKOB (CM.
raasy IIT)
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§12. PaBnuosecue no H3mmy. Pemenue urp B HopMaJib-
HoiT (popme

[Tyctb mmeercs: MmuO)KEeCTBO A y9aCTHUKOB UI'Phl WK UI'POKOB. Irpox a
NMEET B CBOEM DACIOPSAZKEHWHU cTparernu s* m3 MHOXKeCTBa crparermit S?.
Kazkiplii 3 UrpokoB BBIOMpAET CTpATErnio, He 3Has BLIOOPOB mapTHEpoB. B
pe3yabTaTe B UT'De BO3HUKAET HAOOD CTpaTeruii

s=(s"acA)eS=QRS5,
acA
Ha3bIBaeMBbI cumyayued,. Y KazKIoro urpoka a uMeercs (pyHKIUsS BBIATPbI-

ma u(s), oupeje/ieHHas Ha MHOYXKECTBE curyaluil S, KOTOPYI UIPOK CTpe-
MUTCS, 10 BO3MOYKHOCTHU, MAKCUMU3UPOBAThL. TakuM 00pa30oM, Ur'pa MHOTHX
JIVI[ B HOpMaJIbHO# opme 3agaeTcss Habopom

= <A, S ut(s), a € A>.

BakHe#imuM TPUHIUIOM HTPUHATUS PEIIeHUN B KOH(MIUKTHBIX CHUTYAIIHSX
ABJIeTCA MOHATHE paBHOBecus 1mo Hamry.

Onpedenenue. Curyanust s = (5%, a € A) Ha3bIBaETCs CUTYyalueil paBHO-
Becusi (pasHOoBecueM 10 Hamy) urpst I, eciu
max u”(5||s) = u*(3) Vae A
Suesa
Crparernn %, cOCTAB/ISIIOIINE CUTYAIUIO PABHOBECHS, OY/IeM HA3BIBATDH PGG-
HOBECHBLMU.

an atn

Bripazkenne "$||s*"unraercs "S npu yeaorun s¢". OHo 0603HAUALT CUTY-
allfio, B KOTOPOi BCce KOMIIOHEHTHI, KPOMe CTPATerud UTPOKA @ , COBIIAIAIOT C
S, a cTparerus Urpoka a ecthb s*. OnpesesieHre paBHOBECHS TOKA3BIBAET, YTO
cTparerns s¢ | BXoAdmas B CUTYaluIo S, ABJISeTCS ONTUMAJIBHOI JIj15 UTPOKa
a pu (BUKCUPOBAHHBIX CTPATEIHAX BCEX OCTAJIbHBIX UTPOKOB. Takum obpa-
30M, MOYKHO CKa3aTh, 9YTO paBHOBecue 1o Hamry — 310 Takas cuTyanus, OT
KOTOPOil HU OJTHOMY M3 HUT'DOKOB He BBIT'OJHO OTKJIOHATHCI MHIUBHUIYAJIbHO.

OnureM OWH KJIacC UTP, /I KOTOPBIX PABHOBECHE BCET/Ia CYIIECTBYeT.

Onpedenerue. yuxnus h(z), onpeeeHHas Ha BBIYKIOM MHOYKECTBe
7 eBKJUJ0BA MPOCTPAHCTBA, HA3BIBACTCA K6a43UB02HYMOU, eCIN N1 JIIOOBIX
2/, 2" € Z u moboro uncaa 0 < A\ < 1 BBIIOJIHEHO HEPABEHCTBO
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§ 12. PaBuoBecue 1o Homiy. Penienne urp B HOpMaJibHOH (hopme

h(AZ' 4 (1 — X)2") > min[h(Z"), h(2")].

Herpyaro Bujers, 9To Jj10bast BOTHYTass PYHKIINAA SIBJASIETCS KBA3WBOTHY-
Toit. [IpuMepoM KBa3uBOrHYTOMH (DYHKIUU Ha HPAMOM MOMKET CIYKUTH MPO-
M3BOJIbHASI BO3pacTatonas (uin yobiBatoras ) byHKIIUSI.

Onpedeaenue. Tycers 2° € Z. Tna dbynkmun h(z), onpejesnentoit na Z,
muoxkecrsa Buga Z(20) = {z € Z | h(z) > h(2°)} naswBalorcs wmmossce-
cmsamu Jlebeaa.

Ynpaosienenue 12.1. s Toro arobsr dynkiuus h(z) 6bl1a KBASUBOIHYTOMN
HA BBITYKJIOM MHOXKECTBe Z, He0OXOINMO U JOCTATOUHO, YTOOBI €€ MHOYKECTBA
Jlebera Z*(2Y) Gbuin Boinyk/bivmu npu joosix 20 € Z. JTokaxure.

[Tycts Z; n Z5 — BBIyKJIbIe KOMIIAKTHI €BKJIHI0BBIX TPpoCcTpaHcTB. Onpe-
TeJIIM 1moyeyHo-MHooicecmeentoe orobpazkerne ® : Z; — 272, comocraBid-
otee Kaxkaomy z € Z; komnakt P(z) C Zs.

Onpedenenue. Toueano-muoxKectsennoe orobpaxkenne ® : Z; — 222 na-
3BIBAECTCS GUNYKAOSHAYHOLM, CTH TIPU KAXKI0M z € Z1 MHOKecTBO P (2) BbI-
nyky0. OHO HA3BIBACTCA 3AMKHYMbLM, €CITH eT0 Tpaduk
{(z,y) | z € Z1, y € D(z)} — 3aMKHYTOE MHOKECTBO, T.€. JIJIs JIOOBIX MOCTe-
nosarenprocreit {2" € Z1} u {y" € ®(z")}, Taknx, uro 2" — 2% w y" — ¢,
neobxoumo 0 € B(20).

B gactaoMm ciydae ¢ MoxkeT O6BITH IPOCTO OTOOpazkenueMm u3 4 B Z. To-
I71a CBOMCTBO 3aMKHYTOCTH OTOOpazkeHus P coBmaiaeT co CBOWCTBOM Helpe-
peiBHOCTH. Takmm oOpa3oM, IpeblayInee olpejeseHne o000IaeT MOHITHE
HEIIPEPBIBHOCTHU JJIsI TOYEUHO-MHOYKECTBEHHBIX OTOOPAXKEHUH.

Teopema 12.1 (Kakyrauu). [lycth Z — BBIIYKJIBI KOMIAKT KOHEY-
HOMEPHOTO eBKJINI0BA TPOCTpaHcTBa, a ® : 7 — 22 — 3aMKHYTOE BHITTYK-
JIO3HAYHOE TOUeTHO-MHOXKECTBEHHOEe 0ToOpazkerue. Toraa cylmecTByer Hero-
nBHzKHadg Touka 2° orobpaxkenusa @, T.e. 20 € &(20).

JokazkeMm Teopemy miag Z C E'. B janHoMm ciaydae B COOTBETCTBHHU C
YCJIOBHEM TeopeMbl Z — 0Tpe3okK |a, b]. Pacemorpuv MHOXKeCTBO 7 = {z €
Z | max®(z) > z}. D10 MHOKECTBO HENmycTo, TaK Kak a € Z. Ilycrs
2% = sup Z u nokaxem, uro 2° € ®(2°). deiicreurennno, max ®(2°) > 20,
Tak Kak ®(z) — samxHyTOe oroGpazkenue. Jlokaxkem, uro min ®(z%) < 2°.
Ecin 2 = b, 1o yreepxkaenue ouesuano. Ilycrs 20 < b. Pacemorpum mociie-

J10BaTEJIbHOCTD {z’“}, exongamyioca K 20 u gaa koropoit 2F > 20 k=1,2, ...
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[To onpenenennio z° ans wee max ®(2%) < 28 k = 1,2,.... llosromy naii-

JeTcst Takas nocaenopatenbrocts {yF € ®(2F)}, aro ¢ < ¢k =1,2, ...
Bes motepn 06TIHOCTH MOZKHO CYMTATDH, ITO MOCIeJoBaTe bHOCTh {yF} cxo-
muarea K y° < 20, TTockonbky ®(2) — 3amkHyTOe orobpazkenue, y° € @(2°) n
min ®(2%) < 20. Orcroma 2° € ¢(2°). W

JlokazaTebeTBo TeopeMbl KakyTanu B obmieM cIydae OCHOBAHO Ha Teo-
peme Bpayspa u conepxkurcs B [Ipunokenun (I13).

Teopema 12.2. [Iycts B urpe I' MHOKecTBa S — BBIMYKJIbIE KOMITAKTBI
eBKJIMJIOBBIX [POCTPAHCTB, a (GyHKIMU u®(S) HENPEPHIBHBL HA S U KBa3UBO-
rayThl 110 $¢ (npu J06bIx duxcuposannbix s € S° b € A\{a}). Torna B
urpe [' cymecTByer cuTyarnus paBHOBECHS.

Loxazameavcmeo. OupenesiM TOIeIHO-MHOXKECTBEHHOE 0TOOpakKeHue
® : S — 25 caeyrommM o6pazoM: I 000 CHTYaun s € S MOT0KAM

O(s) = %@“(sb, be A\{a}),
rie

(st b e A\{a}) «f Arg max u®(s||h®)
(Ire a

— MHOXKECTBO HAMIYHIIEX OTBETOB HIPOKa a Ha crparerun s°, b € A\{a},
OCTAJILHBIX UTPOKOB. HeTpyiHO IpOBEpUTDH, YTO 0TOOpazkeHUe
P QS 2%
beA\{a}
3aMKHYTO (CM. 3aMedaHue K TeopeMe 2.2) U BBILYKJI03HAYHO. [LoaToMy 0TOO-
paxkenne ¢ ya0BIETBOPAET YCJIOBUIM TeopeMbl 12.1 m mMeeT HEMOABUKHYIO
Touky 5 € $(3), koropas u Oymer pasroBecuem mo Hsmry B urpe I'. l

CwMenrtanHoe pacHINpeHNe UTPbI

IIycts B urpe I' MHOXKecTBa cTpaTeruit UTPOKOB KOHEIHBI:
Se={1,...,m*}, a € A. Crparerun s*, Bxojsmue B S HA3bIBAIOTCS YUCTHI-
MU CTpaTerusiMi Urpoka a. CMelranHasi CTpaTerus UIPOKa @ OLPEIe/IsAeTCs
KaK BEepOSTHOCTHOE pacnpenesenne 7¢ = (7, ..., m%,), rue 7% — BepOSTHOCTh
BBIOOpA unCTOl cTpaternn s € S% B KauecTBe peajabHON CTpaTernu UIPOKa
a. MHOXKecTBO CMeIIaHHBIX CTpPaTeruii HTPOKA @ — ITO CUMILIEKC

m(L
a __ a __ a a a __ a a __ a
* = {n* = (7}, ...;mla) | D 7la=1, 7% >0, s*=1,....,m*}.
se=1
st 3a1aHHOT0 HADOPa CMEITaHHBIX CTpaTeruii

T=(r" acA)ell= I

a€A
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def
onpeneauM p(s|m) = [[ 7% — BepOATHOCTH peaJH3alny CHTYAINN
acA
s = (8% a € A). Torma MaremMarudeckoe OXKHIAHUE BBIMIPHINIA UTPOKA

Oyaer 3agasarbest Gynknueit u®(m) = Y p(s|m)u(s). Takum obpazom, cme-
seS

AHHOEe paciiupenure urpbl I' B HOpMaJibHOI popMe nmeer Bu/I
I'= (A, 1I", u'(7), a € A).

CuTyanun paBHOBecHsl UTPBI I GyJeM Ha3bIBATL CHTYAIHsIMH PaBHOBE-
CHsl B CMEIIAHHBIX CTPATErusax Urpbl [ MM CMemaHHbIME PABHOBECHAME 1O
Hamy.

Kaxnas dbyukmust u®(7), O4eBHIHO, HEIPEPBIBHA M0 T W JMHEHHA 10 7
npu mobbix duxcuposannbix 0, b € A\{a}. [Tosromy u3 reopembr 12.2
BLITCKACT CICAYIONINI pe3yIbTarT.

Teopema 12.3. B y1060it urpe [' ¢ KOHEUHBIMU MHOZKECTBAMU CTPaTET Uit
CYIIIeCTBYET cMeIIaHHOe paBHOBecue 10 Hamry.

g anau3a W BBIUHCJIEHUS CMENTaHHOTO paBHOBecws 1Mo Hsmry mosmesno
CJeIyIoNIee yTBep K /IeHue.

Ymeeporcdenue 12.1. Inst Toro urobsl curyanust 7 = (7%, a € A) Oblia
CMeIaHHbIM paBHOBecueM 1o Harmry, HeoOXoauMo u JOCTaTOuHO, ITOOLI

a/=||.a\ __ 4=
max u (7||s*) = u(7) Vae€ A.
Bonee toro, u®(7||s*) = u®(7) mag aw0060i Takoit crpaTeruu s%, 4ToO
%Zﬂ. > O'

JTokazaTeibCTBO 3TOTO YTBEPZK AEHUS MOJTHOCTHIO AHAJIOTTYHO JIOKA3ATE b=
crBaM JiemMbl 10.1 n Teopemsbr 10.1.

Ipumep 12.1. Kaxknoe 3 TpexX NpeaNpUATHI, UCIOIB3YIONIAX BOAY U3
MIPUPOTHOTO BOJOEMA, PACIONIATAIOT JABYMS CTPATETHSMU: CTPOUTH COOPYKe-
HUsI JIJIsl OJTHOT 09rcTKY oTpaboTanHoil Bojabl (crparerus 1) nim xe cbpachi-
BAaTh €€ Yepe3 UMEIOINecs OYUCTHBIE COOPYKeHusd 6e3 OUOI0rnIecKoil ouncT-
ku (crparerns 2). [Ipeanonaraercsi, 970 0cOGEHHOCTH BOJOEMA M TEXHOIOTH-
JeCKUX MPOIEcCOB TAKOBBI, YTO B CJIydae, KOrJa He MOJTHOCTHIO OUYHIIEHHYIO
BOJy cOpachiBaeT He Oojee OJHOrO MPEeANpPHATHs, BOJa B BOZOEME OCTAETCS
[PUIO/IHOM JIJIsI UCIIO/IB30BaHUs U HpepusTus yobiTKa He HecyT. Eciun xe He
MTOJTHOCTHIO OUUIINEHHYIO0 BOJY COPAachIBAIOT HE MeHee JBYX MpPeANpusiTuii, TO
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KazK/IbII [TOJTb30BaTE/Ib BOJIBI HeCeT YObITKH B pa3Mmepe Tpex eaunutl. Haitjgem
BCE CUTYallMl PaBHOBECHUSI B YUCTHIX W CMENIAHHBIX CTPATErusix ONUCAHHOM
UTDBHI TPeX JINL.

Wcxonnas urpa [ npencrapnena B Taba. 12.1.

Taba. 12.1.
st 82| 83| ul(s) | u?(s) | ud(s)
171]1 -1 -1 -1
11172 -1 -1 0
1121 -1 0 -1
1122 -4 -3 -3
2111 0 -1 -1
2112 -3 -4 -3
2121 -3 -3 -4
212 |2 -3 -3 -3

[Toctponm cmemannoe pacumpenne L. Ilyers p® € [0,1], a = 1,2,3,—
BEPOSITHOCTD, ¢ KOTOPO# IpeanpugaTue a Beionpaer crparernio 1. Bosmoxkubie
curyarnuu B urpe [’ cocTaBasiior MHOZKECTBO

= {r = (',p",p°) | p* €[0,1], a = 1,2,3}.
DYHKIMS BBIUIPHIIIA IEPBOTO MPEIPUSATHS B urpe 1
u'(m) = p'[=p*p’ = p*(1 = p°) = (1 = p*)p° = 4(1 = p*)(1 = p*) ]+
+(1 = pH)[=3p°(1 = p?) = 3(1 = p*)p° = 3(1 = p*)(1 = p*)] =
= (—6p°p” + 3p” + 3p> — )p' +3pp® — 3 =K' (p*, p*)p" + ' (p*, p%).
Ananoruano,
u?(m) = B2 (p', pP)p* + P(p',p%), o’(m) = K (0", 0°)p° + B0, p?),
rie
1p?p°) = 3p°p® = 3, P(p',p°) =3p'p® =3, P(p',p*) = 3p'p® -3,
K (p?p%) = —6p°p° + 3p* + 3p* — 1, K*(p',p’) = —6p'p® + 3p" +3p° — 1,
K (p',p*) = —6p'p® +3p' +3p° — 1.
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[Iycrs T = (p%, a = 1,2,3) — npousBosibHas cuTyanus paHoecus. [loso-
KM

E =@, F =05, F = E @),

3ameTuB, 4TO eCiiu > 0, Top* =1, a ecim < 0, To p* = 0, paccmoTpum
BC€ BO3MOZKHBIEC CJIyYaH.

[TIycth B> 0, a=1,2,3; rormap®*=1mu El=—1-— MIPOTUBOPEYNE.

[Iycth B> 0, a =1,2, K < 0. B s10oM ciydae curyanusi paBHOBECH:
(1,1,0). Ananornuno, (1,0,1) u (0,1,1) — TakxkKe cuTyanun paBHOBECHUSI.

IIycro E o> 0, E2,E3 < 0. torma pt =1mp? =p° =0, Eo=-1-
IPOTUBOPEYHE.

AHaﬂOFI/IqHO HET M APYIrux CI/ITyaHI/H/I paBHOBeECH], COOTBeTCTByIOH_H/IX
CJIy4aro O,ZLHOI/I HOJOXKUTEJIbHOH 1 ABYX OTpHUIaTE/JbHBIX BEJIUYNH k

Iycrs k° < 0, a = 1,2,3; Toraa curyamus pasrosecus (0,0,0).

[Tyctn o= 0, a = 1,2,3. Pemas nosiydeHHyIO CHCTEMY, HaiijgeMm JBe
CUTYyallull paBHOBECHI:
((3—+/3)/6,(3—/3)/6,(3—/3)/6) u ((3+/3)/6,(3+/3)/6,(3++/3)/6).

[Tycts K= 0, a=1,2, Eg > 0; Torma p° = 1. Pemrast cCOOTBETCTBYIONTYIO
CHCTEMY, TIOIyaen CI/ITyaHI/IIO papHoBecus (2/3, 2/3 1). Eem k" =0, a =
1,2, B o< 0, o p®P =0, pt = p* = 1/3, B o= 1/3 — mporuBopeune.
AHaJIOFI/IqHO (1,2/3,2/3) u (2/3, 1 2/3) — CUTyaIuu DABHOBECHS.

Hakonen, paccyzaas aHaJIOTHYHO, y6e>Kg1aeMCH 9TO HET CUTYalUil pas-
HOBECHsI, COOTBETCTBYIOIINX OJHOH M3 BEJMIHH K , PaBHOIl HYJIO, U IBYM,
OTJIMYHbIM OT HYJIAA.

Nrak, B urpe I' geBath curyaruii paBHOBECUS B YUCTHIX M CMENTaHHBIX
CTpaTEernusdXx.

JdoMuHUIpOoBanue B Urpax MHOTHUX JINI]

[TousiTusg 1 pe3yabTaThl O JOMHHUPOBAHUU CTPATErdil B UI'PaX JBYX JIHII,
u3jiokenubie B § 10, jierko 0600ma0TCst Ha UIPHl MHOIUX JIwil 1.

Onpedeaenue. Byaem roBoputh, aro crparerus h® cmpozo domunupyem
crparermio ¢¢ (h® = ¢%) ma MHOWecTBe cutyamuit S C S, ecanm BBIMOTHEHO
repaBencTso u®(s||h®) > u(s||g?) V s € S. Byzmem rosoputb o caabom
domunuposaruu (h® = %), ecmm u®(s||h®) > u®(s||g*) Vs € S.

Onpedeserue. ByieM roOBOPUTD, 4TO MHOZKECTBO S ¢mpoz2o (COOTBETCTBEH-
HO €A060) domunupyem muoxkecrBo S (oboznauaercs S = S u S = S co-
OTBETCTBEHHO), €I OHO MOKeT OBbITh TMOAy4YeHO u3 S B pe3ysbrare I10-
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CJI€JI0BATEILHOTO MCK/IIOYEeHHsT CTPOro (COOTBETCTBEHHO €J1ab0) JTOMHHHDPYE-
MDbIX CTpaTeFI/Iﬁ, T.€. CyIIeCTBYET IMOCJICe10BaTCJIbHOCTD BJIO2KEHHBIX MHO2KECTB
S=5 D28 D..D8, =25, ng xkoropoii upu modom [ = 1,....k — 1 BbI-
IIOJIHEHBI CJIELYIOIIME YCIOBUS:

J— a a a a s
S = @;Sl v i J06bIX a € A, g € SP\S[,, Haiijercs Takag cTparerus

ac
h* € S, aro h* = g* (h* = g*) na S;.

[Tponeaypa m0CIe10BATENHLHOIO UCKIIUEHUs JJOMUHUDYEMbIX (B CTPOrOM
1M C1a00M CMBICTE) CTPATErnii COCTOUT B caeaytoreM. Ha mepBom nrare Bbi-
SICHSIEM 1T KazK/IOI0 UI'POKA, KAKHe CTPATEruH SBJILIOTCS JOMHUHUPYEMbIMU
Ha MHOYKeCTBe BcexX cuTyarnuit S; = S u BeiOpacbiBaem ux. [losydaem cyxken-
HOe MHOXKeCTBO So. Temeph cTpaTernu, KOTOpBIE He OBLIA TOMHHHDPYEMBIMU
HA MHOXKeCTBe 51, MOTYT OKa3aThCs JTOMUHUPYEMBIME HA MHOXKecTBe So. Ha
cleaymonieM Hiare Mbl UX BBIKUAbIBaeM, IMOJy4YaceM MHOZKEeCTBO Sg n T. 1.

Onpedenenue. Byaem ropoputsb, uro urpa I’ paspewuma no domunuposa-
MU0, €CIIN JJIS HEKOTOPOTO CJa00 JTOMUHIPYIONIEr0 MHOMXKECTBA S JJTsl KazK-
aoro a € A bynkmma u®(s) we 3apucut ot s Ha S, T.e. Ay MOGHX 5 € S 7
he e S* ut(s) = u®(s||h%).

Onpedenerue. Byaem roopurb, 4T0 CMeINIaHHAs CTPATErud T Cmpozo
domurupyem crpatermio g@ (7% = ¢%) ma MHOKecTBe cutyamuit S C S, ecm
BRITIOTHEHO HepasercTBo u(s||m?) > u?(s||g?) V s € S. Byaem rosoputs o
caabom domunuposaruu (T = g*), ecan

u®(s||m®) > u(s||g?) Vs e S.

Onpedesenue. ByaeM TOBOPUTD, YTO MHOKECTBO S ¢mpozo (COOTBeTCTBEH-
HO €Aa00) oMUuRupyem MHOKECTBO S B CMEIIaHHBIX cTparernsx (06o3Hava-
ercss S = Su S = S COOTBETCTBEHHO), ECIN CYMECTBYET MOCTeI0BATeTLHOCT]
BJIOZKEHHBIX MHOZKeCTB S = S; D S5 D ... D S, = S, /u1s KOTOPOil pH J11060M
l=1,...,k — 1 BBIIOJIHEHDI CJIEIYIONINE YCIOBHS:

1 = @ SP u g mobeix a € A, g* € SP\SP,, Halizerca Takas cTpaTerus
acA

7@ € Sy, aro @ = g% (1% = g%) na S u . =0 Vs* &SP

Crenyioriee yIBepKIeHAE aAHATOTTIHO Teopeme 10.4.

Teopema 12.4. 1) Tlycrs muoxkectso S = @ S crporo somuHmpyer
acA
MHOKECTBO S B CMEIIAHHBIX CTpaTerusax. 1orjga s JI000ro CMeIraHHOIo

paroBecus o Hamy T = (7% a € A) BBIIONHEHO yCIOBHE:
st mo0bix a € A u s* ¢ S® neobxomumo 7 = 0.
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2) Ilycrs muO)KecTBO S = ) S 1460 ZOMUHUDYET MHOYKECTBO S B CMe-
acA
~a

MAHHBIX cTparerusx u 7 = (7%, s* € S a € A) — cMelIaHHOe paBHOBECHE
no Hsmy B urpe I' = <A, S u(s), a € A) ¢ COKpaIEHHBIMH MHOKECTBa~

mMu crparernit. OmpesesnM CUTYaInio B CMEIAHHBIX CTPATErHsIX T HCXOMHON
urpwt ' : a5 moboro a € A
7%, ecau s € S%,

—a S

° 0, ecuus*¢ S%
Torna ™ — paBuoBecue no Hanry B ucxoanoit urpe I'.
Mopenu urpoBoii JMHAMUKA

Mogeau 3TOro THIma PasBUTHl KaK ajJbTePHATHBA CTATHYECKHM ITPHHIIK-
aM ONTHMAJIbHOCTH (TaKMM, KakK paBHOBecre no Haury, perenust no JoMuHu-
pOBaHUIO). YKa3aHHbIE MPHHIUIBI MPUHATHS PENIeHus] TPeOYIoT I CBOeR
peanu3zanuyu MOJHONH WH(MOPMUAPOBAHHOCTH UTPOKOB OTHOCHUTEILHO yCIOBHI
UTPHI (T.€. OTHOCUTEJILHO MHOXKECTB CTpaTeruii u (GhyHKIU BBIUTDHINIA BCEX
VYACTHUKOB). Bosiee TOro, UrpoKu JOJKHBI OBITH PANUOHAJIBHBI B TIPHHSI-
THH COOCTBEHHBIX PelIeHWil ¥ MpeanoiaaraTh TaKylo ¥Ke PalHOHATLHOCTH OT
CBOMX HApTHEPOB. PaccMarpuBaeMble TMHAMUYCCKHE MOICJH IMPEIbABIIIOT
3HAYUTEJIHHO MEHbINe TpeboBaHuil K MH(MpOPMUPOBAHHOCTH W PAIMOHAIBLHO-
CTH UTPOKOB U OOJBIIE OXOXKH HA PeAJbHbIe METOIbl IPHHATHS PEIIeHIA.

[IpeamonoxumM, 4T0 KOH(MIUKTHAS CATyalds ONUCHIBaeTCd urpoi I' =
<A, S u(s), a € A> ¢ KOHEYHBIMI MHOXKeCTBaMU crparernit S, a € A.
[Tycrs urpa mosropsierca B nepuoabl spemenn ¢ = 1,2, ... Kaxapiii urpox
BeIOUpaer crparernto s%(t + 1) Ha mepuon (mar) ¢t + 1, ucxonst u3 ucmopuu
ht = {s(1) = (s(7),a € A)},<;, cnoxxusIeiicss K 3TOMy Tepuojy. Beckoneu-
HYIO TOCJIeIOBATEILHOCT cuTyanuii {s(t)} Oymem Ha3bIBATH mpaexmopuet
nponecca. Obo3HauuM 4Yepe3 H MHOXKECTBO BCEBO3MOXKHBIX UCTODHIA, T.€.

H=UJ{n'}.
t>1

[IpaBu/io moBegeHUst UIPOKA B ITOM HPOILECCEe 3a4aeTCsd 0TOOparKeHueM
pt : H — S CoBOKymHOCTH <F; ne oa € A> Ha3BIBACTCS 0eMEPMUHUPOBAH-
HOLM U2POBBIM NPOUECCOM.

OmupegesinM TOHATHE adanmueHo20 nosederus. CMBICT eI'0 COCTOUT B TOM,
YTO UIPOK IPOrHO3UPYET BEPOATHOCTH PeaTM3alMUA CTPATErwii IapTHEPOB
sAMab = (st b € A\{a}), ucxous us npeipicropun, 1 MaKCUMU3MPYeT cob-
CTBEHHBII BLIUTPHIII HA OCHOBAHMH TAKOTO IPOrHO3a. B KadecTse IpHMepa
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PACCMOTPUM MOOEND HAUAYHUUT OMBEEMOE.
I[Iponece HaYMHAETCS ¢ BHIOOPA HTPOKAMH MTPOU3BOJIBHBIX CTPATErHi
s*(1), a € A. damee moce ¢ maros Ha caeayiomieM, (t + 1)-M mrare

s%(t+1) € Arg max u®(s(t)[|s), a € A.
sagse
Takum 06pa3oM, UI'POK MAKCUMH3HUPYET COOCTBEHHDINH BBHIMTPBIII, UCXOMsI U3
HPEJINOIOKEHU, YTO JPYyrue UIPOKU HE MEHSIOT CBOUX CTpPATeruil 1mo cpas-
HEHWIO C TP/ IYIIUM [aroM.
B Gosee ofmmeM caydae MpPeanonokKeHns O MOBEICHUN MAPTHEPOB B MO-
MeHT BpeMenu ¢ + 1 MOXKHO XapakTepu30BaTh HAOOPOM NAPAMETPOB

{A\¢, > 0}, <4, Takum, aT0 Y A = 1. Irpok a c4uTaet, 910 ¢ BEPOATHOCTDHIO
T<t

a . A\{a

¢ B MOMEHT { + 1 HOBTOPHUTCS HAGOD CTPATETHil IPYTUX UTPOKOB S Mak(7),
cayduBiniics B MoMeHT 7. Mcxoig u3 3Toro, urpoK a MakCUMU3UPYeT MaTe-
MaTHUY€CKOE OXKUJaHHe CBOECI0 BBIMI'DLIIIA. CﬂeﬂOBaTeﬂbHO,

s“(t+1) € Arg max AL ut(s(7)]|s?), a € A. (12.1)
SGE a )

T<t

Onpedenenue. Tlycts T — MUHUMATBHOE YUCIO TIEPUOIOB, JIJIsT KOTOPOTO
t—7>T=X_=0 Vae A, t, 7. Torga T Ha3bIBaeTC NAMAMBIO UTPOBOI'O
nporecca (HPPOKYM He MOMHSIT TO, YTO MPOUCXOAUI0 T IIaros Ha3a.).

ITpumepom mporecca ¢ OECKOHEYHON MaMsTBHIO sIBJASIETCSH WTePAIMOHHbI
nporecc Bpayna /st MATPUYIHBIX UT'D, H3JIOKEHHBIA B § 5, WJIM aHAJOTHIHBIH
nporiecc 11t Gnvatpuaabx urp w3 § 10, e AY, = 1/t aaa Beex Takux T
t, uro 7 < t. B obmeM ciaydae mpaBHIO NMPOTHO3HPOBAHHS MOYKHO 331aTh
orobpazkernunem p®(sA\e|A?), ompemensiomenm n1g UTpoka a cyGLEKTHBHYIO
BeposTHOCTD peasnzarun s\ B zapucumocru or ncropun ht. Ipu ucnosn-
30BaHUM 1IPABUI NPOrHo3uposanust p®, a € A, Ha (t + 1)-mM mare urpoxu
BBIOMPAIOT CTPATETUH IO TTPABHUILY

s“(t+1) € Arg max p(sM™Ma | pHua (MY ) a0 e A
S{LE a
SA\{”'}
AanTuBHbBIE TPABUJIA COOTBETCTBYIOT CHUTYAIMH, KOTJA KAasKJABIH UIPOK
CUMTAET MOBEJICHUE TAPTHEPOB, HE 3ABUCSIIUM OT €ro COOCTBEHHOTO BHIGODA.
Oun 6o He yYUTHIBAET BO3MOZKHOTO BJHUSAHUS BHIOODA B TEKYIU TIEPHO
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Ha [I0C/Ie/yOlHe HOBTOPeHUs, Jub0 OHU ero He MHTepecylor (He Ciiy4aii-
HO JIPYTUM HA3BAHHEM MOJEIN HAWIYUIINX OTBETOB siBJIgeTCs "OIM30pyKOe
npuctocobsienne’).

JlMHAMHKA UTPOBBIX NMPOILECCOB ¢ ATANTHBHBIME MPABAJIAMHU TTOBEIEHHUST
OKA3BIBAETCS JIIsl MHOTUX UTP XOPOIIO COTVIACOBAHHON € YKA3AHHBIMU BBIIIIE
CTaTUYeCKUMHA IPpUHIOUIIaMA OIITHUMAJIbHOCTH. HpI/IBO,ZLI/IMbIe HU2KE YTBEP2KIE-
HUAd MOATBEPZKIa0T BO3MOXKHOCTDH HCIIOJB30BaHUA NOHATHNA paBHOBECHA 110
Hsury u JOMHHUDYOIIMX MHOXKECTB [IJIsl OIUCAHUS [OBEJIEHMs HHIMBHUILYY-
MOB ¢ OIDAHHYEHHOI PAIMOHAIBHOCTHIO.

Onpedenenue. [IpaBuio Nporuo3upoBanus p® HA30BeM GIGNMUCHIM, €C-
7 aa moboit TpaexTopun {s(t)} u moboro mabopa crparernii s\ xoro-
pbiii Berpedaercs B {s(t)} aumumb KoHeuHOe YMCIO Pa3, CyObEKTHBHAS BEPO-
arnocts p(sMaHA?) crpemures k nymo npu t — oo, rae {h'} — mocaeo-
BATEJILHOCTH HCTOPHIi, OTBedatolux Tpaekropun {s(t)}.

Ynpaostcnenue 12.2. Tlokaxkure, 4To B nporecce bpayna Urpoku mcnojib-
3YIOT aJallTUBHBIE TPpaBUJIa MPOTHO3UPOBAHHNA.

Teopema 12.5. [Iyctb nocieroBaTeIbHOCTh MHOYKECTB CUTYaIMi
S =51D8; D ... D S nonydeHa B pe3yJbraTe IMOCTIeI0BATEIbHOIO UCKJTIO-
YeHHs CTPATeruii, CTporo JOMUHHPYEMbIX CMEIIAHHBIMU CTPATErHAMHU, K
g* € S¢\S¢, | nna mekoropuix a € A, r € {1, ...,k — 1}. Torna cnpaBenuBI
CJIEIYTOTINE YTBEPIKICHUS.

1) das mo6oit Tpaekropun {s(f)} Mome n HAMIYYIIHX OTBETOB
s*(t+1) # ¢* upu t > .

2) st BCAKON aJaNTHBHOM JAUHAMHEKE ¢ HAOOPOM mapamerpoB {A;,} u
namsarbio T s®(t+ 1) # g% upu t > rT.

Jlokasameavcmeo. 1) TlpeanonoxumM cHadansa, 970 cTparerds g* mosy-
YeHa B pe3yJbTaTe MOCIeI0BATEILHOTO MCKIIYEHHsST CTPATErnil, CTPOro J10-
MUHUPYEMBIX YUCTBIMH CTpaTerugMu. [IpoBemeM JoKa3aTeabCTBO METOIOM
MaTeMaTudeckoil maayknuu 1o 7. Ilyers s > g% m.e. r = 1. Torma crtpa-
Terus ¢% He ABJIAETCH HAWJIYYIIAM OTBETOM Ha JIOObIE CTPATErdm JPYIuX
urpokoB. CrenoBaresnbro, s*(t + 1) # ¢* npu t > 1. Tlycth yTBepKIeHHe
JOKa3aHOo M1 JIIOOBIX cTparterwit n3 MuHoxkecTBa S1\S,. [To mHIyKTHBHOMY
npejnonoxkenuto s(t) € S, mpu awb6bix ¢ > 1. [losromy, HaYMHAg ¢ IHara
T, MOKHO OIPAHUYUATHCH PEAYIUPOBAHHON UIPDOI ¢ MHOXKECTBAMU CTPATErui
S¢, a € A. Bozbmem g* € S\S?, . B paccmarpusaemoii pejynuposanHoil
urpe crparerusi ¢° crporo gjomuHupyema u s*(t + 1) # s* npu Ja06bIX t > 7.
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[lepeiigeM K JOMUHUPOBAHUIO CMEIIAHHBIMU crparerudmu. Ilyctb cme-
maHHas crparerusd 7% crporo gomMuHupyer crpareruio g, t.e. r = 1. To-
rj1a JJid 000 cuTyaIun s(t) HaiiieTcd YncTasd cTparerud s°, Ajd KOTOpPoil
% > 0w u(s(t)||s*) > u(s(t)||g*). Craemosarenvuo, s*(t + 1) # g* npu
mobObIx ¢ > 1. Jloka3aTeTbeTBO, KaK U JJIs CIydas TOMHUHUPOBAHUS YUCTBIMU
CTpaTerusiMu, 3aBeplraeTcs UHIYyKIUed 1o r.

2) Ilyce s* = g*. Torma crparerust g He SIBJISIETCS] HAUTY IITHM OTBETOM
Urpoka a nupu t > 2, a "HauuHag ¢ wara 7' + 1, oHa He BXOJAUT B lpaBble
gactu (12.1) u He BAUSET HA TOBEJEHHE OCTAJBHBIX UTDOKOB. [loaToMy 1pu
t > T 4 1 MOXKHO paccMaTpuBaTh PEIyIUPOBAHHYIO UI'PY C MHOYKECTBAMHU
crpaternit S5 Vb € A. [lanee IpoBOIATCH PACCYZKIEHAA I0 HHIYKIIH.

[IycTs Tenepn crparerusd g* cTporo JOMUHUPYETCS CMEITAHHOM CTpaTeru-
eit 7% Torma mag mo6oit cutyaruu $(7) BBIIOJHEHO HEPABEHCTBO

S mtu(s(7)]|s*) > u(s(7)||g"), a orcrona

ZmZA 715" > Y At (s(r)llg?).

<t <t

CaenoBarenbHO, Halijercss Takasg crparerus s% Jjs KOTopoil 7wl > 0 u
S A (s()][s) > 3, Al (s(r)|g?)- Tlosronry s*(t + 1) # g* npm
t>1,anput >T+1 crparerus ¢ He BJUseT Ha BHIOOPHI APYTIUX UIPOKOB.
[Tostomy, Haunnaag ¢ mara 7' + 1, MOXKHO paccMaTpUBATh PeyIHPOBAHHYIO
urpy ¢ MuozkecTsamu crpareruit S5 Vb € A. Jlajee npoBOAsTCH PACCYKIe-
g 1o nuayknuu. Ml

Vreepxkaenue 12.2. [Iycrs Tpaektopust {s(t)} coorBercrByer HAGODY
alanTuBHBIX mpasua p®, a € A u s(t) =35 upu t > t. Torma 5 —
paBHOBecue o Hamry urpsr .

Joxasamenvcmeo. V13 yeaoBus BHITEKAET, 9TO

lim p?(sMe) Bt =0
t—o0
mpu o6bx s\ #£ (38 b € A\{a}). CrenoBaTennho,

lim p* (3%, be A\{a})|n") =1 Vac A (12.2)

[TpejmonozxKum, 9T0 § HE sIBJsieTcs cuTyalueil papHosecus. Toraa Haiijaercs
TaKas CTparerus $* HEKOTOPOro urpoka a, 9ro u®(s|[s*) > u®(s). C yuerom
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(12.2) mpu mocrarouno Gosrbimom ¢

Z pa(SA\{a} | ht)uzz<SA\{a}7Sa> > Z pa(SA\{a} | ht)ua(SA\{a}7§a)'
sA\{a} sA\{a}

Orcroma s*(t + 1) # 5%, aTo nporuBopednT yeaoBuio. M

Bosbioit nuarepec npeacTaBiagior 0OpaTHbIe PE3YJILTAThI — O CXOJIUMOCTH
aJIATITHBHBIX MPOIECCOB K paBHOBecHsiM 110 Hamry (em. Teopemsr 5.3 n 10.5).

§13. Ilo3urnuoHHBIE UTPHI C MOJHOI MHPOPMAIUE

Muorue peanbHble KOH(MDIUKTHBIE CHTYAIdd HMEIOT JIIUTEIbHBIH XapaK-
rep. IIx ydacrHuku JeficTBYIOT HEOJHOKPATHO U C y4eToM MHQOpMaluu O
NPEJIIEeCTBYIONIEM pa3BUTUU KOHMIUKTA. /[/19 COOTBETCTBYIONUX MOJIe el
o0IIe TeopeMbl CyIIECTBOBAHUS PEIIeHUs JIJI UT'P B HOPMaJIbHOI (popme He
MTO3BOJISIIOT HAXOINTH WIN JazKe KOHKPeTH3NPOBATH ONTHMAJIbHOE II0BEIeHIe
13-3a OOJIBIIOTO YUCIa BO3SMOXKHBIX cTpaTeruii. s pemreHuss THHAMHAIEeCKIX
UI'P ¢ KOHEYHBIM YUC/IOM MTPOKOB 9aCTO yA00HO UCIOIB30BATH NO3ULUUOHHOE
npejcraierue urpbl. Hanbosiee mpocThiM KJIACCOM NO3UUUOHHBLL U2 SIBJSI-
€TCs KJIACC KOHEYHOITATOBBIX MO3UIMOHHBIX UT'P € NMOIHONH nHdopmaimeii. B
TaKOI UI'pe Ha KayKIO0M IIare UIPhl JeJaeT XOJI JIMIIh OJWH UIPOK, UM
MOJIHY0 HHMOPMAIHIO O TEKYIIEM COCTOSHUH, BCEX MPOUCXOISIINX AeiicTBI-
SIX U 00IIell CTPYKTYpe UTPhl. DTO IPEIIOI0KEeHNe OOBIYHO XapaKTepu3yer-
cd Kak nojinag wHdopMarus. XOpoIo U3BECTHBIMEU MPUMEPAMU TaKUX HID
ABJIAIOTCA IMMAITKHW U IMTaXMaAThI. MHOFOHIaFOBbIe AHTArOHUCTHYECKUue UI'PhI C
noJTHOU mHGOopManueir paccMarpuBaiauch B §8. B sTtom maparpadge OyayT
MOJIVIeHBI DoJiee o0IIHe pe3yabTaThl.

HamomuuMm npumep 9.1 B3anmoelicTBust mpojabua (Mrpoka 1) u mokyma-
tesist (urpoka 2). Y mpogasia jpe crparerun: "decrnocts"u "obman". Y mo-
KyIaTejs TakzKe JABe crpareruu: "moseputh'u "mpoBeputh'. MaTpuubl BbI-
ATPbIIIEl HTPOKOB UMEIOT BU/I,

OB MpPOB OB  IIPOB
4 tectH 0 0 p_ uecrn 0o —1/2
- obman \ 1 -1 ) - obmanm \ —1  1/2

Pacemorpum jiunaMuydeckyo MOJIMGMUKAIIMIO UIPbL: IYCTh OKYHATE/Ib CIIO-
cobeH 3aMeTUTh, OOBEIIMBACT €ro MpOoJaBell] U HEeT, T.e. OH BLIOMpPaAeT CBOM
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BapPUAHT TOBE/IEHNUsI, 3HAs MOBeJeHNe Mpoaasia. COOTBETCTBYIOMAsA CXeMa
n3obpaxkena Ha puc. 13.1. 1

(0,0) (0,—1/2) (1,-1) (—1,1/2)
Puc. 13.1

VHATYUTHBHO TOHATHO, YTO PAMOHAJBHBIM MOBE/IEHUEM TTOKYIIATes sB-
JIgeTCsd BBIOOP ONTHUMAJIBLHOTO OTBETA, BBIJECJIEHHOIO HA PUCYHKE YKUPHBIMH
JIMHHUAMN. B CBOIO Oo4epeb, IIpoJdaBeln MOzKeT BbI6paTb OIITUMAJIbBHYIO CTpa-
TEeruio, 3Hasd peaknuio mokynarens. Huxke naercs oboOIIEHTE 3TOTO METO/Ia
perenus Jis Jiio6oit urpel ¢ nosHoit nudopmarmeit. [IpuseiemM cooTBeTCTBY-
forue (popMaabHbIe OIpeaeIeHus .

Onpedenenue. Konewnvm depesom, WiIim OpHEeHTHPOBAHHBIM rpadom 6e3
IMKJIOB, HasbiBaercs napa (X, o), e X — KOHEYHOe MHOYKECTBO BEDIIHH,
win no3unuii, a orodpaxkenne o : X — X comocTapisieT KarKa0# BepIlinHe
ee GJIMZKAIIEro Mpe/iecTBeHHIKA, IPUIEM

® CyIIECTBYeT eJIMHCTBEeHHAS HA%AAbHAA BEPIIHHA T(, TaKasi, 9TO 0 (xg) =
Zo;

e cymectByeT nesnoe [ > 0, uro o(z) = xg ang Bcex x € X; HauMeHb-
mee Takoe | HazpiBaercst daunot nepesa (X, o).

Jlobag BepmmHa x, 1yia KoTopoit o '(z) = (), masmBaerca dunanvnot
BeprmHoil mepeBa (X, o), a MHOXKECTBO BCEX TAKHX BEPITHH OOO3HATAETCSI
uepes 1. JIjng nedpuHaIbHBIX BEPILIUH T MHOXKECTBO 0 ' () COCTOUT U3 MpeeM-
HHUKOB T, T.e. U3 CJeIyIONnX 3a x Bepint. Pebpa nepesa (X, o) HazbiBatoTCsI
ANDMEPHAMUCAMU.

Onpedeaenue. Ilozuyuonrot uepoti ¢ noanoti unpopmavuet; Ha3bIBaeTCA
CAEYIONAsd COBOKYITHOCTD:

G= <A, (X,0), u(z),z €T, a € A; X\T = |J XU X,

acA
VzeX0Ip(x), 2 € 0*1(:10)>,
e
e A — MHOXKECTBO UTDOKOB;
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e (X,0) — KOHEYHOE JEPeBO ¢ HAYAJILHON BEPIINHONW T( M MHOXKECTBOM
T punaIBHBIX BEPIINH;

o R = {X* a € A, X°} — pasbuenne muoxkecrsa X\7T Ha momapHo
HeTlePeCceKaIoIHecs MOMHOKECTBA,

e X% — MHOXKECTBO MO3UIHII, B KOTOPBIX JIeJaeT XoJ UIpoK a € A; X¢
HA3bIBAETCSI MHOYKECTBOM AUYHOLT TO3ULIUN UTPOKA a.

e XY — MHOMKECTBO MOBHIIHI, B KOTOPHIX "mesaer xon" cayyai;

o u’:T — E' — byHKIUA BHIUTPHIIIA HTPOKA @]

o 11a Kaxkjaoro € X 3a7aHbl BepOATHOCTH

p(@|z) >0, > p'fr) =1,
x'€o1(z)

Iepexo/ia U3 MO3UIUA X B mo3unun ¥’ € o ().

Pasbuenue R oupeje/ser, kakoit urpox (wau cay4ait, ecin z € X°) xo-
JINT B KaKJI0# KOHKpeTHOI HedwHaIbHON Bepinae x. Ecin xg € X a € A,
TO WIpa HAYMHAETCSA € TOTO, UYTO MTPOK ( JOJKEH BHIOpATh CJIELyIONYIO 34
To BEpUIMHY, CKaxkeM, T; € o (zg). Ecin vy — dunanbnag Bepmuna, To
UTpa OKOHYEHA U BBIUI'PHIIIN UTPOKOB cyTh u® (1), a € A. Ecin x; — nedu-
HaJbHAS BepIIWHA, TO UTPOK b, 4714 KOTOpOro x; € X', mMeeT mpaBo xo7a
1 BLIOUpAET CJICJYIONLYIO 3a T BEpIIUHY, CKazKeM, Ty € 0 ' (xq) u .. Ecin
B Kako#-TO MOMeHT Mbl nomajaem B sepummny = € X (B korTopoii xouur
ciydait), TO ¢ BepOATHOCTBIO p(x'|x) MBI mepexoauM K OIHOW U3 BEPIIHH
¥ € o }x), B KOTOPOIT MpOIOIKAEM IeHCTBOBATD CIHOCOOOM, OMHMCAHHBIM
BHIIIIE,

Ecnu urpox a B Bepmune r € X* BoIOMpaeT BEPHIIUHY x € J_l(x), TO
TakzKe OyIeM FOBOPUTh, YTO OH BHIOMPAET COOTBETCTBYIOIIYIO alIbTEPHATHBY
— pebpo JepeBa, COeIUHSIONICro BePIInHbL - U I

Puc. 13.2

Ha puc. 13.2 orMedeHHbIE KPECTUKAMU BEPIIMHBI SBJISIOTCH (DHHATHHbI-
Mu. B Bepmmuae 0 X0auT caydail, B OCTaJIbHBIX — UTPOKH 1, 2 m 3.
Yr0o0bI OMpeae uTh NCXO/T TO3UIMOHHON UT'DbI, JIJIS KaXKA0H MO3UIHUY JTIO-
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Horo urpoka jiokna ObITh YKa3zaHa BepIlinHa, Ky1a OH rnepeiijier. BregeMm s
9TOr0 HECKOJIbKO IOHATHI.

Onpedenenue. Crparerneit urpoka a € A HazpiBaercsi orodpazkenue (%,
Onpeeisiroliee st KazK A0 BepimuHbl & € X HO3UIHI0, B KOTOPYIO OH Iie-
peiier: V x € X% p%x) € o~ (x). MHOXKecTBO Beex cTpaTeruil Urpoka a
oboznaunm gepes {u’}.

Ha6op takux crparernii p = (u®, a € A) HaswiBaercst cumyayued. s
KaxKJI0r0 © € X I TAHHON CHTYAI[UA [ MOXKHO OIPEJIEJUTh BePOATHOCTD
p(z|p) mepexoma B nosurmio x. [Ipu stom p(zo|p) = 1 — urpa Beerma maan-
HAETCs C NO3UIUU T.

B ofmem ciydae BepOATHOCTH MONACTD B HO3UIUIO T, HEIOCPEICTBEHHO
CAEeYIONYIO 3a mo3uiueit urpoka o(x) € X a € A, onpenensercs mo ¢hop-
wyae p(z|p) = p(o(x)|p)p(zlo(z), n), rae
1, ecam p(o(z)) = x,

p(zlo(z), 1) =
0 B OpOTUBHOM Ciydae.

Ecmm ke o(x) € X° — nosunua cayuag, To Bepogaraocts p(z|o(z), 1) =
p(zlo(zr)) 3amama ycaoBusMu urpbl. Takum obpasoM, s 000 CATYaInn
4 JUIST KazKI0TO UIPOKA a € A ompejesieHo cpeatee 3uadenne (pyHKINH BbI-
UTPHITITA

ut(p) = E(u(z)|p) = m%;p(x\u)ua(ﬂf)

Vnpasrcnenue 15.1. Ha puc. 13.3 pedbpa jmepesBa, COOTBETCTBYIOIINE CUTY-
AllUM I, BBIIEJIEHBI >KUPHBIMI JTMHUAME, & (DUHAJIbHBIE TO3UIUN ITPOHYMepPO-
Baubl oT 1 70 6, T.e. T = {1,...,6}. Haiinqure BeposiTHOCTH
p(z|p), z €T

1
2/ 1
2 5 0
Puc. 13.3
Onpedenenue. Urpa I'(G) = <A, {n*}, u(p), a € A> HA3bIBAETCS HOP-

MaNoHoT Popmoti mo3uImoHHoM urpsl G.

Jlns oboit Bepimabl 2z € X MOXKHO PacCMOTPETH MO3UIUOHHYIO MOIbI-
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I'py, HAUUHAIONLYIOCH W3 3TOU TOYKH:
G, = <A, (X,,0.), Xg, X7, ul(z), a € A>,

e

e X, = {z |cymecTByer Takoe nenoe [ > 0, uro o'(x) = z};

® 0, eCTb CyzKenue orobpakenusi o0 Ha X, u 0,(z) = z;

e X°=X"NX,, ac A X0=X"NX;

o ul(z) =u(x),ectmax e X,NT.

[Iyctb = (u*, a € A) — curyanus B urpe I'(G). Obo3naanm yepes p, =
(u?, a € A) — ee cyxenue Ha X, a qepe3 u’(u,) — 3HAUEHHE BBHIUTPHIIIA
UI'DOKA @ B cUTyaluu [,. Takum obpa3om, jjig Jjodoro z € X onpejeieHa

urpa ['(G,) = <A, {pe}, u(u.), a € A> — HOpMasbHast bopMa JJId UTPhI
G..

Ynpaotcnenue 13.2. Ha puc. 13.4 uzodpazkeno jepeso urpsl G. B dpunaib-
HBIX MO3HIEAX YKA3aHbl BEKTOPHI BRIATPBIeil nrpokos u(x) = (u'(z), u?(x))

niain ’LLC.ZL'OdbL U?pbt.
/ 2
_]_)

(_17 ) ( )

71,2

Puc. 13.4

Sanumure HOpMaJIBHYIO (opmy AanHOI urpbl G u momeirpsl (G,, COOT-
BETCTRYIOIIEH crydaitHoMy BBIOOPY TTPaBO#l abTepPHATUBHI.

Onpedenenuve. Curyanusa @ = (g% a € A) Ha3BIBACTCS COBEPUIEHHBIM
nodwviepoewvim pasrosecuem, urpbl G, ecan I KayxKao0i BepiiuHbl z € X cu-
tyamus 1, = (A% a € A), rae @ — cyzXKeHHe cTpaTerwd [ Ha MOJABITPY
I'(G.), asnserca pasHoBecueM 110 Hamy B urpe I'(G.,).

Anropurm onpenesieHnsi COBEPIIEHHOIO MOABIIPOBOrO
paBHoBecus (amropurm Kyna)

Asnropurm Kyna cocTouT u3 1mocjie0BaTeIbHbIX peayKiuit urpsl G.

[[Tar 1. PaccMOTpuM MHOXKECTBO Z1 npedPpurasbHuLL BEPIIUH, I KOTO-
PbIX BCe MoC/IeLyIoNIue BepIIuHbl ABjIsaoTcs puanbubivu: Z; = {x | 071 ()
T'}. Jlnst Kazk10il BepIuHbl & € 7 AefCTBYeM CAeIyIONM 00pa3oM.

N
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1) Eciin B nannoit Bepuune xoaut urpok a € A (v € Z;NX°), to naxomum
ero HaWJIy4IInii BLIOOD B 9TOM BeplinHe
a%(z) € Arg max u(y)
yEo—1(x)
¥ JI0ONPEJIE/ISIeM BEKTOD BBIMI'PbIIIEHl UTPDOKOB B BEPIIUHE
def,
u(z) = (u(x), b€ A)=(u"(@*(x)), b € A).
2) Ecin B mannoii Bepummae xoaut cayqail (r € Z;NXY), To npunuceiBaem
9TOf BEpIIMHE CPeJHee 3HAYEHHE BEKTOPA BbIUIPbIIIEH CPe BO3MOMKHBIX

ATbTEPHATHB
u(z) = > plyle)uly).
y€o1(x)

B pesysbraTe moaydmsin peyrupoBaHHYIO HTPY ¢ MHOZKECTBOM (DUHAb-
HBIX BEPIIUH /1.

[MTar 2. /g 7ol urpbl anaaoruvHo mary 1 HaxoauM MHOZKeCTBO Hedu-
HAJTBHBIX BEPITHH Z3, JJIT KOTOPHIX BCE MOCELYIOINe BEPITHHB B HOBOM
JepeBe ABAAIOTCS (bUHATBHBIMEA: Zo = {z | o ' (z) C T U Z}. dna xax-
JIOIi BEPIITMHBI £ 3TOTO MHOYKECTBA AHAJOTHIHO MYHKTaM 1) 1 2) ompejessem
BoIGOPBI [1%(z) npu & € X u BeKTOp BbIUIPbIIIeh u(x).

Jlasiee aHaJIOTHYHO MPOOIYKAEM ITOT MPOIECC JIJIsi MHOYKECTB

J3 = {ZE | 0'71({13) cTuzZ U ZQ},

Z4 = {l' ‘ O'_I(LE) CTUZ1UZQUZ3}

U T.JI., TIOKA OYepeIHOe MHOKECTBO Z; He OYIeT COCTOSTH TOJIHKO U3 HAYAIb-
HOit BepuiuHbl Zo. [Ipu 9TOM Mosyuennas cutyanusa g = (%, a € A) byger
COBEPIIIEHHBIM TOABIIPOBBIM paBHOBecHeM ucxopuoi urpsl . Takum oOpa-
30M, JIOKA3aHO CJIEAYIONIee yTBePKICHHE.

Teopema 13.1. B s11060it KOHEYHOI TO3UIIMOHHO UT'pPe € TIOJHOW MHAOP-
Malgeil cymecTByeT COBEpIIeHHOEe MOJBIIrpoBoe paBHOBecHe. COOTBETCTBYIO-
IIH€e CTPATEIUH U BBIMTPBIIIH UTPOKOB 33JaI0TCs aJropurMoMm Kymna.

Ynpaoscnenue 13.3. HaliTn coBepIlieHHOE TOJBITPOBOE PAaBHOBECHE B TIO-
3unuonnoit urpe GG, nzobpazkenuoit na puc. 13.4.

Hpumep 13.1. Mojeib BHYTPUBEJIOMCTBEHHOI'O IKOJIOINYECKOTIO KOHTPO-
qsi. IlycTh mepBwIit UTPOK — MpeanpusiTHe, UMeIee JBe crparerun: 1 —
OPUMEHSITH YKOJOTHIECKH YUCTHIH CITOCOD TTPOU3BOJICTBA U 2 — TPUMEHSITH
"rpsizubLit”, HO Oosee demeBbli cocob. BTopoit HTPpOK — KOHTPOJIHPYIONITi
OpraH, NPUHAJIEKANTUN TOMY Ke BeJIOMCTBY, UTO U npeanpuarue. OH nMeeT
ase crparerun: 1 — mrpadosars 3a npumenenue "rps3uoro' criocoba npous-
BOJICTBA, 2 — TIPOIYCKATh 3KOJOrndeckoe Hapymenne ("3akpbiBarh rraza").
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Puc. 13.5

BuauaJje xoaut mepBblil HIPOK, a 3aTeM — BTOPOil, 3Has BHIOOP MEPBOIO.
Ha puc. 13.5 uzobpazxkeno aepeBo urpbi. B uHaIbHBIX BEpIIMHAX JIepeBa
YVKa3aHbl YCIOBHBIE BBIUTIPHININA UTPOKOB. Hampumep, ecan oba urpoka mnpu-
MEHSIOT BTOpPBIe CTPATETWH, TO TIEPBBIH BBIUTPAaET 2, a BTOpOil mpourpaer 1,
MOCKOJIBKY MPHU 3TOM MPOW3OILIO 3arPA3HEHNEe OKPYKAIOIIEN CpeJIbl.

JIerko BueTh, YTO COBEPIIEHHBIM MOJIBITPOBBIM PABHOBECHEM B JIAHHOM
ciydae sBasgeTcs Habop @ = (2,2), npusogsmuii Kk ucxomy (2, —1). Oxnako,
B 9TOI urpe cymecTByer paHoBecue 110 Harry, 6ojiee BbINOIHOE JIjIsi BTOPOTIO
UTPOKa : OH MOKEeT HMCIIOIh30BaTh "cTparernto Hakazauus'"(cm. §11) u npu
BBIOOPE TIEPBBIM UTPOKOM BTOPOIi CTPATErHH BHIONPATH cTpaTeruio ' mrpado-
BaTh", 4TO MPUBOAUT K Hcxony (—5, —2) (HecMoTpsi Ha TO, 9TO ITO €My He Bbi-
rofHo). Tora mepBbiii UTPOK, YTOOBI HE MOTYYUTh —5, TPEANOUTET BHIOPATH
mepByo crpareruio. B wrore momyuurcs cutyanns pasHoBecus pu = (1, 1),
KOTOpast He SIBJISIeTCS COBEPIIEHHBIM TIOJBIIPOBBIM paBHOBecHeM. OTMeTnM,
970 cUTyaIuio (2,2) MOKHO TaK:Ke HOMYYUTh HCKIIOUeHHEM TOMUHUPYEMbIX
crpareruii B urpe ['(G) ¢ marpunamu

TP TPOII TP TPOII
_ Ipgs3 1 1 B Ipg3 1 1
~ ymer \ —5H 2 ’ ~ umer \ —2 -1

Herpyano Buaerh, 4To crparerus 1 Broporo Mrpoka ¢aabo JOMUHHDYETCs
crparerueit 2. Ecam ee BbIYEPKHYTD, TO MOJIYYaeTCd Urpa, IJe CTpaTerus 2
MepBOr0 UTPOKA CTPOTO JOMUHEpyeT crparernio 1. B pesynwrare mckiode-
HUS JJOMUHUDPYEMBIX CTpaTeruii ocranercs curyaius (2,2), KoTopass 00bIYHO
W BO3HUKACT IIPH BHYTPHBEJIOMCTBEHHOM KOHTpoOJe. B 3TOM mpumepe urpa
['(G) paspemumMa 110 JOMHUHUPOBAHKIO.

Boobmie aig urp ¢ mosHoit nHMoOpMalueil TUIIHYHA CUTYaIlUds, KOTIa CO-
BEPIIEHHOE 10/ILIIPOBOE PaBHOBECHE OJIHO, a NMPOYUX paBHoBecuil mo Hairy,
CBA3aHHBIX CO CTPATETHSIMHM HaKa3aHW, MHOTO.
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Paccvorpum cienytomiee sosmyusenue uepvi G: MycTh B KazK 10 N03UIIAN
C HEKOTOPOI JIOCTATOYHO MaJIOi BEPOSTHOCTHIO € > () BCe UTPOKH OMTNOAIOTCA.
B kaxkmoit mo3unum Urpoka a ¢ BEpoATHOCTBIO 1 — € peanu3yercd HaMedeH-
Has UM aJbTepHATUBA, & C BEPOATHOCTBIO £ MPOUCXOJHUT XOJ CAydasd U PaB-
HOBEPOATHO peasin3yeTcs Jobas Apyras ajabrepHatuBa. OO003HAYHNM Uepes
(G, yKazaHHYIO BO3MYIIEHHYIO urpy. OQUeBHIHO, YTO MHOXKECTBA CTpAaTeruit
OCTAIOTCS TAKUMHU Ke, KaK B urpe (G, u ji0bast BepIINHA HUCXOIHON WUTPHI B
BO3MYIIEHHOI urpe (G, peaan3yercst ¢ MOJOKUTETLHON BEPOATHOCTHIO TPH
JIIOOBIX CTPATErusix UI'POKOB.

Teopema 13.2. [IycTh B ucxoanoit urpe G cymecTByeT e TMHCTBEHHOE CO-
BepITIeHHOE MOIBITPOBOe paBHOBecue. Torma i JT060T0 10CTATOYHO MAJIOTO
e > 0 B urpe G, cyuecrsyer euHCTBeHHOE pasHoBecue 110 Hairy, coBnana-
IOIlee C COBEPIICHHBIM IOJABIIPOBBIM PABHOBECUEM UCXOJAHON UIDHL.

Jloxazameavcmeo nopTopsier cxemy anaropurma Kywna. B sroboit mpe-
duraTBHON noO3UIIMKE x € Z; N X cylecTByeT eJIWHCTBEHHBIN HAWTY I
BLIOOD () MTPOKA @, OTBEYAIONINIl COBEPIICHHOMY MOJBITPOBOMY DPABHO-
Becuio. B mioboit cuTyanuu paBHOBecUs [i TPU JOCTATOYHO MAJBIX € > ()
a%(x) = i*(x), MOCKOIbKY BEPOSTHOCTH OCYIIECTBICHUs MO3UIUN & TTOJOZK -
TeJbHA U JI000H JApyroil BHIOOp MPUBEJIET K CTPOrO MEHBIIEMY BBIUI'PBIIILY.
Jlamee paccMaTpuBaIOTCA BEPIIWMHBI U3 Lo, /3, ..., IPOBOJATCA aHAJIOTUIHBIE
paccyKaeHus 0 WHIYKIIUU U JTIOKa3bIBaeTcs, 9To [t = [i. l

Caedemeue. Ilycte G — TMO3UNUOHHAS WIPa, JJIs KOTOPOH CYIIECTBYET
eIMHCTBEHHOE COBEPIIEHHOE MOJUTPOBOe paBHOBecue fi. Torma urpa B HOp-
masibHOl hopme I'(G) paspeniuMa 110 JOMUHUPOBAHUIO, & BHIUTDBIIIH UTPO-
KoB u*(f1), a € A, 3anarorcs aaroputmom KyHa.

B crenyrormem npumepe (puc. 13.6) coBepiieHHOe TIOIBIIPOBOE PABHOBECHE
CTPOTO Xy7Ke JJIs UTPOKOB, YeM JAPyTras CHTYAIIHs.
1

(5,5) (0,6)
Puc. 13.6
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§14. Ilo3unmoHHBIE UTPHI OOIIET0 BUAA

OcHOBHOE OT/IMYHE MO3UIHOHHBIX UT'D C HEMOJHON mHMOpMalueil or urp
¢ TOTHON WHQOPMAaIHel COCTOUT B TOM, UTO UTPOK B MOMEHT NMPUHATHUS Pe-
IIeHUs He 3HAeT TOYHO COCTOSHHE UTPHI, TO €CTh HE Pa3/JHdaeT HEKOTOPBIE
BEPIIMHBI MexKIy coboil. OTMeTuM, 4T0O HeToYHAss UHAMOPMAILNA O TEKYIIeM
COCTOSIHUY THUIHYHA, /I peaabHBIX KOHMIUKTOB. ObIIee NOHITHE TO3UIIHOH-
HO¥ urpbl (¢ HermonHOM nHGOPMANKell) OTIMYALTCS OT JAHHOTO BHIIe OlIpe-
JIeJIEHUs UTPBI C TTOJTHON mHQOpMaIueil B cieaytomneM oTHorernn. JIst KaxK-
JIOTO UI'POKA @ BBOJUTCA JONOJHUTEbHOE pa3OueHne MHOXKECTBA €ro IMO3H-
nuii Ha HHGOPMAIMOHHBIE MHOYKECTBA. UHPOPpMauUorH1oe MHoAHCECMEo — ITO
COBOKYITHOCTD COCTOSTHUI TIO3UIMOHHON MTPBI, KOTOPbIE UTPOK HE PA3IHIAET
Mexk 1y coboii. HeobxomuMbiM ycsioBueM J1jisi BCeX MO3UIUi 0iHOro nHdopma-
IMOHHOT'O MHOYKECTBA SIBJIETCSI OJMHAKOBOE YHCIO AJIbTePHATHB, T.€. MOCIe-
JIYIOIIMX MO3UIAI, B KayK /10l Tako# Beprinue. Kpome Toro, nuopMalnonnoe
MHOKECTBO HeE JIOJI?KHO COJIEPXKaTh JABYX HMO3MIUI, TPUHAIIEKAIIUX OTHOMY
MyTH, COCJIUHSIONEMY HAaYaJIbHYIO BEPIIMHY ¢ HEKOTOpOil (buHaabHO#. 3aHy-
MepyeM 9TH MHOZKECTBA JIjIsT KayK/I0r0 UIPOKA U 0003HAYNM MHMOPMAIHOHHOE
MHOZKECTBO C HOMEPOM j UTpoKa a € A uepes Z%.

Kak u B urpe ¢ monnoit madopMaluei, B MPpOU3BOILHON MO3UIMOHHON
urpe

G = <A, (X,0), u(z),z €T, a € A; X\T = |J XU X,
acA
Ve XIp(lz), o' € a’l(x)>,
3aJIaHbI

e A — MHOXKECTBO UI'DOKOB;

e (X,0) — KOHeUHOE JiepeBo (OpueHTHPOBaHHBIH Ipad Ge3 MUKIOB), Tae
X — MHOXKeCTBO MO3UIHH (BEPIIUH) ¢ HA4aAbHoT BepuuHOi xg u o : X — X
— orobparkeHue, COMOCTABISIONIee KaxKI0il Bepimuue nepesa (X, o) ee 6Jn-
JKaliero npeduwecmeen uka, TpudeM

1) o(zo) = xo,
2) maiigercsa nemoe [ > 0, uro o'(z) = 19 V x € X; naumenbinee Taxkoe
[ HaszbiBaercs daunot nepesa (X, 0);

o7 ={z€X|ozr)=0} — MHOKeCTBO (DUHAIBHBIX BEPIINH;

e R ={X% a € A, X°} — pasbuenue muoxecrsa X\T Ha 10mapHO
HelepeceKalonuecs IOIMHOXKECTBA,

e X% — MHOXKECTBO JIMYHBIX MO3UIMI, B KOTOPHIX JIEJIAET X0/ UI'POK @ €

A.

Y
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e XY — MHOXKeCTBO mozunuii, B KoTopux "gemaer xon' cay4ait;

oy’ :T — E' — QyHKINS BHIUTPHIINA HTPOKA @]

o g Kaxxaoro r € X° 3a71aHbl BepOATHOCTH

p(@|z) >0, 3 pl'fr) =1,
z'€oc—1(x)

nepexo/ia U3 MO3UIHMA X B Nosunun ' € o1 (x).

Kpowme Toro, ais kazxmporo a € A 3anan0 pazduenue

Xe= |y 2%
jeJe

Ha THGOPMAINOHHBIE MHOKECTBAa Z% | j € J% BKIIOYAIONINE IO3UINH ¢ OJI1-
HAKOBBIM YHCJIOM aJIbTEPHATHB, PABHBIM k(7). AJTBTepHATUBBI KaZKJIOH MO3H-
uuM T € Z% npomyMepoBaHbl ¢JIeBa Hampaso ducaamu ot 1 1o k(7). Urpok a
nesaeT XoJ, He pasandas Ho3UIul u3 Z% Mexkay coboit. YTo6bl 0Tpa3suTh 3T0
obcTosTebecTBO, 0603naunm yepes AlY = {1,....k(j)} muoxkecTBo HOMEpOB
aJIbTepHATHB 115 MHPOPMAINOHHOTO MHOXKecTBa Z% urpoka a € A. Bo Bcex
nozunusx r € Z% muoxkecrso Al% uzomopdno MHONKeCTBY nozunuii oL (z).
O6o3naunm 4epe3 &(x, k) BEPIIUHY, CJIEIYIONIYIO 38 £ U COOTBETCTBYIOILY IO
aJbTepHaTHBe ¢ HoMepoM k € Al% mpu ykazaHHOM H30MOpQU3Me.

Onpedenenue. Yucmoti cmpamezueti urpoka a € A Ha3bIBaeTCsA 0TOOpa-
JKenne (%, onpejesiomee 18 KazKI0ro HHGOPMAIHOHHOTO MHOZKeCTBa, £
asnbrepnarusy p®(Z%) € Al%, koropyio urpok Bbibupaer B J10060# U3 BEp-
IIUH 9TOro MHOYXKecTBa. Habop Takux crpareruii
w=(p* a € A) HaspiBaeTcs cumyayuerd.

BepogarHocTs monacts B nosunuio r € X, HEMOCPEJICTBEHHO CIeTYIONIYIO
3a BepIHHON 0 (x) € Z% Npyu HCHONB30BAHUA CATYAIMH /i, ONPEICTACTCS MO

bopmyane p(z|u) = p(o(z)|p)p(zlo(x), 1), rae

1 ecmx ={(o(x), u*(Z2%)),

p(xlo(x), u) =
0 B IPOTHUBHOM CJy4Yae.

Ecmm xe o(z) € X° — nosunua cayvada, to BepoatHOCTh p(z|o(z), ) =
p(z|o(x)) 3anana ycropusmu urpsl. Takum obpasoM, mis Jii00oii curyanmu
[ JUIST KazKIOT0 UTPOKa a € A OompeJiesieHo cpejiHee 3HadeHrne MYHKIMH Bbi-
HIPBITIA

u'(p) = E(u(2)|p) =Y pla|p)u’(z).

zeT

Onpedenenue. Cmewannoti cmpamezueti 7 urpoka a € A HasbiBaercs
BEPOSITHOCTHOE pacrpe/iejieHne Ha MHOXKecTBe {4} €ro 4ucThIX cTpaTerui,
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CTaBSIIEe B COOTBETCTBIE KAKI0fl CTPATernn [i* BEPOATHOCTD Ty, €¢ BhIGODA.
Curyannsa m = (1%, a € A) B CMEIIAHHBIX CTPATETUSX ONPEIESeT Bepo-
ATHOCTHOE pACHpeJeNeHne Ha MHOXKeCTBe T (pUHAILHBIX TO3HIMIA:

p(z|m) = Z(ku) (xlp) Yo eT.

ac€A

OzxumaemMblii BEIUTPHINT UTPOKA @ B CHTYAIUU 7 OTPEJIE/SIeTCs KaK MaTeMa-
THYECKOe OXKHUTAHNE

u(m) = Bu®(x)|p) = Y plalm)u’(z).

zeT

YKazaHHBI!T ctOcOD BBeJIeHUsS CMENIAHHBIX CTPATETWil aHAJOTHYEH CIIYYalo
Urp B HOpMaTbHOI bopme. OTHAKO B TAaHHOM KJIacce UTIP OH, KaK MPaBUJIO,
HeadeKTUBEH, MOCKOJIbKY JlaxkKe /s HeOOIbIINX J€PEBbEB YUCI0 BO3ZMOWK-
HBIX YUCTBIX CTPATErnii MOXKeT OBbITh O4YeHDb BeJUKO. bojiee 3pdhekTuBHBIM
SIBJISIETCSI CJIEIYIONINI TO/IX0/T, CBA3AHHBIN C MOHATHEM CMpame2ul nosede-
HUA.

PaceMoTpuM cruTyanuio, Korjga UTPOK BHIOMpPaeT BEPOATHOCTHOE PacIpe-
JleJleHne Ha aJbTePHATUBAX IS KAaXKJIOrO CBOEro MHMOPMAIMOHHOTO MHO-
JKeCTBa M, B CJIy4ae CBOEro BbIOOPA, MPOBOAUT PAHIOMH3AIUIO, TOIb3YIChH
9TUM pacnpejeseareM. [Ipu 3ToM npejnonaraeTcs, 4To CAydaiiHbiii BIOOD
aJIbTEPHATHB B PA3JUYHBIX MH(MOPMAIMOHHBIX MHOXKECTBAX MPOU3BOIUTCS
HE3aBUCHUMO.

Onpedenenue. Cmpamezueti nosedenus [3* UTPpOKa a HA3BIBAETCS OTOO-
pazkeHue, KOTOpoe KazKJIoMy HHMOPMAIMOHHOMY MHOXKeCTBY £, j € J%,
COIIOCTABIIET HADOD

(7, k=1, k() Y p =1, i >0, k=1, k(j),
k=1

npuueM p;’ — BEPOSITHOCTH BHIOOpa anbrepHaTuBbl k € Al B m1060it m031-
IIMA MHOZKecTBa £%.

Jliobas curyanus 5 = (8%, a € A) B cTparerusix MOBEIEHUsI ONMPEIEsIeT
BEPOSITHOCTHOE PACHpe/e/IeHe Ha MHOXKECTBE MO3HIMIl CJIAYIONM 00pa-
30M:

o(x) € 29, x = {(o(x), k), k € AlY = p(x|B) = p(o(z)|8)py’;
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o(x) € X = p(x|B) = p(o()|B)p(z|o(x)).

Oxumaemprii Beurpsirn () urpoka a B curyannu = (6% a € A) ompe-

JesisieTcst Kak MaTeMarnaeckoe oxkuganue u(3) = Y p(z|f)u®(x).
zeT
Taxum obOpazoM, Mbl ONPEAETUIN JBA CMENIAHHBIX PACHIHPEHUS UI'PbI

I'(G):
IG) = <A, {7}, u*(m), a € A> u['(G) = <A, {6}, u(B), a € A>.
Kak onm mexmay coboit coorrocaTcs? M3ydum 3TOT BOIMPOC, HCIOIb3Ys
CJAeyIONIe TTOHSTHS.

Onpedenenue. Tlosumuss r € X* Urpoka a Ha3BIBACTCSA 803MONCHOT IS
CMellaHHON crparernu 7® (YucToii cTparerun (%), oM CyIeCTBYeT Takasl
curyanus m (p), comepxxarmast 7 (u), aro p(z|r) > 0 (p(z|x) > 0).

Onpedeserue. npopMalnnoHHoe MHOKeCTBO Z% UTpOKa @ Ha3blBaeTCs
CYULeCMBEHHbLM JITIST CMETIIAHHON cTpaTerun m (YUCTON cTparernu (1), ecau
HEKOTOPast Ho3uus & € £ Bo3moxkua ajs @ (u®).

O06o3HaYNM MHOYKECTBO MO3UIHIT, BO3MOXKHBIX JIjIs cTparerunn u®, depes
Poss u®, a cemeiicTBo nHMOPMAIMOHHBIX MHOXKECTB, CYNIECTBEHHBIX s 4%,
gepe3 Rel p*. Anasorudno BBoAgTCA MHOZKECTBO Poss m¢ u cemeiictBo Rel 7¢.

Ob6o3HaunM depes [xg, x| myTh, BeAYMIUil U3 HAYATIBHON BEPIIMHBI To Je-
peBa B BEpUIUHY .

Ynpaostenenue 14.1. llycrs p® — aucras crparerust urpoka a € A. [Toka-
xure, yTo © € Poss u® Torga m TOAbBKO TOT/A, Koraa crparerusd pu® B Jo0oi
Beprnae &' € [xg,x] N X® 2’ # x, BeIOMpaeT aJbTepHATHBY, MPUHAIEKA-
Y10 Iy TH [T, z]. B 9acTHOCTH, ecoin x € X N Z% — neppag MO3UIHAA, TJIE
UI'POK @ JesaeT Xoa, To ¢ € Posspu® u Z% € Relp® naa moGoil aucToit
crparerun (.

Jns ememannoit crparerun ¢, napOPMAIOHHOr0 MHOXKeCTBa Z% 1 alb-
TepHaTuBBl k € Al% mos0KIM

P(x*j)= > mh, Br"j)= > Mo

pe:zeicRel o pe:zeicRel po, ue(Zei)=k
3aecy P(m%,j) — BEPOSTHOCTDH BBIOOPA UUCTOH cTpaTeruu (%, Iy KOTOPOi

MHOXKECTBO Z% BO3MOKHO, a P (7%, j) — BepodTHOCTH BLIOOPa aHAJIOrHUHOI
crpareruu (1% ¢ JONOJHUTEIbHBIM yeaoBueM u*(Z%) = k. HerpyaHo Buiers,
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q9TO
k(5)
P(r,j) =Y Pu(x,j).

k=1

Onpedenenue. Crparerueit nopegenus 3%, coomsememsyroweti cMmeuLat-
HOT cmpamezuy T UTPOKA @, HA3BIBAETCS CTPATErus IMOBEICHUs, ONpeIes-
eMasl CJaeyIonuM 0O6pa3oM:

. Pk(ﬂ_aaj)/P@Ta,j), ecan 29 c Relf/r‘l7
CL_] . A
P = > o ecan 799 ¢ Rel 7, (14.1)

N
peip(Ze9)=k

W3 nocinegaux (popMys1 BRITEKAET, UTO KazKIasd CMEIIaHHAsT CTPATErus O/I-
HO3HAYHO OIPEJIE/IsIeT COOTBETCTBYIONIYIO cTpareruto nosejenus. OOpaTHo,
KazK70# cTpaTernu NoBe/IeHNs COOTBETCTBYET MHOTO CMeNTaHHBIX CTPATErnii.
Ho oany w3 Hux Bcerja MOYXKHO 33J]aTh CAEIYIONIM 00pa30M.

Jlemma 14.1. Ecnu nana crpaTerus noBeJeHus % UrpoKa a U CMelTaHHasT
crparerus m¢ onpeje/iena 1mo gpopmyJie

a _ | | aj
7T,ua - pij ’
JjeJe

e p(Z9) = i; € Al ¥V j € J% 1o % ecTb cTparerus NOBeJeHUs,
COOTBETCTBYIOIAA T°.

Jlokasamenvcmeo. Jliobasd ducTas cTpaTerud (1% UTPOKa a OIMpeesdeTcs
HabOpPOM 3HAYEHHI

i = (i | p(Z2Y) =i; € AI¥, j e J).
[TosTomy

k(4)
a __ aj __ aj __
Zﬂu“ _Z sz‘]- - H sz‘j =1
e @ jeJe jedai;=1
[Iycts Z% € Rel 7@, Torna nna k € AlY

Py(n",j) = > Tl =

pe:zaieRel pa, pa(zaiy=k
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- ( Z H pZZa(ZaZ))ij = dkpzj.

pa:zaicRel pa, uo(Zed)=k leJe\{j}

Benuununa dj, or k € Al% He 3aBUCHT, HOCKOJLKY OHa IIpejcTaBider coboil
CYMMY OJIMHAKOBOT'O YHCJIA CJIaraeMbIX, He 3aBHcAIUX oT k. OTcioga

k()

k(4)
)= P 5) =Y dipl! = di, = p}l = Pula”,j)/P(x", j).
k=1 k=1

[Mycrs Z% ¢ Rel 7. Torna

2. ”Za:( 2. [T # Zal)pzj:

pape(Z99)=k pepe(Zed)=k leJ*\{j}

=11 X lea(Zaprj =7 .

leJo\{j} p*:pe(Zei)=

[IpuBesennas jgeMMa yTBEDPXKIAET, YTO MBI MOYKEM IMOJYYUTH KAZKIYIO
CTPaTEeruio MoBeIeHUA U3 HEKOTOPOW CMEIaHHO! CTpaTeruu.

Hpumep 14.1. VIrpa ¢ napruepom. B 310# aHTAroHUCTUYECKOI UT'DE UT'POK
1 cocTouT u3 AByX areHToB, Ha3biBaeMbix Urpatomuit u [Tapruep. e KapThI,
"crapmasa"u "miammas", conarorea Wrparomemy u urpoky 2. Oba BoO3MOXK-
HBIX PAacKJIaJa KapT CUMTAIOTCS PaBHOBEPOSATHBIMEU. VIrpok co crapieit kap-
TOA mosyvaer JIo1ap OT UI'POKa ¢ MJIAIIEH KapTOil U uMeeT aJbTepPHATHBDI
00 3aKOHYUTH, JIUOO MPOJIOIKUATH TAPTHIO. KeaIm napTus mpoaoizKaeTcs,
[TaprHep, He 3Has packjiana (M MOJTYYEHHON CYMMBI), MOKET TOCOBETOBATh
UrpaiomeMy MOMEHSIThCSI KapTO#l ¢ UIPOKOM 2 HJIM COXPAHUTH CBOIO KapTYy.
CHOBa UMEONIHI CTapIIyI0 KapTy MOJyYaeT J0JIap OT areHTa, HMEIOIIero
mitaayio (em. puc. 14.1, rae B Kakioil GUHAIBHON MO3UIUK 3AIUCAH Bbi-
HIPBITT UTPOKa 1).
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1
VRN
2
Puc. 14.1
Bnecy X' = Z11u Z12) X2 = 72 Ilosromy p' = (p(ZM1), ut(Z'?))
u u? = (p*(Z?')). Marpuna oxumaembix seiarpeimeit u!(p', g?) mepsoro

UTPOKA €CTh

(1) (2)

3aKOHYUTHL INPOJOJZKUTDH

(3aKOHYNTH, OCTABATH ) (1,1) 0 —1/2
(3akonumThH, MeHATHCs) (1, 2) 0 1/2
(OpomOKHUTD, OCTABUTL) (2, 1) 1/2 0
(HpomOKUTE, MeHATHCs) (2, 2) —1/2 0

u((1,1),1) = 1/2- 14 1/2 - (=1) = 0;

u((1,1),2) =1/2-141/2- (=2) = -1/2;

u((1,2),1) =1/2-1+1/2- (=1) = 0;

u((1,2),2) =1/2-1+1/2.0 =1/

u'((2,1),1)=1/2-2+1/2-(-1) =1/2;

u'((2,1),2) =1/2-2+1/2-(-2) =0;

u((2,2),1) = 1/2-0+1/2- (—1) = —1/2;

u'((2,2),2) =1/2-0+1/2.0 =

Pemenne marpuunoii urper (71,72, v) = ((0,1/2,1/2,0),(1/2,1/2),1/4)
obecrearBaeT UrPOKY 1 OKUJAeMBIH BBIUTDHII 1/4, a UTPOKY 2 — OXKHIae-
MYIO TTOTepIo, He mpeBbimaiiyo 1/4. C ApyToit CTOPOHBI, €CJIU B3STH CTPa-
Teruto nosejenus urpoka 1 s = pit, 1 —s=pitur =pi2 1 —r = pi? 10
MOy IUAM, YTO OKHUIAEMBII BBIATPHITT UTPOKa 1 paBeH
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s/2+2((1—s)r/2)+0—-1/2=(s—1)(1/2—1), ecmm p? = (1),
s/24+2((1—8)r/2) + 0+ (=2)r/2+0=15(1/2 1), ecau p? = (2).

JLnst iiobbIX § ¥ 7 UTPOKY 1 rapaHTUpPOBAH TOJLKO MHHUMYM H3 ITHX JIBYX
snadenuit. CieoBaTe/IbHO, MAaKCUMAaJAbHad CyMMa, KOTOPYIO HTPOK 1 MOzKeT
cebe oDecIIeYnTh, paBHA

max min[(s —1)(1/2 —r),s(1/2—7r)] =0
0<s,r<1

u pocruraercs npu r = 1/2. Takum obpasoMm, cTpaTerny NOBeJEHUS MOTYT
JIATh XyAIIAI pe3yIbTaT, 4eM CMellaHHble CTPATerui. 3aMeTHM, YTO CMeIlaH-
Has CTpaTernd m' = (ﬂ(lm), 7r(1172), 7r(12’1), 77(12’2)) IMeeT COOTBETCTBYIOILYIO CTpa-
Termio noseenus B = (s,7) = (7 1y +7( 0 T(1.1) T T(a1y)- Cresoparenso,
eCJIM MbI PACCMOTPUM ONTHUMAJBHYIO CcMermanuyto crparernto (0,1/2,1/2,0)
Urpoka 1, COOTBeTCTBYIONIEH cTparerneil mopenenns oymer s =r = 1/2, u, B
TO BpeMs KaK ONTHMAa/bHAg CMENIAHHAd CTpaTerusd 00ecliedrBaeT MepPBOMY
HI'POKY BHIUIPHINT 1/4, 1azke COOTBETCTBYIOIIAs] CTPATETHs] TIOBEJCHUS JIAeT
eMy TobKO 0. DTO pacxoKaeHne oObaCHIeTCS, KOHETHO, He3aBUCHUMOCTLIO,
cosiepzKaeiics B IpupoIe CTpaTernu noBeaenns. ITo0bl NOayYnTh MOJ0KE-
TEJLHBIE Pe3yJILTATHI TIPU UCIIOAL30BAHNN CTPATETHI TOBEJICHNS, HAI0 HAJIO-
JKUTh OrpaHuYeHrne Ha HHMOPMAIMOHHOE pa3dueHue,

Onpedenenue. Urpa G Ha3bIBaeTCs u2poti ¢ noAHOT NAMAMDBIO 11T UTPOKA

a, ecm u3 Z% € Relp® uw x € Z% cnenyer x € Poss u® anga secex Z%9, x n
a

e

W3 ompenenennst BEITEKAET, YTO B UTPe ¢ TIOJTHONW MAMATHIO I UTPOKA @
Mobas MO3UIKS U3 CYIIECTBEHHOTO NH(MOPMAITMOHHOTO MHOXKECTBA, SIBJIAETCS
BO3MOXKHOI. Tepmun "monHast mamsaTh'o3HAYAET, UTO UI'POK MOZKET TOUYHO
BOCCTAHOBUTD, KAKHE AJIbTEPHATUBHI OH BHIOUPAJT BO BCEX CBOMX TPEIBI YUK
xozmax (cM. ympakuenne 14.1).

B npumepe 14.1 urpa G He siBisieTCst UTPOI € TIOTHON TAMSITHIO IS HTPO-
ka 1. JeficTBuTenpro, mH(MOPMAIMOHHOE MHOXKECTBO Z'2 cymmecTsenno mis
crparerun p' = (1,2), MOCKONBKY, €CIM MIPOK 2 HCIOIB3YET CTPATETHIO
p? = (2), To nosumua y € Z'? peammsyerca ¢ BeposaTHOCTBIO 1/2. Onmaxo
apyras nosunus r € Z2 He apiagercs BO3MOXKHOI i1 crpaTerun b, Tak
kak Vrparomnuii, moaydus cTapiyo KapTy, 3aKAHIUBAET UTPY.
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Wrpa ¢ moaHoil maMaThio JIJIsi BCEX UTPOKOB MPEBPAIIAETCS B UIPY € TOJI-
HOIl mHMOpMaImeil, ecin Bee ee NHMOPMAIMOHHBIE MHOYKECTBA, COAEPKAT IO
OJIHOI BepIIUHE.

[Iycte w € T — buHAJBHAS MMO3UIHNS, & UTPOKY G TPUHAIJIECIKAT HEKO-
TOpas MO3UNUA TYTH [Xg,w]. TIpeanonoKumM, 4To ero MOCTeIHss TO3UIHI
T € Z% N [xg, w] umeer anbrepuarusy ¢ Homepom t € Al takke nupunaji-
JIeZKAILYo myTH o, w|. [Tomoxkum

S(w) = {pu* | Z% € Rel p*, p*(Z%) = t}.

Haxkonern, mycth BesmvuHa ¢(w) paBHA WJIW MPOU3BEJICHHIO BEPOATHOCTEN
ANILTEPHATUB CIy9asi, TPUHAJICKAIINX IYTH [, W], Win 1, ecom TAKOBBIX
wer. Ha puc. 14.1 nna punanbroit Bepmunbn w  c(w) = 1/2, SYw) =

{(1,1),(2, 1)}
Jemma 14.2. Illyctb G — urpa ¢ moaHOM MAMSATHIO s BCEX UIPOKOB.
Torga jaa a0boit curyanuu = (u®, a € A) u jgyis Bcex w € T

c(w), ecmm p* € S*(w) Vae A,

p(wlp) =
0 B TPOTHUBHOM CJIy4Yae.

Jlokasamenvcmeo. OueBHIHO, JOCTATOUYHO MOKA3ATh, YTO €CJIH
u* € S*w), a € A, 1o Kaxkaas crparerusi 4 BHIOUPAET aJbTEepHATHBHI UT-
pOKa a, IpUHAJIIesKAIINe MYTH [Tg, w] (ecau TakoBble cymecTBytor). Ho ecm
pu® € S%w), ro Z% € Rel u® u, Tak kak G — Urpa ¢ MOTHONH MAMATHIO, TO
x € Poss u®. Iloaromy p® BoiOupaer Bce aJbTepPHATUBbLI UTPOKA @, ITPUHAJI/IE-
JKarue myTH o, w| (eMm. ynpaxkaenne 14.1). W

Caedemeue. Ilycrs G — urpa ¢ NOJHONR TAMSITBIO JJIsi BCeX HIPOKOB. To-
ria Js Ji000i CHTYaIlMn B CMeIaHHBIX cTpareruax m = (1%, a € A) no3u-
st w € T BOZHHKAET ¢ BEPOSTHOCTBIO

p(w|T) = Z Hﬂ' oplwlp) = Z H7T ac(w (14.2)

1 a€cA ppteSe(w),acA acA

Jemma 14.3. Ilycrs G — urpa ¢ moaHo# maMaThio 11 urpoka a. [lo3unnn

z € 79 €&(z,k) m x € Z% npunagnexxar nytu |1, w|, w € T, npudem x

crenyer 3a z.! Torma muoxkecrsa Sy = {u® | Z% € Relp®, p®(Z%) =k} u
o ={u"| Z% € Rel u*} coBnamgaror.

!B wacrHocTn, x Moxker cosmnacth ¢ £(z, k).
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Jowxazamenavcmeo. Ilycrs p® € S,. Torma Z% € Rel u?, u, tak kak G
— Wrpa ¢ TMOJHONW MaMSATHIO JId UTPOKa a, To z € Poss u®. CrhemoBare/ib-
HO, cTparerus (® BHIOMpAeT BCe ajJbTepHATHBBL UTpoKa a Ha myTu [0, z]. Ho
,ua(Zal) = k, u, 3Ha4uT, ¢ BLIOMPAET BCe aJbTEePHATHUBBLI UI'POKA @ HA IIYTH
0, z]. CnepoBarensno, x € Poss u®, Z% € Rel u® m u® € Ss.

[Iycts p® € So. Torma Z% € Relpu®, u, tak kax G — urpa ¢ mojHoi
maMsIThIO JJist Urpoka a, 10 = € Poss u®. CrenoBarenpHo (cM. ynpazkKHeHHe
14.1), z € Poss u® u p®(Z%) =k, re. u* € S;. W

Crenytoree yTBep:KIeHIe TOKA3bIBAET, YTO B UI'PAX ¢ MOJHOH MaMATHIO
MOYKHO OTPAHWYIUTHCA MMOMCKOM paBHOBecuil mo Hamry B cTpaterngax mosejie-
HHUSI.

Teopema 14.1. [lyctb § — curyalius B CTpaTerugx MOBEJICHHS, COOTBET-
crytomias (mo dopmysnam (14.1)) TpOU3BOTHHON CHTYAIUE T B CMEITAHHBIX
crparerugx B urpe (G, B KOTOpOil Bce MO3UIMH UMEIOT 10 KpaifHeil Mmepe 1Be
anbrepHaTuBbl. Torma st Toro urobsr u®(5) = u*(w), a € A, mig Bcex
v i 006X 3HaveHnit Gyrkmmii poimrpeima u’(w), a € A, w € T, Heob-
XOIUMO H JOCTATOYHO, 4T0Obl (G ObLIa MIpPOi ¢ MOMHON MAMATBIO JJId BCEX
UTPOKOB.

okxazameavemeo. HeobxomumocTs. [lyeth G He sIBIsIeTCS UTPOH ¢ MMOJ-
HOI TaMATHIO /ISt HEKOTOPOro UIPOKa, a. Torga JOMKHA CyIECTBOBATH H-
crasg crparerus (% W TaKWe JBe IO3UIMH T W i B HEKOTOPOM HH(pOpMAaIm-
oHHOM MHOKecTBe Z% uro x ¢ Posspu® u y € Possu®. Boibepem crpate-
ruo /1% g xKoropoit ¥ € Possji® m a*(Z%) = t # u*(Z%). llpu sTom
CyIlecTBYeT TakKas NMosunus 2 € [rg,z] N Z%, B KoTopoii k-ad aabTepHATH-
Ba, NPUHAJJIEKAIIAs [Tg, ], cTpaTerueil 1% BeIOUpaeTcs, a crparerneil u® —
uer. [lycTh [i — Takasi curyanus, cogepzxkamast 1%, aro p(x|p) >0, aw € T
— dbuHanbHAS TO3UIMSI, CIeAyomas 3a &, 4 Kotopoi p(w|i) > 0. B wur-
pe G mpumepa 14.1 (em. puc. 14.1) a =1, k=2, t =1, 1 = 1,j = 2,
:ul = (172)7 ﬂl = (271)7 ﬂ2 = (1)

[Monoxkum 7@ = (1/2)pu®+ (1/2) % st cOOTBETCTBYIOLIEH CTPATErU 110~
Besiennst 3¢ oimonueno p = p = 1/2. Tycts cutyamms § B cTparermsx
nosesienust coorsercTryer curyanun m = fi| |7 Torna p(w|B) < (1/4)c(w) <
(1/2)c(w) = p(w|r). Onpeneaum mis urpoka a GYHKIHIO BHIETPLIIIA CJIETY-
OIIM 00pa30M:
wo (') = 1, w =w,

0, weT, w #w.
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Torga 3 mocaeauero nepasencrsa ciaegyer, 4to u®(3) < u®(mw) (mporuBope-
qne).

Jocrarounocts. Tpeanonoxum, uro G — urpa ¢ mMOJHOH MAMATBHIO /s
Beex Urpokos. Torga mocrarodno mokasars, uro p(w|f) = p(w|m) ana Beex
w € T. Bo3bMeM HEKOTOPYIO (PUHAIBHYIO TO3UIHIO W.

[ycts x € 2991 ..., Tra) € Z%r(@) — [O3UIUE UIPOKA @, PACIIOIOKEHHBIE
B HOPSIIKE CJIeJ0BAHUS BAOIb WyTH [To, w], a ky € Al .. k., € Al @
— HOMepa COOTBETCTBYIONIMX AJbTEPHATUB, MPUHAJIEKANIUX TYTH [Tg,w)].
Bamernm, uro Z% € Rel pu® g eex pu® (M. ynpazxuenue 14.1). Tlostomy

P(x*ji)= > = ma=1
,ua:Z“jleR,elu“

Bes3 morepu obuiHocT MOXKHO CUYUTATDH, YTO BCe WHMOPMAIIMOHHBIE MHO-
KecTBa, %2, ... Z%r@) cymecTBeHHB Ayig cTpaTernn m¢. JleHCTBUTENLHO, B
nporuBHOM ciaydae p(w|f) = p(w|m) = 0.

B sannbix 0003HaueHAIX

SHw) = {p" | Z9@ € Relp®, p*(Z*®) = kyq)}.
N3 nemmbr 14.3 ciepyer, 4To
P, (7% 1) = P(n% j.), r=2,...7(a).

OTcrona BEITEKaeT, 9TO JUld COOTBETCTBYIONIeH ¢ cTpaTerun nosejaenud 3% =
(py?, ke Al“, j € J*) no bopmynam (14.1)

r(a) r(a)
H b H ﬂ-a ;jr = Pkr(a) (Waajr(a)) = Z 7TZa. (14.3)

peese(w)

Ncnosb3ys ciejgcrBue jemMbl 14.2, noaydaem

p(wl|B) = c(w) | Hp“” =

acAr=1
(143 H Z e = (W) Z H (14—2)1) (wlr). A
a€A peeSe(w ueeS(w),acAacA
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Ynpaostcnenue 14.2. Izamenum npasusia urpbl u3 npumMepa 14.1. Tlepsbim
Jesaer xo urpok 2. OH BBIOHpaeT BapHaHT PACKIala JBYX KapT (craprieii
u miajmieit) Urpawomemy u ceGe. Vrpatomuii, He 3Hasi PAaCKIala, MOKET
OCTaBUTh KAPTHI B IPEKHEM IOJIOKEHHUH, JTUOO IMOMEHSITh X MecTaMHu. 3a-
teMm, IlapThep, HabmogaBmuii 3a geiictBusaMu Vrpaiomniero, TakkKe MOZKeET
BBIOpPATH OJIHY U3 JIBYX aJIbTEPHATHB: HE TPOraTh KapThbl, JUOO MOMEHATH UX
MecTtamu. VTrpok, UMEIONnii B UTOre CTAPIIYIO KapTy, MOAy4YaeT OT JIPYroro
UT'POKA JIOJIIAP U JOMOJHUTETHHYIO CYMMY, ONPEJIe/ISIeMyIO TIO CIeYIONEeMY
npasuwity. Ecau urpok 1 mMeeT CTApIIyio KapTy B Pe3yJbTare OJHOrO (Wi
JBYX) ee MepeMeleHuii, TO OH MOJYYaeT OT MIPOKA 2 JOMOJHHUTEJbHO JBA
(nm Tpu) posutapa. B anamornvHoil cuTyanuun Urpok 2 mosydaer OT UrpoKa
1 gomosHUTENBLHO OAMH Jostap (wan JgBa gomnaapa). Ecmm mociae pasiaqn,
KapThl HE MnepeMellaJanucChb, TO AOIMOJHUTEJIbHBIC BbITJIATHI HE IPOU3BOJIATC.
YVCTaHOBUTD, YTO ONHMCAHHAS aHTArOHHCTUYecKas urpa G sBJseTcss UI'Poi ¢
HOJIHOM MaMATBIO JJIsi 000uX UIrpokoB. HaliTu onTHMaJibHbIE CTPaTeruu IMo-
BeAeHUud U 3HAYCHUEC UI'PDLI.

§15. KoomepaTruBHBIE UTPHI

Koonepamuenvie WTPBI OTHOCATCI K HECMPAME2UYECKUM HUTPaAM, B KO-
TOPBIX UTPOKH JIEJISIT HEKOTOPOE KOJIMIECTBO (JI€HEKHOTO M0X0/a, Pecypea u
T.I.), HCTIOB3Ysl KAKOH-IHO0 TPUHIIUIT ONTHMATHHOCTH.

Ipumep 15.1. WNrpa "mxaz-opkecrp". Branenen nounoro kayba B Ila-
puxke obemaer $1000 mepmy, nmuanucty u yaapuuky (urpoku 1,2 u 3) 3a
COBMECTHYIO MIPY B ero Kjaybe. BolcTymienue Jay>Ta IeBIa U ITHAHUCTA OH
pacuenusaer B $800, ynapuuka u nuanucra — B $650 u omporo mmanucta —
B $300. JdysT mesen—yaapuuk 3apabaroiBaer $500 3a Beyep B OmHOI cTaH-
UK MeTpo, neser 3apabarbiaer $200 3a Beuep B OTKpbITOM Kade. YaapHuK
OJIMH HHYEro He MOKeT 3apaboraThb. Kakoe pacmpenenenue jnoxoma B $1000
c/leIyeT CUATaTh PA3yMHBIM, YVIUTHIBAs OMHCAHHBIE BO3MOXKHOCTH HI'POKOB?

[Iycts A — muozxkectBo HOMepOB urpokoB. [logmuoxkecrsa K C A B ko-
ONEPATHBHON TEOPHH HA3BIBAIOTCI KOGAUYUAMUY. DYHKIHSI U, COMOCTABJIS-
foras Kaxkaoii koamnunu K ee mnoxox v(K'), HABBIBAETCS TaAPaAKMEPUCTIUYE-
ckoti. XapakTepucTuieckas (pyHKIU v HA3BIBACTC CynepadiumueHoti, ecan
v(KUT)>v(K)+v(T) nng mobeix Henepecekaomuxcst Koaanimuii K u 7.
VesoBue cynepajjaurupioctu o3nadaer, 4yro upu K N7T = () noxo Koauuuu
K UT ne menbiiie cymmbl 10x0/10B Koasuimit K n T'. B nanbHeiiniem BMecTo
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v({i, J,...,1}) 6ymem mucars v(ij...0).

B npumepe 15.1 A = {1,2,3}, a xapakrepucrnueckast GpyHKIHSI v MpH-
HEMaeT creaytomue 3madenus: v(1) = 200, v(2) = 300, v(3) = 0, v(12) =
800, v(23) = 650, v(13) = 500, v(123) = 1000. Herpyano Bumers, 910
cynepaJauTuBHa. Eciu 61 yenoBre cynepajiuTHBHOCTH 3/1eCh HAPYIIAI0Ch
(cxazkem, mpu v(1) = 400), To cobpaTh Bech cocTaB My3bIKaHTOB 3a $1000 ObI-
JI0 OBl TPY/IHO, €CJIM TOJBKO K COBMECTHON MIDE UX HE MPUBJIEKAIOT JAPYIHe
CTUMYJIBL.

Onpedenernue. Koonmeparnsuoii urpoii ( mam urpoit B ¢popme xapakrepu-
crudeckoil dyHKINM) Ha3biBaeTcsa mapa K = <A, v>.

VeTaHOBUM CBsI3b MeXKJy UIDAMH B HOPMaJsbHON (hopme u KoomepaTHB-
apivm nrpan. [pemonoxiy, uto B urpe I' = (A, 5%, u’(s), a € A)
MHOYKECTBA CTPATErni HIPOKOB KOHEYHbI, & BHIMIPHIIIN — JeHeKIble. Vrpo-
KI MOTYT OCYHIECTBIIATH NOGOWHME NAGMEINCU, T.e. TePEPACTPENETAT MEeK-
1y €o6oii noyuennsie Boiurpbimu. Onpeenny XapakTepucTuiecKyto (hyHk-
nuio. s xoannunu A ecrectBenno mosoxuTh v(A) = max %u“(s). Jnsa

ac

soboit koasmmuu K # A u cutyanun s 0603HAYHM
def
sK=(s"aeK)e SK = ® So.
acK
Tenepns curyanuio s MOXKHO 3alUCATH B BHJIE S = (SK, SA\K). ITycts urpa I’

nMeer nocmoArHHYo CYmmy, T.e.

Z u®(s) = const.

a€A

Mg rakux urp v(K) MOXKHO OIPeIeUTh KaK 3HAUYCHHE aHTATOHUCTUYECKOH
urpbl kKoasmmun K nporus ee gonosnHenuss A\ K

Kk — <SK, SA\K’UK<SK7 SA\K) d:efzua(sk',SA\K)>'
aeK

VYnpasncrenue 15.1. Jlokaxkure, 4ro jyisg urpbl I’ ¢ mocrosiHHO# cyMMOit
XapakTepucTuieckas (pyHKIUS ¥ CyIepaI/IMTUBHA U

oK) +v(A\K) = v(A) VK C A. (15.1)

Onpedeaenue. ToBopsiT, 410 KooneparupHas urpa K = <A,v> uMeer Io-
CTOSTHHYIO CYMMY, €CJIH I Hee BbIoTHeHo ycaosue (15.1).
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Hpumep 15.2. PaccmorpuM JiBe mapbl MaTPHIL

2 3 5 6
1 __ 1 _ .
e (i9) = )
7 -1 ~1 2
2 __ 2 _
() ()

[TepBbiii UrpoK BHIOUpaET HOMEp CTPOKH i, BTOPOH — HOMep cTosbna j, a
Tperuii Urpok BbIGEpaeT HOMep mapsl r € {1,2}. BBIUIpHIIT 1epBOrO UIPOKA
paBeH a;;, Broporo — by, a rperbero — ¢i; = 10 —aj; — 0j;. rpa I' umeer 1o-
crostaHyo cymmy v(123) = 10. Haiinem v(1). [epBoiit urpok urpaer mpoTus

koasumun {2,3} B urpy ¢ mMarpuuei
(1,1) (1,2) (2,1 (2,2)
1 2 7 3 —1
2 4 2 1 3
BoiuepkuBast nepBblii 1 BTOPO#i CTONOIBL 1 peniasg urpy 2 X 2, HaX0uM 3Have-

aue urpsl v(1) = 5/3. 13 yciaosus mocrosacTBa cymMmbl v(23) = 10 — v(1) =
25/3.

VYnpaosrcnenue 15.2. B ycnosusix npumepa 15.2 naiijure 3HaUeHUsT XapaK-
repucrudeckoii Gynkunn v(2),v(13),v(3) u v(12).

Onpedenenue. Jleaescom naspiBaercs BekTop y = (y*, a € A), ymosie-
TBOPAIOUINNA YCITIOBUAM

Syt =w(A), y* > v(a) Yae A

a€A

Jenex y 3a/1aeT pacrpeiesienue Bourpbima v(A), yI0BIeTBOPSIONIEe YCI0-
BHIO UHOUBUIYaAvHol pasymmocmu y* > v(a) YV a € A. Ilycts Y — mHOKe-
CTBO BCEeX JeJierKelt.

3 cBoiicTBa CynepagIUuTHBHOCTH XaPAKTePUCTHICCKOH (DYHKIMH U BbI-
TekaeT HepaseHcTBo Y, v(a) < v(A).

a€A
Onpedenenue. Kooneparupnas urpa K = <A,v> Ha3BIBAETCSA HECYULE-
cmeennod, ecin Y v(a) = v(A).
acA

B necymecrsennoii urpe jgenex y = (v(a),a € A) — enuncrsenubiii. B
JasibHelem Gy1eM PacCMaTPUBATD TOABKO CYIECTBEHHBIE UIDHI.

166



§ 15. KoomrepaTuBHbIe HIDBI

Onpedenenue. /IBe KoomeparmBHbie UIPbl I = <A,v> u K' = <A,v’>
HA3bIBAIOTCS 9KEUBANEHMHBILMU, €CIN HafiayTca Takue dncaa ¢ > 0 u

d*, a€ A, aro v'(K) =cv(K)+ > d* VK C A.
acK

[Tepexox or urpel K K 3kBUBaIeHTHON nrpe K' MOXKHO CBSI3aTh C U3Me-
HEeHHEM B ¢ pa3 jeHexknoil exauuunpt. [losoxurenbuasg peaundnna d* WHTEP-
IPETUPYETCs KaK JOMOJHATENbHAsS BBIILIATA UTPOKY a. Ecam ke Beamdnna
d* orpunareysbHa, TO —d® MOKHO PACCMATPHBATH KaK ILIATY UTPOKA @ 32
yaacrue B urpe. Jlenex y urpel K nepexoaut B genex z urpbr ' ¢ Kommno-
Heatamu z¢ = cy* +d* Va € A.

Onpedeaenue. ToBopar, aro kKooneparupHas urpa ' nmeer
(0 — 1)-pedyyuposarnyto dopmy, ecin v'(A) =1, v'(a) =0 YV a € A.

Jlns kooneparuBHoil urpel K sxkBuBasienTHas urpa K' umeer
(0 — 1)-penymupoBaruyo dbopmy, ecau
c=wW(A) = > v(a)tu d* = —cv(a), Va € A.
acA
Vnpascnenue 15.3. Insg urper " nzxaz-opkectp ' HaiiTn SKBUBAIEHTHY O UT-
py B (0 — 1)-pexyuupoBanHoii dbopme.

B koomeparuBHOIT Teopum HET eqwHOrO TOHATHS ''pazymHOro'menexa.
Bonee Toro, pasimaasie coobpazKkenns "onTuMaIbHOCTH  TPUBOIAT K PA3HBIM
MHOZKecTBaM "pa3yMHBIX " nestexkeit. PaceMoTpuM IBa OAX0ma, OCHOBAHHBIE
Ha nOHATUSX Adpa u eexmopa Illenau.

Onpedenenue. MHOXKeCTBO meserkei

C={yev| Yy > u(K) VK £ A}

aeK

HA3BIBACTCS sIPOM (MJIH C-IpOM OT aHrsmiickoro ”core”).
Jlenex y, NpuHAIEKAIAN A1y, YAOBAETBOPSET yCJI0BUIO 'TpPymnmoBoit
pasymHocTn": Bemrphin v(K) mo6oit koaannun K He TIPEBOCXOIAT ee JI0JN

> y® no Jesexky y.
acK

BaiiMeMcd BBIBOJOM YCIOBHUS CYIICCTBOBaHHA siapa, T.e. korma C # ().
[Honoxxkum

C'={yc B ) y* > v(K) VK # A}.

aceK

Vnpaostcnenue 15./4. Jokazkure, aro aapo C' CymecTByeT TOrga U TOABKO
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I'JIABA III. NT'PBI MHOI'MX JINII

TOT/Ia, KOTJIa

min Z y* <wv(A). (15.2)

B yenosun (15.2) min Y ¢y 3anmimeM ¢ TOMOIIBIO IBOMCTBEHHOMN 38, 1a01
YeC qea

JIMHEHOT'O TTPOTrPaMMUPOBAHU S

min » y* = max E Mv(K),
yeC AeA
acA K#A

rje

A={A=\NSK#£A) Y M=1Va €A N>0VK# A}

K:aeK

[Tocmemanit MAKCIMYM MOXKHO OpaTh TOALKO 1o MuoKecTBY A Kpaiinumx To-
dek (Beprun) MHOrorpanHuka A (cM. ynpaykuaenne 5.5). OKOHUATETBHO HEOO-
XOJMMOE U JIOCTATOYHOE YCJIOBHE CYIECTBOBAHUSA $/IPa 3aIUCHIBACTCH B BUJIE

D N(K) < v(A) VAN (15.3)

K£A

BekTopbr u3 MHOKeCTBa A HA3BIBAIOTCA COAAGHCUPOBAHHUMU NOKPUMUAMU
mHO)kecTBa A, a BekTopwl u3 muoxkecta A’ — npusedenmmvimu (i mu-
HUMAAbHOMY) COATAHCUPOBAHHBIME MOKpbITHsiMu. [Iia koanumun K C A
OIPEIETUM BEKTOP

1, ae K

‘A‘ . a o ) )

X(K) € B x*(K) =

0, a¢ K.

DTH BEKTOPBI SBJSIIOTCS CTOJIOIMAME MATPHIIBI CUCTEMbI YPABHEHU, 381210~
meil MEOKeCTBO A.

Jlnst Toro 9ToObl cHATAHCHPOBAHHOE MOKPLITHE A OBLIO NPUBEICHHBIM,

HEOOXOIMMO U JIOCTATOYHO, 9TO0b cucteMa BeKTopos {X(K) | AKX > 0} 6bu1a

JIMHEHHO He3aBUCHMOM. DTOT (paKT JOKA3BIBAETCA aHAJOIMYHO YIPAKHEHUIO
D.5.

Onpedenenue. CemeiicTBo B Koaauuii Ha3BIBACTCA COGAGHCUPOBUHHBIM,
ec/ii Hal/IeTCsl TAKOe MPUBEJICHHOE COAJTAHCUPOBAHHOE MOKPBITHE A, UTO

B={K|\ >0}
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§ 15. KoomrepaTuBHbIe HIDBI

[Tpumepom cbHasaHCUPOBAHHOIO CeMelcTBa KOAJHUIUN dBjsgeTcs pa3oue-
Hre B mHOXKecTBa A Ha MOMApHO HEIMEpPECeKaroInecs MOAMHOXKecTBa. [lasa
COOTBETCTBYIOIIETO MIPUBEJIEHHOIO OATAHCHPOBAHHOIO MOKPBITUS A KOMIIO-
peatel \X = 1, K € B. OTMeTuM, 9TO 175 TAKOTO MOKPBITHA HepaBeH-
crBo u3 (15.3) BeimonHsiercs "apromMarndecku', B CHITY CyTIepajIuTHBHOCTH
xapakTepuctuieckoin dpyukiuu. [losromy npusejeHnbie cOajaHCcupOBAHHbBIE
MOKPBITHUSI, OTBEYAIONTe pa30neHnssM MHOXKeCTBa A, B maabHeieM He pac-
cvarpuBaiorcs. CrpaBeaans u 6ojee OOMUIT Pe3yIhTaT.

Ynpaotcnenue 15.5. Ilyctb nyid npuBeeHHOTo cHAJIaHCHPOBAHHOIO IO-
KPBITHA A\ HaiiayTcs Takne Koamumun 1T u L, ato TN L = (0, AT > A\ > 0.
[TokazkuTe, 94TO MOKPBITUE [i C KOMIIOHEHTAMU

AN\ K =T,

<« Jo. K=1,
S B3 K=TUL,
A K+T,LTUL,

ABJIAEeTCAd NMPpUBEJCHHBIM C6aJIaHCI/IpOBaHHBIM n

D MNYE) <Y pfu(K). (15.4)

K+A K+A

U3 (15.4) BeiTeaer, uro HepaBeHcTBa (15.3) J0CTATOYHO TPOBEPSATH TOJb-
KO JIJIS CYWECNBEHHDLE TPUBEJCHHBIX COATAHCUPOBAHHBIX TOKPBITHH A\, /115
KOTOPBIX HE CYIIECTBYIOT Hemepecekanumxcs koagunuit T u L ¢ noaoxu-
teapHbpiME AT 1 AE.

Haiizem HeoOXoaumMoe 1 JOCTATOTHOE YCIOBHE CYIIIECTBOBAHUS s/Ipa B KO-
oneparusHOi nrpe Tpex suin. KommonenTw BekTopa A € AY ymopsmoum
caemytomum obpazom: A = (AL A2 A3, A2 A3 \12) | [Tepeuncium Bee npube-
JTeHHBIe cOAaHCHPOBAHHBIE HOKPHITHSA MHOXKeCTBa, A:

A1) =(1,1,1,0,0,0), A(2) = (1,0,0,1,0,0), A(3) = (0,1,0,0,1,0),

A(4) = (0,0,1,0,0,1), A(5) = (0,0,0,1/2,1/2,1/2).

C ydeTom pe3yJibTaTa yOpazxKHeHUd 15.5 CyIIeCTBEHHBIM TTOKDBITHEM SBIIs-

ercst TOJbKO A(D) U yCjiOBHE CyLIECTBOBAHUS $Jipa 3AIUCHIBACTCS B BUJIE
0(23) + v(13) + v(12) < 20(123).
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I'JIABA III. NT'PBI MHOI'MX JINII

Vnpaotcnenue 15.6. J1nst KooneparuBHO urpel " mzka3-opkectp ' mpoBepbTe,
aro spo C' cymiecrsyer. M3o6pasuTe npoekiuIo sipa Ha maockocTsb (y', y?)
1 HafiuTe ero BepIIUHBHI.

B Tabaume 15.1 mepeunciienbl Bce CylIeCTBEHHbIE TPUBEIEHHBIE cOaIaH-
CHPOBAaHHBIE MOKPBITUS MHOXKECTBA A UI'PBI Y€THIPEX JIHIL.

Taba. 15.1

B M KeRB
A\{a}, a=1,2,3,4 |[1/3,1/3,1/3,1/3
{1,2,3},{1,2,4}, {3,4} 1/2,1/2,1/2

{1,2,3},{1.4}, {2,4},{3.4} | 2/3,1/3,1/3,1/3
{1,2,3},{1,4}, {2,413} | 1/2,1/2,1/2,1/2

Ocraabuble CyanieCTBeHHbIE€ TTOKPBITHUA OTINYAIOTCA OT YKa3aHHBIX IepecTa-
HOBKaMH HOMEPOB HUI'POKOB.

PaccMorpuM gacTHBIN cydail KOOMEpATUBHOM UTPHI, KOT/IA YCJIOBHE CY-
IIECTBOBAHUS f/Ipa MOXKeT OBITH 3allUCAaHO B MPOCTOil (bopme.

Onpedenenue. Kooneparupnas urpa K = <A,v> Ha3BbIBAETCS CUMMEN-
PUYHOT, €CIN XapaKTepucTudeckas (PYHKIHS ¢ 3aBHCHAT TOJIBKO OT YHCJIA
urpokos B koasmuun: v(K) = v VK C A,

Ynpaotcnenue 15.7. Tlokaxkure, 94T0 JUIsi CUMMETPUYHON KOONEPATUBHOM
HUI'DbBI IC AIAPO C TOra U TOJIBKO TOT'Ja CyHIeCTBYET, KOI'Jla BBIIIOJTHECHLI HEPa-
BEHCTBA

K]
VK| < WU|A| VK CA. (15.5)

Hemocrarkom sapa gBisiercss TOT (PakT, YTO OHO MOYXKET He CyIIeCTBO-
BaTh. Jlokaxkem, uro C' = (), ecim koomepaTupHasa urpa K = <A,'U> uMeeT
nocrosguuyio cymmy. leiicrBurensuo, ecau y € C, To

Dy = u(A\{a}) = o(A) = v(a), y* = v(a).
b#a

[Tocienime 1Ba HEPABEHCTBA MOTYT BBIOJHATHCS TONBKO KAK DABEHCTBA.
Orcriona y* =v(a) Va€ Au Y y* < v(A) (mporusopeune).
acA

VKazaHHBIM HeocTaTKoM He obsagaer BekTop llemin. Oupenesnnm ero,
HCIIOJIb3YS BEPOATHOCTHYIO0 uHTEpnpeTaiui. [lonoxum v(() = 0.
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§ 15. KoomrepaTuBHbIe HIDBI

Onpedenenue. st urpoka a € K semmunua v(K)—v(K\{a}) nazbiBaercs
6K.A000M UTPOKA B KOATUINIO K.

[Tycrs koanunmusa A 06pasyercsa B pe3ysbrare CIAyIONIero CIydaiiHoro
nporecca. CHauasa ¢ BeposTHOCTHIO 1/|A| BbIOMpaercs urpok a;, 3areMm u3
ocrapriuxcst |A| — 1 urpokos ¢ BepositHocThio 1/(|A| — 1) Bbibupaerca ur-
POK (o ¥ IPUCOEIUHAETCS K UTPOKY a1 M T.JI. B pesyjbTare ¢ BEpOATHOCTHIO
1/]|A]! 6yer BrIOpama ImepecTanoBKa HTPOKOB dy, ..., G)4). MozKHO mogcTnTaTH
BKJIQJ] UTDOKA (; B KOAJIUIHUIO {a1, ..., q; }. Takum obpazom, i KazxKJ0ro ur-
poKa @ ero BKJIaJ (B Kakyo-To Koanunuio K ) Oyaer caydaiiHoil BeJTndnHOi,
npunnMaiotieit 3nadenne v(K) — v(K\{a}) (rme a € K) ¢ BeposTHOCTBIO
(] = DA} = [KD] AL

OmupenesnM Tenephb clenuaabHblii genex ¢ — pekTop lemnu. Ero kom-
IIOHEHTA gDa PaBHa MaT€eMaTHUY€CKOMY OXKHAaHUIO BKJIaJa UTI'POKa a, T.€.

o= >0 WEED LD ) — ot

K:aeK

[Tposepum, uTO

Z (K] =D)AL = [KDE 1 (15.6)

|A]!
K:aeK
HeitcTBUTEIBLHO,
4|
(K= DA = KDY (=)A= D)
D P

Yucsmo KoaJuiuil, cogepkaniux [ HiI'poKOB U CpeId HUX HTPOKA G, PABHO

(14] - 1!
(= DHA - D)

-1 -
Cla-1 =

[TosToMy B moc/ieineii JIBOIHOM cyMMe IpH JII000OM | BHYTPEHHSS CYMMa PaB-
ma 1/|A|. Orcioga u crenyer (15.6).

Ynpaotcnenue 15.8. Tlokaxkute, uro Bekrop e ¢ = (¢% a € A)
SIBJISIETCS JIEJIE2KOM KOOIEPATHBHOM UTPHI.

Ynpaotcnenue 15.9. Boinumure sBHble (hOPMYJIBI /I MTOJICYETa BEKTOPA
Hlenymm B urpe Tpex Jmn. Halitu Bektop Illemnu njsg koomepaTuBHOR ur-
pot " kaz-opkecTp"u noKazaTh €ro NPUHAIJIEZKHOCTD syipy. [IpoBepuTsh, 14T0
ecim v(123) ymenbmuTs Ha $3 , 1o Bekrop lenam siapy He mpuHaIeKuUT.
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Ynpaostcnenue 15.10. TlokazaTh, 4T0 JI1d CAMMETPUYHON KOONEPATUBHOM
urpsr Bektop e ¢ = (vja/|A], ..., v14)/]A]).

KommenTapuii m 6ubanorpadus k raase 111

§ 12. Oupesesienne cuTyaluu PaBHOBECHUS JIjis UI'Pbl MHOIUX JIUI, [PU-
waexkut /. Hamy [76]. Teopema 12.1 nokazana C. Kakyranu [47| u nc-
MOJIb30BaHA, JII JIOKA3aTEIbCTBA TEOPEMbI 2.3 O BOTHYTO-BLITYKJIOH (DYHK-
nuu. Teopema cylecTBOBaHUS CHTYAllMH PABHOBECHS B UI'PAX C KOHEYHBIMU
MHOXKecTBaMu cTpareruil nokasana JIxk. Hamewm [76]. Tam ke mpuBejeHbl
CBOWCTBa CHUTyallmii paBHOBECHUsl B CMeEIIAHHBIX cTparerusx. lIpmumep 12.1
npunagexxkutr H.H. BopobneBy [34]. Onpezgenenue urpbi, paszpemmmoii mo
JOMUHHPOBAHWIO, BBeieHo . Mymenom [71].

§ 13. OcHOBHBIE TIOHATHS TEOPUH TO3UIINOHHBIX UT'P onpereaeHsr JIxk. ¢hon
Heitmanom u O. Moprenmrepaom B [72]. Tonnas dopmanuszaimst 3Tux urp
nposejiera Y. Kynowm [58]. Oupeiesienne coBepIIeHHOTO MOBITPOBOIO PaB-
nosecus npunaiexut P. Cenreny [98]. Teopema 13.1 o cymiecrBoBanuu cu-
TYallii PaBHOBECHUsI B MO3UIIMOHHON UTpe ¢ MOAHON mHMOpMaIueil JoKa3aHa
[.Y. Kynowm [58]. Konnenuus Bo3MyIEHHONR UTPBI, B KOTOPOil HTPOKU MOTYT
omubaThCs pH BBIOOpe cBoux crpateruii, Beegena P. Cenxrenom [99).

§ 14. Tlpumep 14.1 u Teopema 14.1 00 IKBUBAJIEHTHOCTH CMEIIAHHBIX CTPa-
Ternit COOTBETCTBYIOIIUM CTPATET MM TTOBEIEHUST B UTPAX C MOJHOMN MaMsIThIO
npunaexut [.Y. Kyny [58]. JIpyrue pe3yabTarsl 110 T€OPHH TO3UIUOHHBIX
urp cM. B cbopruke [82]. C Moze1siMu MHOTOIIIATOBBIX HEAHTATOHUCTHIECKHX
UI'D MOXKHO O3HAKOMUTBCs B |22, 23, 71, 91].

§ 15. OcHOBBI KoomllepaTuBHON Teopunu 3asioxKenbl JIxk.pon Heiimanom n
O. Moprentmrepraom B [72|. TIpumep xkooneparusnoil urpsr " mxkas-opkectp”
npunagaexkut [LI1 fdury (em. [71]). Ionsrue saapa onpeneneno . Txxmi-
mcom B [44]. Heobxoammvoe n 10CTaTOuHOE YCJIOBHE CYMIECTBOBAHUS sIipa ¢
UCII0JIb30BAHHEM HOBBIX KOMOMHATOPHBIX 00BEKTOB — IMPUBEJIECHHBIX cOATAH-
cUpOBaHHBIX MOKpbITHH — moaydeno O.H. Bougapesoit 8 1962 rony B [13],
/i€, B 9aCTHOCTH, ONKUCAHBI IPUBEJICHHBIE COATAHCUPOBAHHBIE MOKPBITHUST JJIsT
urp Tpex u dervipex jui. O.P. MeHbnkoBa B KaHINIATCKON AUCCEPTAIIH
(bakynbrer BMuK MT'Y, 1978 rox) nepedncinia Bee npuBejieHHbIe cOaTaH-
CHPOBAHHBIC MOKPBITHS JJIsd UT'D IIATH U IIECTH JIUI. Pe3yabraT ynpakKHeHus
15.5 B3ar u3 [109]. Teoputo 1BOHCTBEHHOCTH JHHEHHOTO MPOTPAMMUPOBAHUS
cMm. B [5]. P. Ayman |7] onpeaesun nonsitue siapa Jijisi KUPbl B HOPMAJIbHOI
dbopwme. Psn pesyasraTos B sToMm Hanpasaennn nonydern A.A. Bacuabim (cM.
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§ 15. KoomrepaTuBHbIe HIDBI

|22|, rne mmeercs takzxke 0630p pabor nmo Teopuu aapa). B.B. Moposzos u
M.X. Ab3amxyzKaeB BBeIU JUCKPEMHBIE KOOMEPATHBHBIE UI'PHI, B KOTOPBIX
3HAYCHHA XapaKTePUCTUIECKOH (DYHKINU U KOMIIOHEHTBI JleJIezKeil — IesTbe
qucaa. Jasg Takux Urp momcK Jesieska U3 siapa CBOJUTCS K 3ajade IeJ0ThC-
JIEHHOTO JIMHEHHOTO mporpamMMupoBanus. B [68] npemnoxen sddexTuBHbIHi
AJTOPUTM €€ PENIeHUst JJIs UT'D IEeCTH JIMIL.

Bekrop lemnn 6p11 onpegenen B [102], roe umeercss akCHOMATHYIECKOE
ero obocroBanme (cM. takzke [31]). C apyrumMu KOHIENIUSIME ONTHMATHHO-
¢ty B KooneparuBHoi Teopun (pemennem dbon Helimana-Moprenmirepua, n-
aapom [maiiaepa u 1p.) MOXKHO 03HAKOMUTECS B [55, 31, 78|. @ynmamen-
TaJIbHBIA 0630 PE3yJIbTaToB 110 TeOpUH Urp cM. B [93].
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I'NIABA 1IV. BBEAEHUE B MATEMATNYECKVYIO
9QKOHOMUKY

B »3T0ii ry1aBe paccMaTpuBalOTCA MPOCTeIne MaTeMaTHdecKue MOJEeN
HPOU3BOJICTBA, PACIIPEIeeHUs | MOTPeOIeHU.

§16. Moaenau HePeryJInpyeMbIX PHIHKOB

BazkHyio posib B 9KOHOMHYECKOH TEOPHUH WUIPAET HMOHATHE PBIHKA. PhI-
HOK — 39TO MeXaHH3M OOMeHa TOBapaMH, BKJIIOUAIOIMINI /IBA THUIA areHTOB:
npousBoguTesn (MIPoAaBIkl) U morpeburenn (mokynaresnn). Kazkabiii areHT
CaAMOCTOSITE/IHHO TPUHUMAET pereHne 00 y9acTuu B 0OMeHe, NCXOs 13 CBOUX
HHTEPECOB M IIpe/IaraeMbixX ycaopuit. OOBIIHO KazKIblil IpOIaBell Ha3Hava-
eT ycJoBus oOMeHa B BHIE IeHBI Ha CBOH TOBap, a MOKYHNATEIH BBIOMPAIOT,
CKOJIbKO UM KaKOI'O TOBapa KyuuTh. Ho cyliecrByIoT u apyrue BApUaHThl PbiH-
KOB.

B sr1oit rtaBe paccMaTpHBAIOTCS TPH OCHOBHBIX MOJIEIN PBIHKA OTHOIO
TOBapa;

1) PBIHOK B YCJOBHSIX COBEPUICHHONH KOHKYDEHIMHU, WJIM KOHKYPEHTHbI
PBLIHOK, Ha KOTOPOM MHOI'O MEJKHX areHTOB-IPOU3BoAuTe el u morpedbure-
nef;

2) MOHONOJIM3UPOBAHHBIN PBIHOK, HA KOTOPOM OJIMH TPOM3BOIUTE N b-
MOHOMIO/IHACT B3aUMOJIEHCTBYET ¢ OOJIBITUM YUCIOM MEJIKHX MOTpPeOHTe el

3) OMUroOmoJIHs, TO €CTh PHIHOK, HA KOTOPOM HECKOJIBKO (bUPM KOHKYPH-
PYIOT, B3AUMOIEHCTBYSI ¢ MHOYKECTBOM MEJIKHX MOTPEeOUTE I,

Y umTaTes ¢ MaTeMAaTHIeCKHM CKJIAJI0M yMa 31eCh BO3ZHHKAIOT BOIIPO-
cBHl: 9TO o3HavaeT "mMenakuid"arent, "OobIIOE YUCTIO MEIKHAX TOTpebuTetei' n
r.i1.? Ciaegyer OTMETHTD, YTO JOCTATOYHO IIOJIHBIX ¥ TOYHBIX OTBETOB Ha 110-
JIOOHBIE BOMPOCHI HE ITOJIyIeHO J0 HACToAmero Bpemenn. HeKoTopbie moaxoams
1 OIEHKN M3JI0KeHbI B maparpade, MOCBAIEHHOM OJUTOMOIUN. Y Ka3aHHbIE
XapaKTEePHCTHKH CJIYZKAT HEKOTOPBIM 000CHOBAHIEM CHOPMYJIHPOBAHHBIX A~
JIee TIPeIITOJIOKEHN O TOBEIeHUN areHTOB.

KoukypeHTHBII PPIHOK O/THOTO TOBapa

PaccMOTpUM PBIHOK OJIHOPOTHOTO (T.€. He PA3JIMYaoIIerocsi Mo Ka4ecTBy )
TOBapa, TAaKOro Kak HedTh Wi Myka. [Ipeanoroxkenue, jexkaiiee B OCHOBE
MO/JIeJIM KOHKYPEHTHOI'O PbIHKA, COCTOUT B CJEAYIONIEM: HA PBIHKE CKJIAJIbI-
BAaeTCS eJIMHAs IIeHa P Ha TOBAP W HU OJUH HPOU3BOIUTEJIb AN MOTPEONTE b
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§16. Momgesn HeperyimpyeMbIX PBIHKOB

HE MOXKeET IIOBJIMATHL Ha Hee MHIAUBUAYAJIbHBIMHA ﬂeﬁCTBI/IﬂMI/I, T.€. Ka}K,ZLbII;‘I
areHT IPUCIOCAbIMBAETCA K PHIHOYHON LeHe p.

Haunem ¢ onucanus moseJenusl Npou3BoauTe el Topapa. Ilpeamonaraer-
Ce, 9TO KazK bl N3 HUX CTPEMHUTCA MAKCHUMHU3UPOBATEL NPHOBLIL OT ITPOU3BO/I-
cTBa ToBapa. O603HaunM Uepe3 A MHOKECTBO IpeIpUITHIL, TOCTABISIONIIX
TOBap Ha PLIHOK. B mpocreiiem ciyuae KOHKpeTHoe npejnpusarie a € A xa-
PaKTepu3yercd MaKCUMaJIbHBIM O6’beMOM BBIIIYCKa, HUJIN HpOI/I3BOﬂCTBeHHOI>‘I
MOIITHOCTBIO, V'@ 1 ydeavrotll cebecmoumocmuio TpoayKTa (B pacdere Ha e/1v-
muiy) ¢®. Tlpu 3ToM cTparerueii mpeanpusTust sBJsieTcst 00beM Bbimycka V.
dopMaIbLHO MOBEJCHNE NIPOJABIA a4 XapaKTepHuiyeTcs dynwuyueti npediosice-
nus S*(p), KOTOpas yKa3biBaeT ONTUMAJbHbIH 06'beM POU3BOJACTBA B 3aBU-
CUMOCTH OT 1I€HbI. PaccMoTpuM, Kak onpeaensercs S(p) B JaHHOM Cirydae:

0, ecnmu p < c®,
S(p) = Argogrg%a[‘/(p—c )] =110V, ecm p=c
Ve ecau p > c%,

rae V(p — ) — pynryus npubolau.

OTMGTI/IM, qT0 beHK]_[I/IH opeaaozKenund dBJaAeTCA TOYeIHO-MHOZKECTBEHHbIM
0TOOparKeHNeM, T.e. OJTHOMY 3HAYEHHIO apryMeHTa MOYKEeT COOTBETCTBOBATH
eJioe MHOXKeCcTBO 3HadeHH# (yHKmuu. OOmas XapaKTepUCTHKA PBIHKA €O
CTOPOHBI IIPOU3BOJMTENEH — ITO cyMMapHas DYHKIHS ITPeII0KEeHNT

S(p) = > S%p). Dra dynkuus ykaspiBaer o0IIee KOJIXIECTBO TOBAPA, I10-
a€A
CTaBJideMO€ Ha PbIHOK B 3aBHUCHUMOCTU OT LCHBIL. yHOpH,ZLOLH/IM npealnpudarued

0 BO3PACTaHMIO yIeJbHBEIX cebecrommocteil, T.e. mycth ¢t < ¢ < ... Torma
rpaduK QYHKIUN NPEIIOKEHUs /sl CAy4Yasd TPeX IPOU3BOANTECH BLITJIL-
JIAT CJIEJIYIOIIMM 00Pa30oM:

S(P
VAT

Vg Vi |

|

Vi~ | }

| |

-
2 c p

Puc. 16.1

B kauectBe nmpumepa Oosiee 001Ieil MOJIESM MPOU3BOJICTBA PACCMOTPHM
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I'JTABA IV. BBE/IEHUE B MATEMATHYECKYIO SKOHOMHUKY

HpeNpUATHe, HA KOTOPOM MMEIOTCS TPH BHUJA NMPOU3BOJACTBEHHBIX MOIIHO-
crei (CTAHKOB) /IS BBIIIYCKA TOBapa. KayKablii BHJI XapaKTePH3YeTCs BeJIi-
YHHAMH YIeJbHON ceGecTOMMOCTH ¢ I MAaKCHMAJLHOro 00beMa BhImycka Vo,
riei=1,2,3uc! <c® < c Ilpu BHIIOJHEHUN 3aKa3a Ha BBIIYCK V eJIMHHIL
TOBapa NpeJnpusaTue CTPEMUTCI MUHIMU3UPOBATE U31eP:KKH TPOU3BOJICTBA.
Beisicuum, kak 3aBucut nojnas cebecroumocts C (V') or obbema BbillyCKa 1pu
ONTUMAJILHON 3arpy3ke MomHocTeil. Q4eBuIHO, ITO PENPUITHE B TIEPBYIO
odepe/ib UCTIOIB3YeT MOIIHOCTU ¢ MUHUMAJILHON yJIebHOH cebecTONMOCTHIO
BBITTyCcKa. Ecam ux He XBaTUT, TO OYAYT 3a/efiCTBOBAHBI MOIIIHOCTH BTOPOTO,
a 3aTeM TpeThero tuma. Takum obpazom, rpaduk C(V) umeer cieayiommit
BH /I

VI VIRV VIRV
Puc. 16.2

B obuem ciyuae npeanpustue a xapakrepusyerca dpyukuueir C(V) ce-
HecTOMMOCTH BBIITYCKa B 00beme V' Ha gamHom npeanpugruu. laaee npesamno-
JlaraeTcst, 9To 3ra PyHKIus 3a/1aeT obiue u3aepkku. [Ipexe, yem chopmy-
JUPOBATH CBOHCTBA DYHKIINH U3/IepKeK, HAIIOMHUM ONpejiesIeHre BhITYKJIOMH
(BoruyToii) dbyukmuu (cMm. §2).

Onpedeaenue. Pyuxuuss C(V) nazpiBaercs ewnykaot (eoenymoti), ecau
ist moObIx aByX Todek Vi u Vo m moboro uncna 0 < ¢ < 1 cnpaBeinBo

uepasenctso C(tV) + (1 —t)Va)) < (2)tC(V1) + (1 —t)C(Va).

OTMeTHM HEKOTOPBIE CBOMCTBA BHIYKJIBIX (DYHKIN, H3BECTHBIE U3 Kypca
MATEMATHIECKOIO AHAJIN3A.

Boinykiast byuknusa C(V), onpenenennast Ha nosyocu V' > 0, Henpepbis-
Ha B J1000it Touke V' > 0.

Boimykitas u neyooiBaiomias ¢ynkuus C(V') HempepbiBHA U B TOUKe
V =0.

Hoist Beinyksioit dyuxinuu C(V) B j11060i Touke V' cylecrByor JieBocro-
pornsiss C_ (V) u npasocroponmsisi Cy (V) nmpomssoausbre. TIpuaem, ecin
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V<V 10 Cp(V) < C_(V).

Mg nudpdepennupyemoii byukuun C'(V) HEOOXOAUMBIM U JTOCTATOTHBIM
YCJIOBUEM BBLILYKJIOCTH SBJseTCH HeyObiBanue 10 V npon3sogaoi C (V).

Jlns aazk bl auddepeHnupyeMoi hyHKINT aHATOTHIHBIM YCIOBAEM sIB-
JISIeTCs HEOTPUIATEILHOCTL BTOPOii mpoussoauoii C'(V).

Byaem mpeamnonarats, uto dbyukmusa uzaepxkex C(V) obragaer criemayio-
IMUMU CBONCTBAMU:

C1 MOHOTOHHO BO3pacTaeT 1Mo V ;

C2 C(0)=0;

C'3 gaBagercd BBIMYKJION DyHKIHEH;

C4 C_(V)— oompu V — oo.

O6cyaum cBofictBa C'1-C'4 ¢ paKTUIECKONR TOUKN 3PEHUS.

[IepBoe cBoOiiCcTBO OYEBUAHO: YeM OOJbIIe 0ObEM BBIIIYCKA, TeM OOoJIbIne
obIIe M3AePKKH.

Bropoe ycioBue KaxkeTcs OrpaHHIUTEIbHBIM, TAK KaK Y IIPEIIPUAITHS MO-
I'yT OBITH TMOCTOSIHHBIE H3AePKKU. OIHAKO 3TH U3JAEPKKU HE UTPAIOT POJIH
upu pacdere DYHKIUA TPEJIOKEHHsT (CM. HHXKE), 8 WHBECTUIIMOHHbIE MPO-
IIECCHI MBI HE PACCMATPUBAEM.

Tperbe u geTBEepTOE CBONCTBA O3HAYAIOT, ITO Y I€/IbHBIE U3ACPAKKH C+(V)
PACTyT U CTPEMSITCSA K DECKOHETHOCTH € yBeJndeHneM odobeMa Bhillycka. B 1o
JKe BpeMsl U3 MPOU3BOJICTBEHHONW MPAKTUKNW W3BECTHO, U9TO MPU MEPEXO/Ie OT
OIIBITHOI'O ITPOU3BOJICTBA K MACCOBOMY BBINIYCKY BO3HUKaeT 3(pdeKT MaciiTa-
0a, T.e. yIeJbHbIE U3JEPKKHA YOBIBAIOT ¢ pOCTOM 0ObeMa Bhiycka. OJIHaKoO,
JIaHHBIHA (P PEKT BOZHUKAET TOIA, KOJIA HPEANPHUSITAEC MEHSIEeT CTPYKTYPY
ocHOBHBIX (hoHT0B. PaccmarpuBaemas 3/1ech MOIe/Ib OTPaKaeT paboTy mpe/i-
NPUSATHS B CTAIMOHAPHBIX YCIOBUSIX.

Jamum opmaabaoe obocHoBanue cBoiicTBa C'3. OTMETHM, 9TO paccMar-
pUBaeMble BeJNIHHbBI (MAKCHMATHHBIH 00beM BBIITYCKA, PeATbHBIH 00beM, n3-
JIEPZKKH) OTHOCATCS K HEKOTOPOMY (DHKCHPOBAHHOMY MEPUOLY BpeMeHH. Pac-
CMOTPHM JIB€ TEXHOJIOTUH, XapaKTepU3yIolmecs oobeMaMu Bblltycka Vi u V.
Bysem uepesosarb 911 TexHosoruu (1yCTb J0Js BPEMEHU © UCHOAB3YeTCs
OJiHA TexXHOJoTHdA, a Jnois Bpemenn (1 — ¢) — apyrasi). Takum oOpasom, Mbl
BeiycruM oobem  tV) + (1 — )V ¢ msnepxkamu  tC(Vy) + (1 — ¢)C(V3).
Caenosarensuo, C(tV) + (1 — t)V3)) < tC (Vi) + (1 — t)C(Va).

Ynpascrnenue 16.1. Kakue peasibubie (pakToOpbl HE yUTEHBI B 9TOM PACCy-
JKJICHUN !
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Jns dyuxmun cebecronmocru C(V'), ynosaersopsionieit ycropusm C'1-
C4, dbyHKIESA NpeaaoKeHust TPeANPUATH ONPEIeIIeTcss Kak

§%(p) = Argmax(pV’ — C*(V)),

rae pV —C%(V) — dyukius npubblin. 3aMeTuM, 9T0 3/1€Ch HET OTPAHTICHHsI
cBepXy Ha 00beM V' BBIIYCKaeMOro TOBapa.

Ymeeporcdenue 16.1. Ecnin bynkuma C*(V) yaoBreTBopsieT CBOHCTBaM
C1 — C4, to dbyukus S*(p) yAOBJIETBOPSET CJEMYIONMUM CBORCTBAM:

S1 S%(0) =0

S2 171t KazKJI0T0 P MHOKECTBO S%(p) BHIYKJIO U OTPAHUYEHO, & TPpahuK
orobpaxenust S*(p) Gr(S*(p)) ={(p,V)|p>0, V€ S%p)} 3amrnyr;

S3  S%p) me yOuiBaer mo p , T.e. ;s JOOBIX p < p' W st JTHOOBIX
Ve S%p), V' € S*(p') einoaneno nepasencrso V < V.

Joxasamenvcmeo. S1. O4eBrIHO, TOCKOALKY IPH HYJICBOH HEHE MPOU3-
BOJCTBO TOBapa He BLITOIHO.

S2. Oyukuust pV — jmueiinas no V, a C*(V') — BbliyKast, CJ1e10BaTe/ b
1o, byukuus pV — C*(V') apisiercst BorayToii. MHOKECTBO TOYEK MAKCHMY-
Ma y BOrHYTOil (hyHKIUH BHITYKJI0. S%(p) €CTh MHOXKECTBO TOUEK MAKCHMYMa
renpepbiBaoit byukuun pV — C*(V). CiegoBaTebuo, MHOKeCTBO S(p) 3a-
mkuyTO. 1o cBoitictBy C4 dynkuus uznepxex C'(V) pacter 6picTpee 060t
smHeitnoit dyukmuu. [Toaromy npu jgobom p > 0 HalijgeTcs Takas BeJIUYIHHA
V(p), aro pV —C*(V) <0 VV > V(p). Orcioga BeITeKaeT OrpaHNIeHHOCTh
MHOXKecTBa S%(p).

S3. BosbmeM p < p' u 3adbukcupyem npoussosibhbie V € S%(p),

V' e S84p'). Ecn V! = 0, T0 meoGxoammo C'y(0) > p' > p. CregoBarenbHo,
S%p) = {0} u yrBepxaenue nokazano. [lycte V' > 0, V' > 0. Torma u3
yCI0BHs MakcuMyMa, (DYHKIUMH TPUOLLIN BHITEKAIOT HEPABEHCTBA

Ct(V) <p < CYV), Co(V) <y <OV
Orciona ¢ yaerom p < p' Haxoaum C%(V) < C’i(V’ ). U3 Beimykaoct byHK-
uuu C(V) ciaenyer nepasencrso V < V'.
I'paduueckuit meTosa mocTpoeHnd PYHKIUHN MPEAJI0XKEHUS

1) Ilycrs C*(V') — rnagkas dbynknus. Ecain MakcuMyM npubbLIH JOCTH-
raeTcst BO BHyTpeHHeil Touke V* > 0, 1o p = C*(V*) = V* = (C*) " (p) =
S(p). Eciu makcumym jgocruraercs s nyJe, o p < C(0). Ipu p = C*(0)
S(p) = [0, 5%], rme St = sup{V | C*(V) = C*(0)}.
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Crpoum rpacux obparnoit pynkuun (C“)_l(p). st sToro orobpaszum
rpaduk dyaknnn C*(V') cummerpnaHo oTHOCHTEIBHO OuccekTpuchl. Ha ocn
p coeuHauM HOJTBb ¢ Toukoit C*(0) u momyunm rpaduk dbyakuun S%(p).

2) C meragkoii dbyHKIMeH MOCTynaeM aHAJIOTHYHO: CKAYKAM (DYHKIHH

C*(V) 6yayT cOOTBETCTBOBATH TOPU3OHTAJIbHBIE OTPE3KH Ha Tpaduke QyHK-

mn S(p).

Ilpumep 16.1. Oyukunsa u3aepkeK 3ajdaHa CAeIYIOINIM 00pa30M:

pC*(V)
V/2, 0<V <2,
coV)y=4{Vv-1  2<V<3
V39—1, V>3 [T ‘
|
=
- 1%
Puc. 16.3
TpebyeTcst TOCTPOUTH (DYHKIHIO petoKenns S(p).
1) Crpoum dbyurmmo C(V):
1/2, 0<V <2
CoV) =141, 2<V <3,
V2/3, V>3
v

Puc. 16.4

2) Crponm dbyukmmo S%(p) kak obparuyio k C4(V):
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(0, 0<p<1/2, ,

[0’2]7 p:1/27
Sa(p) = 2, 1/2<p<1,

2,3], p=1,

3, 1<p<3,

(V3p, p>3

Puc. 16.5

Ynpaostcnenue 16.2. Haiinure dyukimio npenioxkenns S*(p) 1o 3a1anHoil
bynkmun uzgepxkek C4(V) = max([V, V2]

DyukIUda copoca

Mp1 ommcasu mopejeHue npousBoguTesieit. O6parumMces Tenepb K JApyroi
CTOPOHE PhIHKA U PAaCCMOTPHUM IOBeJIeHNe BTOPOI I'PYIITIBI areHTOB, 1elCTBY-
IOIUX Ha PBIHKE, — MOTpeOuTE e,

IIycts B — muHoxKecTBO morpebuTesieil Topapa; b € B — KOHKpeTHBI
NOTpeOHuTeNb, KOTOPHIH XapakTepusyercsa @ynxuueti cnpoca D°(p), ykasbiBa-
folieit, Kakoif 00beM ToBapa roToB KYIUTh MOTpebuTessb b o nene p. Odmeit
XapaKTePUCTHKON IOBEIeHUs] BCETO MHOYKECTBA NMPHCYTCTBYIOIINX Ha PHIH-
Ke morpeburesiell IBASETCS CYMMapPHas GYHKUUA CNPOCe, KOTOPasi ONpee-
astercs caepyronmmM obpasom: D(p) = S DP(p). Jlnsa mauama paccMOTPEM

beB

HECKOJIBbKO ITPUMEPOB (PYHKIIUU CIPOCA OT/IEJTHHOIO MOTPEOUTE I,

IIpumep 16.2. Ilycts K® — nemexxublit KanmTaa norpeburessa b. IloTpe-
OMTeJIb TPATUT Bech KalMTasl Ha IOKYIKY Tobapa, Toraa D°(p) = K°/p.

Hpumep 16.5. Kak u B mpeablayIieM nNpuMepe, moTpeduTenb b xapakTe-
pU3yeTcs pa3sMepOM HMEIOMIErocs y Hero JAeHexkHoro kammraia K°. Orimune
COCTOUT B TOM, 4TO MOTPEOUTEHh MOYKET HOTPATUTH CBOIl KAlUTaJ HE TOJb-
KO Ha 3TOM PBIHKE TOBapa, HO y HETO €CTh BO3MOYKHOCTH MOKYMAaTh TOT YKe
TOBap B JPyToM MecTe 110 (GUKCHPOBAHHOM TleHe 1°, KoTopas Ha3bIBAeTCs pe-
3eperoti yenot 11t TaHHOro norpedbutess. CMBICT STOH BEJTUYUHBI COCTOUT
B TOM, 4TO HOTPEOUTE/IO HEBBIT'OHO MOKYIIATh TOBAP HAa PacCMaTpUBAEMOM

PLIHKE, eC/IH IeHa IpPeBhmaet 12, T.e. Ipu p > r’ HOKYIKa He IPOU3BOIANTCH.
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QyHKIMs CIPOCA JIIsT TAKOH MOJEJN UMeeT BHU/I

K®/p, p<rb
D(p) =4 [0,K%/p], p=1"
0, p >

JaauM arbTepHATUBHYIO WHTEPIPETAIINIO TOHATHS PEe3EPBHOI MEHbI: Y JaH-
HOT'O TOBapa CyIIECTBYET 3aMEHUTE b, IIeHa Ha KOTOPBIiT (DHKCUPOBAHA U PAB-
ua r’. TlosToMy B caydae, KOTJIa IeHa IPOLYKTa MPeBhIIaeT r°, moTpebuTeIs
b mokynaeT 3aMEeHHUTE/Ib.

Jlo cux mop MBI TpeInoIaraan, 9TO BeCh eHeKHbIN KaluTaa noTpeduTe-
JIsl pacxoiyercsd Ha mpuobperenue ToBapa. OJHAKO Ha MPAKTUKE KOTUIECTBO
JIEHET, KOTOPOE PaCXQ/yeTcs Ha JaHHBIII TOBAP, MOXKET MEHSTHCS B 3aBH-
cumoctu oT 1eHbl. O0beM MoTpedIeHnsT MPeIMEeTOB HePBOil HEOOXOINMOCTH
(OCHOBHBIX IIPOYKTOB MUTAHKS, HEOOXOMUMOM OJI€ZK/IBI  T.I1.) OOBIIHO CJ1a60
3aBHCHT OT IleHbl. Hampumep, nazke npu 3HAYATETHHOM POCTE MEHBI HA XJIe0,
JIOU OYIyT TOTPeOIATh TO 2Ke camoe KonumdecTBo xjaeba. C apyroit crto-
POHBI, €CTh TOBAPHI TUIIA MIPEIMETOB POCKOIIN (JPArONEHHOCTH, HPEJIMEThI
HCKYCCTBa M T.[.), CIIPOC HA KOTOPBIE CHJIBHO 3aBHCHT OT KOJeOAHWii IeHbI.
DTO MPOUCXOIUT OTYACTH MOTOMY, UTO MPU POCTE IEH HA OJHU MPEIMETHI
DPOCKOIIHN JIOJIU, KaK MPaBUJIO, MPEANOYUTAIOT MOKYIATh IPYTHe IIPeIMeTH,
KOTODBIE MTOJIOPOKATN B MeHbIIel cTenenn. CBOMCTBO DYHKIMY CIPOCA U3Me-
HITHCSl B 3aBUCUMOCTH OT HEHbI HA3BIBACTCH IAACMUYHOCTILIO cnpoca. Dop-
MaJIbHOe omnpeeserue Oyaer gano mo3zxke. C comepkaTeIbHON TOUKN 3PEHUsT
9MACTUIHOCTh XaPAKTEPU3YET CTEMEeHb 3aBUCUMOCTH 00heMa CIPOCa OT IEHBI
Ha TOBap.

Ipumep 16.4. PaccmorpuMm npuMmep HEJTACTUYHON (DYHKIUU CITPOCca:

—b

vV, p < rb,
D'(p) =S [0,V'], p=r,
0, p > b

Bo Bcex MpWBEIeHHBIX BHIIE mpuMepax dynkmus crnpoca DP(p) — 1o
TOYEYHO-MHOKECTBEHHOE OTOOPAKECHHE, YIOBIETBOPSIONIEE CIIeTyIOMIHM CBOM-
CTBAM:

D1 swimykioznaunocrs ( 3nadenuem (ynkunuu cupoca D°(p) s jio-
6oro p siBsiercs nboO ToUYKa, OO0 OTPE30K);
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D2 samxmyrocts (rpacdux orobpamenus D°(p)

Gr(Db(p)) ={(p,V) |0 <p<oo, V& Dp)} asnaerca 3aMKHYTHIM);

D3 wmonOTOHHOE HeBO3pactaHue ( npu JObX p < p’ 1 JHOBIX
V € D%p), V' € D*(p’) sminonneno mepasencrso V > V');

D4 D%p) — 0 npu p — oo (Ipn HEOTpaHWYEHHOM BO3PACTAHUH TCHBI
CIIPOC CTPEMUTCS K HYJTIO).

O6cy M opobHee CBOMCTBO MOHOTOHHOTO HEBO3pacTaHus (CBOHCTBO
D3). 910 cBOHCTBO TOBOPUT O TOM, YTO TIPH POCTE HEHBI Ha TOBAP CIIPOC
Ha HEro He YBeJUYHBACTCs (& MHOTIA U YOBIBAET, eCIH YUeCTh JOMOJIHUTEb-
HO cBoOlicTBO D4). BO3HUKAET BOMPOC: JJIsl BCEX JIM TOBAPOB BBITIOIHEHO 3TO
cBoiicrBo? B 3KOHOMUKE M3BECTHO HECKOJBKO 9K30TUICCKHX NPUMEPOB TOBa-
POB, CIIPOC HAa KOTOPbIE HE yI0BJICTBOPSET, 110 KpaiiHel Mepe B Olpe/ie/IeHHbIe
IIPOMEZKYTKH BPEMEHHU, CBOHCTBY MOHOTOHHOI'O HEBO3DACTAHUS.

Hpumep 16.5. zsectno, uro B Upiianiuu B rojiojHbie rojibl, KOrJa HeHa
HA KapPTOIIKY CHJIBLHO MOBHIIIAIACH, 00beM ee TOTPedIeHI TOXKE BO3PaCTAI.
C dgem 310 ObLIO cBsizaHO? B oObIYHBIE TOABI B PAIMOH OCHOBHONH MaCChl Ha-
ceJieHusl BXOJIMJIN KapToIlKa B Msico. Korjia meHa Ha KapTONIKY 3HAYUTE/b-
HO TOBBIIIAJIACH, JEeHEr Ha MsICO yzKe He XBaTaJjo, W JIIOJH IIePeXOIHIn Ha
OUTaHue oaHON KapTomikoii. [IoaToMy KapTOmKH TpeboBaJIOCh DOJBIIE, UeM
OOBIYHO.

Ilpumep 16.6. TpagunmonHas AMOHCKAas BOJIKA — cake. ECTh HECKOIBKO
COPTOB cake, MpHYeM KaK XOPOIIEero KadecTBa, TaK W IJIOXOTro. I3BecTen ciie-
Jyronuii pakT: KOrjia 1eHa Ha HU3KOKaYeCTBEHHBIN cake pacTer, TO 00beM ero
noTpebJieHnsT B 3TOT MOMEHT TOXKe yBeJm4unBaercs. Jlejio B ToM, 9TO onpejie-
JIEHHAST TPYTIa JNI, CTPAIAM0INIAsA aJlKOTOJIbHON 3aBUCUMOCTHIO, HYKIAETCS
B OIIPEJIC/IEHHOM /103 TUCTOrO aJIKoro/s. OHU, KOHETHO, IPEJIIOYIH Obl UTH
XOpoIni#l cake, HO KOTJa IeHa Ha cake CHUJIBHO PacTeT, UM JJId MOy IeHUs
cBoeit CyTO"IHOIU/I HOPMBI aJIKOI'OJIA HPUXOJUTCA OTKA3bIBATbLCA OT XOpOoUiero
cake B MOJIb3Yy II10X0r0. OTHAKO IIPUBEIEHHBIE IIPHUMEDHI TOCTATOYHO PEIKN
U HETHUIIUYHLI, a JJId 6OJIbH_[I/IHCTBa TOBapPOB CBOMCTBO MOHOTOHHOT'O HEBO3-
pacTanus (pYHKIIMU CIIPOCA BBIIOJIHACTCH.

IlpuHnun KOHKYPEHTHOTO paBHOBECHUS

Wrak, Mbl OIUCAIN TOBEJICHHE JBYX IPYII areHTOB Ha PbIHKe (IpOU3-
BOJIUTEJIEH TOBApa W MOTpebuTeNell) B 3aBUCHMOCTH OT TIeHbI Ha ToBap. st
MOy YeHU s TTOJTHOTO NPEJICTAaBICHU O MOJIEJ I KOHKYPEHTHOI'O PhIHKA OJIHOT'O
TOBapa OCTAJOCHh BBIACHUTH, KaK OMpPEJIesIsieTcsd MeHa P Ha PhIHKE.

182



§16. Momgesn HeperyimpyeMbIX PBIHKOB

Ha koHKypeHTHOM pbIHKE [IeHa TOBapa ONpee/sieTcs U3 IIPUHINIA KOH-
KYPEHTHOTO PaBHOBECHS.

Ipunyun xonwypenmmozo pasnosecus Baavpaca. B ycroBuax copepimen-
HOI KOHKYPEHIIMU Ha PHIHKE YCTAHABIMBACTCS LEHA P, KOTOpasd OAJIaHCHPYET
CIIPOC U TIPEIOKCHHE HA TOBAP M HASBLIBACTCA UEHOT KOMKYPEHMH020 PAGHO-
secus (mm BAIbPACOBCKOIT 1eHod). PopMaIbHO ITa HEHA ONPEIETAETC 13
yerosug D(p) N S(p) # O, vae S(p) — dyHKIMS CyMMAPHOTO TIPeIOKEHHSL,
a D(p) — dbyHKIHST CyMMapHOTO CIIPOCA.

Takum obpa3oM, IeHa KOHKYPEHTHOI'O paBHOBecHs 00J1aJaeT TeM CBOii-
CTBOM, UTO CYIIECTBYET 00beM TOBapa, KOTOPBI MOXKET OBITH MPE/IT0OKEeH MO0
9TOi 1leHe u MOzKeT ObITh HOTpedJ/IeH 110 310l neHe. Ecin dyHknuu cupoca u
MPEeJIOKEHNS — OJHO3HAYHbIE (DYHKIUU, TO MPUHIIAI KOHKYPEHTHOTO PaB-
HOBECHST MOYKHO C(hOPMYJIMPOBATH TIPOIIE: IO PABHOBECHOIT TleHe CIIPOC paBeH
IIPE/IJIOKEHHIO.

[Tostast hopMyTUpPOBKA MPUHITUIIA HATHHAETCS CIOBaMU: "B yCJIOBHSIX CO-
BepIeHHOH KOHKypeHun..." . UTo moHnMaeTcs oI yeA08UAMY COBEPUWEHHOT]
konxypenyuyu? ComepxKaTebHo Baabpac oxapakTepu30Bal UX KaK HAJTHINE
OOJIBIIOro Yncaa OJU3KUX IO CBOUM XapaKTEPUCTUKAM MPOU3BOIUTEIEH 1 1MO-
TpebuTesei, KaxKIblii 13 KOTOPBIX HE MOYXKET BJIHSIThH HA PHIHOYHYIO TeHy (T.e.
BCe OHH MaJibl [I0 CPABHEHHIO ¢ 00mmMu o0beMaMut peiHKa). Kpome Toro, Bce
MPOU3BOIUTEN U TOTPEOUTEN PACIIONATAIOT TTOTHON HHGpOPMAIHE O PhIH-
K€ U MOI'yT CBOOOJIHO BBHIOMpPATh cebe MapTHEPOB J/id 3aKJIIOUEHUs CJE/TKH.
dcHo, 94TO Takoe ommcaHHe He sBJIsSeTCsS KOHCTPYKTHBHBIM. Bo3bMmeM KOH-
KPETHBII PBIHOK, Ha KOTOPOM JeicTBYIOT 20 MPOU3BOTUTEICH MPOAYKIINNA H
500 nmorpeduTeseil, xapakTepu3y0IIMXcs olpe/ieJeHHbIMEU napamerpamu. Vc-
O/IB3Ysl OTpe/eerHne Baabpaca, HeTb3sl CKa3aTh, HAXOIUTCA JIM 3TOT PHIHOK
B COCTOSTHUH COBEPIIIEHHON KOHKYPEHIINW, TaK KaK ITO ONpeIeeHne YuCTO
KadecTBEHHOE U He JIaeT KOJMYECTBEHHBIX KPHUTEPUEB.

CBoiicTBa paBHOBECHOI1 I[€HbI

Byaem ucnonbzoBars 3anuck D(p) — S(p) > 0, ecsiu V' > V' npu Beex
V € D(p), V' € S(p). Anamoruano, 6ynem nucarb D(p) — S(p) < 0, ecin
V < V' upu Bcex V € D(p), V' € S(p).

Ymeeporcdenue 16.2. Ilycts dbyHKIMs npejiokenns S*(p) KazKI0ro mpo-
u3BomMTeNd a € A ymoBiaerBopsieT yciaoBuaMm S1-S3, a dbyHKImMS cmopoca
D®(p) kaxoro norpeburens b € B — ycaosuam D1-D4. Torna pasnosecnas
IIEHA BCEIJia CYIIeCTBYeT.
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Jlokasamenvcmeo. Samernm, aro dbyukims npemioxenus S(p) = > S*(p)
acA
yaosaerBopsier yeiaosusm S1-593; a dyuknus cupoca D(p) = > D%(p) —
beEB
yesopusim D1-D4.

[Tockombky S(0) = 0, To u3 MonoTonHOCTH DYHKIHK S(P) U 3AMKHY TOCTH
ee rpacduka BbiTekaeT, uTo S(p) = 0 B HEKOTOPOH MAJIOH MOTYOKPECTHOCTH
rouku 0. C apyroit cropoust, pyHkuuio cupoca D(p) B 3TOI MOTYOKPECTHOCTH
MOXKHO CYHTATh MoJIokuTeNbHOM. [TosTomy pasuocts D(p) — S(p) > 0 upm
MAJIBIX P.

Hnst mocrarouno Gosbmmx p dbyukus S(p) momoKATeIbHA (JOCTATOYHO
B3aTh p > C%(0) I8 HEKOTOPOro mpousBoauTenst a € A) u He yGbBaeT, a
D(p) — 0 upu p — oo. 3uaqur, D(p) — S(p) < 0 nupu Gosnbiux p .

Bocmop3yeMest aHATIOTOM TEOPEMBI 0 TIPOMEKYTOTHOM 3HAYCHUH HETpe-
PBIBHOI (DYHKIMU, U3BECTHOM U3 MaTEMaTHIECKOTO aHAIN3A: €CJIH HEeIIPEPhIB-
Has GYyHKIUA NPUHIMAET IPOTUBONOIOKHBIE 110 3HAKY 3HAYEHUs HA KOHIIAX
HEKOTOPOTO OTPE3Ka, TO BHYTPH ITOI0 OTPE3KA CYIIECTBYET TOYKA, B KOTOPOIi
dyHKIMg 00palaeTcs B HOJb.

Kax y»ke TOBOPIIOCH, CBOHCTBO 3aMKHYTOCTH HAJIOTUYHO CBOHCTRY Hempe-
poierocTH. Tak kak D(p) u S(p) — 3aMKHYTBIe (DYHKIMH, CI€0BATETHHO, HX
pasuoctb D(p) —S(p) Toxe 3amrnyTas dbyuknus. [losTomy cymecrByer Tod-

Ka P , B KOTOPOii 9Ta pA3HOCTh MPUHUMAET HYJEBOE 3HAUCHHE, B TOM CMBICTIE,
aro 0 € D(p) — S(p). &

Ymeepocdenue 16.3. Tlyers pl, p? — ABe IeHBI KOHKYPEHTHOT'O PaBHO-
Becust. Torma Jobas mena p € [p',p°] Toxke sBsieTcs PaBHOBECHOI, T.e.
S(p) N D) # 0.

Aoxasamenvcmeo. @ynkuus D(p) — S(p) MonoToHHO He Bozpacrtaer. Tak
KakK 9Ta (pyHKIUd npuHuMaer 3Hadenue 0 B Toukax Pl u P%, TO U BO BCeX
IIPOMEZKYTOYHBIX TOYKAX OHA IPUHUMAET TO ke 3HaueHue. Cjien0BaTe/1bHO,
D(p) N S(p) # O nna modoro p € [pL, p°]. M

HOKa)KeM, 9TO Ha CaMOM Jiejie BO3MOXKHBI CUTYalllul, KOT'Ja paBHOBECHAaA
IeHa oIpejessieTcs He e IMHCTBeHHBIM 00pa3oM. B Takux ciydasax u3 yTBep-
Kienus 16.3 Oy1eT cieIoBaTh, YTO CYHIECTBYET IEJIblil OTPEe30K PaBHOBECHBIX
IeH.

Hpumep 16.7. IlycTh Ha pBIHKE €CTh BCErO TPH HOTPEOHUTENI C HedJla-
CTUYHBIMU (DYHKIUAMU clpoca. Pe3epBHble LEeHbI Jjisd ITUX noTpedureieit
pasubl 71, 7?2 1 r3 coorBeTcTBenHO. B 3TOM catyuae cymMMapHas GyHKIIS CIIPO-
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§16. Momgesn HeperyimpyeMbIX PBIHKOB

ca GyJeT uMeTh CTymeHdaTsii Buj. [lycTh, KpoMe TOro, Ha PHIHKE eCTh JBa
IpeIIPUATHA-TIPOU3BOAUTEA ¢ (PHKCHPOBAHHBIME YAEJLHBIMI CeOeCTOmMO-
cTAME ¢, ¢ 1 MaKCHMAJIbHBIME o0beMaMu mpomssoiacTtsa V!, V2 coorset-
crBerno. CileqoBaTebHO, CyMMapHOe TIPeJIOKeHNe TaKyKe dBJIdeTcs CTY-
merdaToil gynkmmeii. Torma Bo3MOXKHA CACIYIONAA CATYAII, H300parKeH-
Hag Ha puc. 16.6, rae moayydnscs meablit OTPe30K PABHOBECHBIX IEH P.

V V

7] T 1 I

|
|
+
+

p
Puc. 16.6 Puec. 16.7

T3 R
i)

|

|

|

|

|
p

BaMeTI/IM7 4TO BO3MO2KHa W [Apylasd CUuTyalud, KOI'/Ja PaBHOBECHAsA IIECHA
P eJIMHCTBEHHA, HO HE €JUHCTBEHHBIM 00pPa30M OIPEJIEAIeTCS PABHOBECHDIN
o6mem V (cwm. prc. 16.7).

V3 npuBeIeHHBIX BBIIIE YTBEPKIEHUNR MOXKHO CJIeJIaTh BBIBOJ, YTO MHO-
JKECTBO PABHOBECHBIX TEH — 3TO JIUGO TOYKA (eJIMHCTBEHHAS HEHA D), JTUGO
CYIIECTBYET OTPE30K PaBHOBECHBIX 1ieH [p', p?].

BameTnM, 9TO CIydau, IPOUIITIOCTPUPOBAHHBIE HA PUCYHKAX 16.6-7, HeTH-
MAYHBI 1 HOCAT BBIPOXK/IEHHBINH XapaKTep, TaK KaK MPH MaJOM BO3MYIIEHUN
apaMeTpoB MOJIeTH IpadHUKH CMEIIATCca U IepecedeHue Mo meJoMy oTpes3-
Ky IpeBpaliaercs B nepecedenue B Touke. [Ipu 3T1OM BO3MOXKHA O/iHA W3
n300pakKeHHbIX Ha ciaeayoiieM puc. 16.8 curyarmit:

Vi V.
7 1o VT
‘ ‘
‘ :
i 1
p P p p
Puc. 16.8

B TunudaHbIX caydasx (Wad, HHBIME CJIOBAMH, B YCJIOBHSAX OOIIEro MOJIO-
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I'JTABA IV. BBE/IEHUE B MATEMATHYECKYIO SKOHOMHUKY

JKeHNUsT) PABHOBECHASI [[eHa M PABHOBECHBIN 00beM OIIPEIeIISIIOTCS €JMHCTBEH-
HBIM 00pPa30M, 9TO U NPEINONAraeTCd B JAJbHEHIITEM.

§17. MoHoONOIM3NPOBAHHBINA PHIHOK

PaccmorpuMm curyaruio, Korjia Ha PhIHKE NPUCYTCTBYET JIUIIH OjTHa (pupma-
HpPOU3BOIUTE b, KaK U paHblile, MIPOU3BOIUTE/b XapaKTepu3yeTcs cebecTon-
MOCTBIO TOBapa, T.e. pynkumeit u3aepzxkex C(V'), KOTOpas MOKa3bIBAET, CKOIb-
KO JieHer HeoOXOJIMMO 3aTPATHTh, YTOOBI ITPOM3BECTH TOBap B obbeme V.

[Torpebutenn Ha 3TOM pBIHKE TOJaraioTcsd Meakumu. Vx nosejenue xa-
pakTepusyercsi cyMMapHoit pyHKIueil cripoca D(p), NOKA3bIBAIOIIEH, KAKON
o0beM ToBapa OyJIeT KYILJIeH IIPH 33/ JaHHOI 1ieHe p. PupMa-MOHOIIOJIUCT yCTa-
HABJMBAET IEHY Ha TOBap p U o0beM ero mpouspojcrsa V. Takum obpasom,
cmpamezueti mononoauu seisiercs mapa (p, V).

Ilonck onTMMAaJIbHOI CTpaTerum MOHOIOJINNI

Obcyanm 3aady TOMCKA ONTHMAJIbHON cTpaTerun MoHomommu. OHA cOo-
CTOWT B BBIOOpE IIeHBI Ha TOBap p* W o0beMa MPoU3BOJACTBA V¥, MaKCUMU-
3UPYIOMMX TPUOBLIL MOHOIOINU. 3a/1a9a PEIIaeTCs MPU CAeIYIOIMNX Orpa-
HUYCHUAX! II€Ha HEeOTpullaTeJibHa, a O6”beM BBIIIYCKa HEOTPpHUIATEJICH W He
PEBOCXOJIUT CTIPOCA (TPOU3BOJNUTEIIO HET CMbICIA TPOM3BOANTE GOJIbIITE TO-
Bapa, 4eM MOTPEOUTEN TOTOBbl KyNmuThb). POpMAIbHO Ta 3a/1a9a CBOJIUTCSI
K HAXOXKJIEHUIO ONTUMAIBHON cTpaTeruu

(p*, V™) € Arg max (pV = C(V)). (17.1)

(p,V): p>0, 0SV<D(p)

Bynem sanuceiBath dyukmmio cupoca B Buge D(p) = [D~(p), D (p)], tae
D~ (p), D" (p) — HmkHsAs U BepxXHdAst rpaHunbl aag D(p). Ananmoruusas 3a-
UCh OyAeT MCIOMb30BATHCH U JJist (DYHKIUH [PEJI0ZKEHUS:

S(p) = [S7(p), ST ()]

Perenne ontumusanuonuoil 3agaqu (17.1) mposegem B JaBa 3Tamna.

Dram 1. Onmumusayus no 06semy npu GurcuposarHoti yeHe

DukcupyeM JIOOYIO TIEHY P U ONPeIeJIM ONTUMAJbHOE 3HadeHue V*(p).

BameTnM, 9TO IJIs MOHONOJM3HPOBAHHOIO PHIHKA MOXKHO TaK »Ke, KaK
U JIIsT KOHKYPEHTHOIO PBIHKA, BBECTH (POPMAIBHO (DYHKIHIO MPEII0KeHUST
S(p) = Arg r‘r/lgg(pV — C(V)) n naiitu paBHOBECHYIO I1I€HY D, TaKyl, 4TO

S(p) N D(p) # 0.
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§ 17. Mononom3upoBaHHbBIH DBIHOK

Ymeeporcdenue 17.1. Ecnn p —paBHoBecHas 1eHa, TO

S(p), p <D
Vi(p) € ¢ S(p) N[0, DF(p)], p=p,
D*(p), p>D.

Jlokazamenvcmeo. Ilyers p < p. 3ameTnm, 9TO ecan OTOPOCUTL B 3a/ate
(17.1) orpanuyenue Ha 06beM, TO ee perieHHe IPH (HDUKCHPOBAHHOM P COBIA~
Jaer co 3HadeHneM (pyHKIMH npeaoxenus: S(p) B Touke p. CrenoBarebHo,
Tak KakK S(p) ABJSETCs PelleHneM 3aa9i ONTHMU3AINH Ha OoJiee MIPOKOM
MHOKECTBE, TO 3HAYeHHe ONTUMU3UPYeMOro byHKIHoHATA B S(p) He MeHblIle,
geM B Touke V*(p). Oxnako mpu p < p dbyHukus npeioxkenus S(p) yaosie-
TBOPsIET OrpaHudeHuio Ha o0obem, T.e. ST(p) < D~ (p). D10 ycaoBue BbIIOI-
HSETCsA, TaK Kak QyHKIUSA S(p) MOHOTOHHO He yObiBaeT, a D(p) MOHOTOHHO He
BO3PACTAeT U, CJIeJOBATEJBHO, s J0boro p < p pasuocts D(p) — S(p) > 0
(em. puc. 17.1). CaenoBarenbho, B 91oM caydae V*(p) € S(p).

Vi 1pV = C(V)
D(p)
5(p)
7
~ 8
P p D(p)S(p) 4
Pue. 17.1 Puc. 17.2

[Iycts p = p. B arom ciyuae Ha10 B34Th ONTUMAJIbHBINA 00bEM ITPOU3BO/I-
CTBa, HO TAKOIi, KOTOPHI MOTPeOUTENb B COCTOSTHIE KynuTh. CJie10BaTEIBHO,
B 91TOM Ciyuae V*(p) € S(p) N[0, DT (p)].

Haxkonen, nycts p > p. Onrumusupyemasi B 3amade (17.1) dbyHkius
IpeICTaBIAeT COOOU PA3HOCTDh JIMHEHHOW W BBINYKJIONR (DYHKIUNA H, CIeI0-
BaTe/JbHO, caMa sBJjisercsd BOruyroil (gpynknueit. [Ipuyem, kak ObLIO 3ame-
YEHO B MPEIBIAYIIEM MYHKTE J0KA3aTEIbCTBA, MAKCHMYM €€ JTOCTUTAETCS B
S(p). Buaunt, paccmaTpruBaemast byHKIHs Bo3pactaer Ha orpeske [0, S~ (p)].
[lpu p > p B cuiy orpaHwveHns Ha 00bEM MPEJJIOKEHUS MAKCUMAIBHO JI0-
MyCTUMBIM 00beMOM Tpou3BojicTBa Oyaer DT (p), Tak Kak B 9TOM cjIydae
DT (p) < S™(p) (em. puc. 17.1 u puc. 17.2). CaegoBaresbHo, B 3TOM CJ1ydae
Vi(p)=D"(p). =
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Dran 2. Onmumudayus no yere
Nrak, Mbl onpeenim OnTUMAIbHBI 00beM 11 KarKJI0i (PUKCUPOBaH-
HO¥T 1eHbl. Terneph HaliieM ONTUMAIBHYIO MOHONOJILHYIO TICHY.

Ymeepotcdenue 17.2. 1) Mononosnst Beerja HaA3HAUAET [EHY p* He HUKe
PaBHOBECHOI1, T.e. p* > p.

2) Ecan dynkuus cupoca D(p) — ogHO3HAYHAS U TVIaJIKasi B OKPECTHOCTH
TOYKHU P, TO MOHOTIONNS HA3HAYAET IeHY p* BBINIE PABHOBECHOM, T.e. p* > P.

Jlokasamenvcmeo. 1) CHadana MOKaykeM, 9TO IMEHA MOHOIOJUH He HHU-
xe, yeM p. bepem j00yio neny p < p. B cuiy npeapliymiero yTBepiKieHus
17.1 onrumanbnoe 3uadenne obvema V*(p) € S(p). Pacemorpum anbrepna-
tuBHYIO cTpareruio (p, V*(p)). Ham ussectro, aro D(p) N S(p) # (). Torxa
13 MOHOTOHHOCTH (bYyHKIMII cupoca U Ipejjloxkenus ciegyer, aro D(p) >
S(p) V p < p. Crenoparesbro, crparerus (p, V*(p)) aomycruma, T.e. TOT xKe
obbem ToBapa V*(p) MozkeT GBITH peaan3oBaH mo GObIIeil neHe p. 3aMeTnm,
YTO U3IEPKKH MPU ITOM HE U3MEHATCS, TAK KAK 0O'beM BBIITYCKA OCTAJICSI TEM
JKe. 3HAYHMT 00Ias BRIPYYKa MPOU3BOIUTENSI OT MPOJAXKH IO IeHe p Oyier
BbIIIIE, YeM OT NPOJaXKK 110 1eHe p < p. tak, MOHOIIOJIMCT BCEIyIa HAZHAYAELT
MeHy p* He HHUKe D.

2) TlokazkeMm, 9TO A5 OJHO3HAYHONW M TJIAJKOH B OKPECTHOCTH TOYKH
dbyukIun cnpoca D(p) MOHOMOIHCT HABHAYUT TIeHY BbIlme p. 113 yTBepK Ie-
uust 17.1 creayer, uro V*(p) = D(p) npu p > p, a Ipu p = P MAKCUMAJIBHO
BO3MOXKHBEIH 00beM V*(p) € S(p) N[0, D(p)] pasen D(p). CremoBaresbHo,
3aj1a4a ONTHMU3AIME TPUOBLIN MOHOIIOJUCTA NPU p > P TPUHUMAET BUI

max(pD(p) — C(D(p)))-
Borancanm nponspognyto dbyukmun npubsan W(p) = pD(p) — C(D(p))

W(p) = D(p) + D(p)(p — C(D(p))). (17.2)

Tlpu p = § ee smauenume pasuo W(p) = D(p) + D(p)(p — C(D(p))). Tlo-
ckonbky D(p) € S(p), a S(p) aBagercs penreHneM 3aa9u ONTHMU3AIIH, TO
p = C(D(p)) u Bropoe craraemoe Bhipazkenns (17.2) pasmo mymo. OTKy-
1a creayer, aro W (p) = D(p) > 0. Msl mokazamm, 9t0 hyHKIHS TPHGBLIH
W (p) Bo3pacraer B TOUKe P. SHAYUT, MOHONOJIUCT HAZHAUYUT UEHY BbILIE HEHbI

KOHKYPeHTHOro paBHOoBecusd. ll

Ynpastenenue 17.1. lyers dynkums nznepxkek pupmoi-mononoaucta C (V)
pasua dyukuun C*(V) uz npumepa 16.1, a dynxuus cupoca D(p) = 3/p>.
Haiiiure onTuMaabHyI0 MOHONOIBHYIO TIEHY p*.
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§ 17. Mononom3upoBaHHbBIH DBIHOK

Sameuarue. HackoIbKO MOHOTIOUCT 3aBBICUT TEHY 110 CPABHEHHIO C IIe-
HOI KOHKYPEHTHOT'O PABHOBECHS, OY/IET 3aBUCETH OT KOHKPETHOT'O BU,1a, (DyHK-
KA CIIPOCA, TOYHEE, OT CKOPOCTU €€ YObIBAHHUA IOC/Te PABHOBECHON IIEHBI.
Ecnu npoucxomut peskoe yObIBaHue, TO MOHOIOJbHAS IeHa OyJaeT MaJo OT-
JITYAThCSI OT KOHKYPEHTHOH, ecyiu ke yObIBaHue (PyHKIUN CIIPOCA ITPOUCXO-
JAUAT MEJJICHHO, TO Pa3sHULA MEXK/]1Yy LEeHOH, HA3HAYEHHON MOHOIIOJIUCTOM, U
PaBHOBECHOIT Oy/1eT 3HAYUTETHHOMN.

Onpedenenue. Dyuxuus cupoca D(p) HazbiBaeTcss medaenno youeatouel
Ha OTpe3Ke [p1, pal, ecatu poD(pa) > pD(p) Y p € [p1,p2], T.€. cnpoc 6 denesrc-
Hom evipastcenuu pD(p) mocTHraeT MAKCHMyMa B TOYKE Do.

ITpumep 17.1. Tlyers D(p) = K/p. Torma cupoc B JeHe:KHOM BbIDaKeHHH
pasen nocrostuuoit Bequunue K. CieoBarenbHo, Takast GYyHKIUS SAB/ISAETCH
MeIeHHo yopiBaromneil. K 3roMy Kiaccy oTHOCATCS Takyke (DYHKIUU BHIA
D(p)=K/p*, 0 <a<1.

Onpedenenue. s rnagxoit dyuknuu cupoca D(p) saacmuunocmvio Ha-

_[D(p)|  |dD(p)/D(p)|
e(D(p)) = O iy

Ona nokasbiBaeT, Ha CKOJIBKO IMPOIEHTOB H3MEHHUTCsSI 00beM CIIPOCca TPH 13-
MeHeHUN IEeHblI Ha OJAWH IMPOIEHT.

OrmeruM, aro eciu snacruanocts e(D(p)) = 1, ro D(p) = K/p. Buicoko-
anacmuunoll cnpoc (Ha TTPEJMEThl DOCKOIIHN) XapaKTePHU3YeTCs 3HAUYCHUSIMU
e(D(p)) > 1, nusko asaacmuyunwid cnpoc (Ha npeaMeThl epBOH HEOOXO1H-
moctn) — sradenusivu e(D(p)) < 1. B skoHOMEHYECKON JuTeparype, KOraa
TOBODSAT 00 3JACTHIHOM CIIPOCE, 0OBIYHO MOIPA3YMEBAIOT BHICOKOTACTHIHBII
CIIpoc.

Ymeeporcderue 17.3. Ecau snacrnanocts dbynkunn capoca e(D(p)) <1
Ha OTpe3Ke [p1, pa], T0 D(p) MeyieHHO yOBIBAET HA JAHHOM OTPE3Ke.

Vnpasncrnenue 17.2. Jloxkaxkure yrBep:kaenue 17.3. HTo MoXKHO cKa3aTh
PO MOBeJeHHe MOHOIIOJNK B CJIydae, KOIJa CIIPOC MeJJIEeHHO YOBbIBAeT?!

Ymeeporcdenue 17.4. Tlycts mist HEKOTOPOTO 3HAYEHUsT P > P (PyHKIUS
cpoca D(p) merenHo yosiBaeT Ha orpeske [p, p|. Torma mis onTuMaTbHOR
MOHOIOILHON IEHBI BLIIIOJHEHO HEPABEHCTBO p* > P.

HO?{CHI/IM CMBbICJI YTBEPZKACHU A IIOKA 3JIaCTUIHOCTb MaJla, MOHOIIOJIMU Bbl-

T'OAHO yBeJIMYNBATDH LCHY.
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I'JTABA IV. BBE/IEHUE B MATEMATHYECKYIO SKOHOMHUKY

Joxazameavcmeo. llpeanonoxum or nporuBHOro, 4ro p* < p. Byuem
mpofaBaTh TOBAP TIO TieHe P, coxpanss obbem Bepydkn V = D(p*)p*/p. To-
ria V < D(p*), m31ep:KKH CHU3ATCA, a IPUOBLTb COOTBETCTBEHHO BLIPACTET.
OcTaeTcsl IPOBEPHTD, YTO MOKHO IIPOJIATH 00beM V 110 niene p. eficTBuTenn-
HO, U3 YCJIOBHS MetenHoro yossanusg D(p) > D(p*)p* /b, otkyma V < D(p),
T.€. TaKOit 00bem npogarh MoKHO. Ce0BaTebHO, PEIIION0KEeHIe HEBEPHO.
|

MbI mOKa3a/iM, ITO MOHOIIOIBHBIA PBIHOK ILTOX JJIs moTpeburens. B cie-
JayioineM naparpade obcykaaercs, Kakoil yiepd MOHOIOIUS HAHOCHT KO-
HOMHKE B IEJIOM.

§18. Mozaeap AByXOTpacjaeBOii SIKOHOMUKNI

Teopema 06 OIITUMAJIBHOCTA KOHKYPEHTHOTO PaBHOBECHUSA

[enrpanbHas po/jb MOHATHS KOHKYPEHTHOIO PaBHOBECUS B COBPEMEH-
HOMl SKOHOMMYECKOW TEeOpHH ONpejesieTcsd CjeaylomumMn cBoiicrBamu. Bo-
HePBBIX, COIVIACHO TunoTe3e Baabpaca, 9KOHOMUKA B YCJIOBHAX COBEPIIEHHOM
KOHKYPEHIINH eCTeCTBeHHBIM MyTeM ITPUXOJINT B COCTOSHHE KOHKYPEHTHOTO
paBHOBecus. BO-BTOPBIX, 9TO COCTOSHUE SBISIETCA ONTUMATBHBIM B OINpee-
JIEHHOM CMbICjie. B COBOKYIHOCTH 3TH JiBa CBOMCTBA MOXKHO MHTEPIIPETUPO-
BaTh B TOM CMBICJIE, YTO PBIHOK B YCJIOBUSX COBEPIIEHHON KOHKYPEHIIUH $B-
JISIETCS WIAJTHHBIM SKOHOMUYIECKUM MeXaHu3MoM. OTCI0/a TIOHSITHO TO BHU-
MaHWe, KOTOPOe VesseT 3TOH KOHIENIUHA TPAIUIINOHHAS SKOHOMIIecKas Te-
opus.

OHaKO K TaKO# WHTEPIPETANNT HAO0 OTHOCUTCS ¢ OCTOPOXKHOCTHIO. OT-
MeTHM JBe BayKHbIe mpoOiembl. [lepBasg — 3To oTcyTcTBHE TeopeTniecKu 00-
OCHOBAHHOT'O KOHCTPYKTHBHOTO OTpeJieIeHrs] YCIOBUI COBEPITEHHON KOHKY-
PEHIIUU, O YeM YK€ IILJIa Pedb Bbillle, BTOpas — He3MDMEKTUBHOCTD PhIHKA DU
HPOU3BOJICTBE 0COOOI IPYIIIBI TOBAPOB U YCJIYT, HA3BIBAEMBIX OOIIECTBEHHbI-
mu Os1aramu. [locsteaneit mpobyieMbl MbI KOCHEMCsT B mTaparpade, MoCBAIIeH-
HOM HAJIOTOBOMY DeryJIMPOBAHUIO, TJe 00CYKIAIOTCI MPUIWHBI CYITECTBOBA~
HUS TOCYJapCTBEHHOTO, MJIHA OIO/IZKETHOTO, CEKTOPA SKOHOMUKH ¥ TPUBOSATCS
MOIe/ii, OOOCHOBBIBAIOIIUE 11€J16CO00PA3HOCTDL I'OCY/IAPCTBEHHOIO PeryJnpo-
BAHUSI.

HecMmoTps Ha oTMedeHHBIE CTIOKHOCTH, TEOPEMbl 00 ONTUMAJTBHOCTH KOH-
KYyPEHTHOI'O PaBHOBECUs UMeEIOT 0oJibliioe 3HadeHue. B srom naparpade Mbi
nokaxkeM ''Teopemy Oarococrosiaus' st AByXOTpAC/IEBOil IKCIOPTHO-
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§ 18. Moaeap gByxXOTpacaeBoii SKOHOMHKH

OPUEHTUPOBAHHON SKOHOMUKMU.

PaccmorpuMm 93KOHOMEUKY, COCTOSITY IO U3 IBYX oTpacieii. [lepas orpacinb
¢ MHOZKeCTBOM mpeanpuaruii A 100bBaer pecypce (Hampumep, Hedrs). Kax-
Jloe TpeITpUATHe XapaKTepu3yeTcd MAaKCUMAJIbHBIM 00beMOM BhITlycka V@ u
YAETbHBIME ce0eCTOUMOCTSAMEI J0OBITOr0O pecypca c¢®. B srom ciydae dpyHK-
usl NIpejJIoKeHns NUMeeT BUJL

0, ecmu p < c?,

a :A _ a0 — a —= a
S(p) rgogrgégéa[(p V] [0,V], ecim p=c,
Ve, ecan p > c.

Bropas orpacib 3aHnMaeTCs mepepaboTKOi 106BITOro pecypcea. Kaxkmoe npe-
npusTe b BTOPOi 0OTPacIn XapaKTepU3yeTcs MaKCHMAJIbHBIM 00bEMOM IIepe-
paGorku W, y e bHBIME 3aTPATAMHE CBIPbs Ha €HHHAIY TOTOBOI IPOLYKIHHI
d’ u IpouNME M3AEepKKAMH Ha eIMHUILY KOHeIHOTo mpoaykTa & . [Ipemomna-
raeTcsd, YTO KOHEUHBIN IIPOAYKT IIPOIAETCsI Ha BHEIIHEM PBIHKE U €ro HeHa ¢
HAa 9TOM PBIHKE (DUKCHPOBAHA.

PacemorpuMm cHavama cuTyanuio, Korma obe OTpacid SBJISIOTCI KOHKY-
PEHTHBIMH, T.€. TaM MHOI'O HeOOJILIIUX MPEANPUATUil, U IeHA HA ChIPbe Ha
BHYTPEHHEM DPBIHKE CKJIAIbIBAETCI U3 YCIOBUS PABEHCTBA CIPOCA U HPEIJIO-
skeunst. OmpegeanM CIpoc Ha ChIPbe M0 IeHe P CO CTOPOHBI TPeAnpUATUs b.
O6o3HauuM 4epes

Pri(p,W) = (¢ — &W/d" — pW

NpHUOBLIL MpeJIIpUaTHs b B 3aBUCHUMOCTH OT LeHbl p u obbema W mnepepa-
O0TAHHOTO CHIPbs. [lycTh mpeanpusTHe CTPEMHUTCS MAKCHMU3HPOBATH CBOIO
npubbLIb. Torma cupoc Ha CHIPpbE ONPeIessIeTcss U3 YCIOBUS MAKCAMU3AINH
9TOil TpUOBLLIN:
Db(p) = Arg max Pr’(p, W).
Welo,W?)

BameruM, 9T0 (DYHKIWSA TPUOBLIH Prb(p, W) nuueitna mo W u Bce 3aBucuT
or 3Havennd kodddunnenta npu W. O6oznaunm uepes 1’ = (¢ — &)/d°
pesepenyro yeny TpeanpuaTa b. Ecam meHa Ha chIpbe 6ObIIe, deM 10, To
HPEANPHUSITAIO HE BBINOJHO ero nepepadarbiBarb. OKOHYATEIHHO MOy YaeM
BbIpakeHne /st (PYHKIIHH CIIPOCA

0, ecmn p < 1P,
DP(p) = < [0,W?), ecmm p =1,
wb, ecmu p > 1P,
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[TpeamonoKumM, 9T0 HpegAnpusiTusi H0OBIBAOIIEH OTPAC/IN YIOPSAOYEHBI 110
BOBPACTAHHUIO yIAEABHBIX cebecronmocteit, T.e. ¢! < ¢? < ¢ < ..., a npeanpu-
ATHA IepepabaThiBaIoNIeil OTPACIH YIOPAI09eHL! 10 YOBIBAHUIO Pe3ePBHBIX
nen, T.e. 1 > r? > ... Ilocrpoum rpaduxu byHKIHH cIpoca U IpejIo-
YKeHHs U OIpeenM PAaBHOBECHYIO TleHy. BO3MOMKHEI IBa THIA IepecedeHus
rpaduKOB, YCTONYUBBIE K MaJ/IbIM BO3MYIIEHUSIM [aPAMETPOB MOJICJIN:

a) V. 6)V

g

Puc. 18.1

3/ech p — paBHOBECHAsI TeHA. PacCMOTPUM CUTYAIHIO, KOT/Ia PBHIHOK sIB-
JsgeTcd KOHKYpeHTHBIM. Torma B mpou3BoACTBe OyAYT yIACTBOBATH Te MPe/I-
npugaTus Jjo0bIBaonieil orpaciau, y kotopsix ¢ < p. Ilpu stom, ecau ¢ <
D, TO OYAYT MOTHOCTHIO 3arPYKEeHBI TPOU3BOJICTBEHHBIE MOIIHOCTU JTAHHOTO
npejnpusaTusd. B ciiydae pasBencrsa ¢ = P MOUIHOCTU JIOOBIBAIONIEIO IIPEJI-
HPULATUS @ MOTYT OBITH 3arpyzKeHbl YACTUYHO, YTOOBI COAJTAHCUPOBATH PaB-
HOBeCHOe Tpejiozkenne (caydaii 6)). 13 npeanpusaruii mepepabarbiBatomieii
oTpaciu OyIyT 3aHATHL Te, ¥ KOTOPBIX 7° > P, u ecau r° > P , TO MOIIHO-
CTH IpeInpusaTHa OyayT 3arpyzKeHbl IOJIHOCTBI0. B cyuae pasenctsa 1’ = p
MOIIHOCTH TepepadbaThIBAIONIETO MPEANPUATHS b MOTYT ObITH 3arpyZKeHbl Ya-
CTHYHO, 9TO ¢OATAHCHPOBATD IPEIIOZKEHHe (B CIydae a)).

Bo3MokHBI TaK)Ke CHTyalllnn, KOrJa IIeHa Wik 00beM OlpeIeiaeTcs Heo/l-
HO3HAYHO (cM. mpumepsbl 16.7 u 16.8). OxHako, Takue CUTYAIUH SBJISIOTCSI
CTPYKTYPHO HEYCTONYUBBIMU, MOCKOIBKY CKOJIb YT'OJIHO MAJBIMU BO3MYIIe-
HUSIMH NapaMeTpPOB MOJIeJIN MOXKHO TepeiiTh K OJIHOMY M3 JBYX paHee pac-
CMOTPEHHBIX cIy4daeB. lazee mpeamooxKumM, 9To0 paBHOBECHBIE ITeHA U 00hbeM
OTIPEIENSIOTCS OTHO3ZHATHO.

Buoisicaum, kakoit Oygaer npubblib npeanpusdTuii 00enx orpacjeil B CUTY-
anuy KOHKYPEeHTHOro paBHoBecus. O0mas npuObLIb JTOOBIBAIOIIEH OTPACTH

> (p— c*)V* coorBercTByeT mwiomaan (GhUrypsl, OrpaHUIeHHON OChIO TIeH,
a:ct<p
BePTUKAJIBbHON JIMHUEH p = P, COOTBETCTBYIONIEHl PaBHOBECHOI IleHE, W T'pa-
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§ 18. Moaeap gByxXOTpacaeBoii SKOHOMHKH

durom dyukun npegioxkenns S(p) (em. puc. 18.2).
1% Vi

e por? rlp
Puc. 18.2

[IpubpLib nepepabaTbiBaiomeit orpacin » . (r’ — p)W? — sro miomann
b:p<rd
durypbl 06pazoBaHHOl OCHIO 1E€H, BEPTUKAJIbHON JIMHHEH D = P, COOTBET-
cTByIOIIEil paBHOBECHOI! 1ieHe, u TpadukoM dbyHskmun cnpoca D(p) (eM. puc.
18.3).
Ob6mIas mIoma b 3alITPUXOBAHHBIX Ha puc. 18.2 m 18.3 duryp — 3t0

IPUOBLITH BCEH SKOHOMUKY B COCTOSTHUY KOHKYPEHTHOIO PABHOBECHsI (CM. DHC.
18.4).

V Vi

Puc. 18.5

Ob6cynnM, KakuM OyeT COCTOSHWE 3TOW IKOHOMHUKH, €CJIU YCTAHOBHUTCH
MOHOIOJIAS B OTHOU W3 OoTpacieil, a Apyras oTpacjib OCTAHETCS KOHKYDEHT-
noii. /Inga onpeneneHHocTH OyaeM CYAUTATh, YTO MOHOMOIU3UPOBAHA JIOOBI-
BalOIIasl OTPacjb. 10rja MOHOIOANS B JOOBIBAIOIIEll OTpACAN YCTAHOBUT U
o0beM, U TIeHY Ha CHIPhe, CTPEMSICh MAKCUMU3UPOBATEH CBOIO MPUOBLIb.

Honycrum, aro dbyukius cupoca D(p) siBisieTcss MeJJIEeHHO yOBIBAIOTIEH
na orpeske [p, r?]. Cormacno yTeepzKaenuio 17.4, onTuMaabHAs TeHa [Tt MO-
nonoyuu p* > r2. Ilycrs anga onpenenennocru p* = r2. Torma o6beM 100bI-
un cocrapur D(r?) u npubbLib MoHOIOMMM GyjIeT paBHA IIOMAIH QUryDHI,
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I'JTABA IV. BBE/IEHUE B MATEMATHYECKYIO SKOHOMHUKY

OrpaHUYeHHOl ropusoHTaIbHOM munueir V = D(r?) , rpadukom dbyHKIuI
npejioxkenns S(p), ocblo MeH W BepTHKaabHOIN junuedt p = 12 (cM. puc.
18.5).

ObcyamM pe3yJIbTaThl TOCTIOICTBA MOHOMIOIMY Ha PbIHKe. BO3HUKAIOT /1Ba
OCHOBHBIX HETATHBHBIX 3(pdeKTa: BO-MEePBBIX, JIJI SKOHOMUKH B MEJIOM Teps-
eTCs 9aCTh IPUOBLIN, U BO-BTOPBIX, YCTAHOBUJIACH JUCIPOMOPIHUST, TOCKOIBKY
MOHOIIOJTHSI 3aXBaTuJia cebe JbBUHYIO J0JII0 MPUOBLIN B yIepd BTOPOii oTpa-
CJIH.

HomycTuM Teneph, 9To 00e 0Tpacan MOHONOAU3upoBaHbl. Toraa nena, Ko-
TOpasd YCTAHOBUTCS HA PBIHKE, OyIeT OMPeIeIaThes MTyTeM IePeroBOPOB MezK-
qy srumu Mononousmu. CKopee BCEro, Hu OJIHA MOHOIOJIMS HE COTJIACUTCS,
9TO0ObI IPyTras MOHOTIOIUS YCTAHOBU/IA MOHOIIOJIBHYIO IEHY, U B PE3Y/IbTaTe
ePeroBOPOB YCTAHOBUTCS TMPOMEKYTOUHAS IEHA MeZKJy WX MOHOTIOIhHBI-
MU TeHaMu. BroaHe MoxKeT OBITH, YTO OHHM CTOBOPATCA O IleHe, OJMU3KOH K
KOHKYPEHTHOMY PABHOBECHIO, UTO BBITOJIHEE NIl SKOHOMUKH B IIEJIOM, 9eM
npepaymuil Bapuant. PeajibHas TeXHOJOTMYECKasl EIMOYKa, COACPKUT HE
JIBe OTPAC/IHN, a HECKOJIbKO. PaccMOTpuM OCHOBHBIE 3BEHBSI:

1) mobbrda Chipbs;

2) TPaHCIOPTUPOBKA;

3) mepepaboTka;

4) onToBast TOPTOBJIS;

5) PO3HHYHAS TOPIOBJISI.

JI7s1 OTKJIOHeHHST OT KOHKYPEHTHOTO PABHOBECHUsSI JOCTATOYHO, UITOOBI XOTsI
OBl B ONHOM W3 3BEHbEB BO3HHUKJA MOHOMOMHA. B poccuiickoit 3KOHOMUKe
BO3HUKHOBEHHE TAKHX MOHOIIOJIBHBIX CTPYKTYP YaCTO CBA3aHO € MPECTYT-
HeIMU rpynnavu. Vvmu, Hampumep, T0JAr0e BpeMs KOHTPOJIUPOBAJICS COBIT
JIETKOBBIX aBTOMOOW/IEil. ABTOMOOM/IN CKYTIAJUCh HA MPEANPUATHIX 10 IIe-
HaM, OJTU3KUM K ¢e6eCTOMMOCTH, U TIOTOM MPOJABAIICH B POZHIIHON CETH IO
MOHOMO/IBHBIM [IEHAM.

[IpakTuueckuit BBIBOJ W3 PACCMOTPEHHBIX Mojieieff COCTOUT B TOM, YTO
HAJI0 aKKYPATHO OTHOCUTHCS K JEMOHONOIH3AINuu orpacieil. norna 6omee
BBITOJIHO MMETh MOHOIIOIMY B HECKOJIBKUX OTPAC/IAX, 9eM B oHOU. [Ipu 3Tom
1o Kpaiineit Mepe o01ast TPUOBLID /sl SKOHOMUKHU OY/IET BBIIIIE, YeM B CIydae
OJIHOTO MOHOMOMKCTA. [I[prucBoenne M OCHOBHOI YacTH MPUOBLIN HA MTPAKTH-
Ke MOXKeT TPUBECTH K Pa3pPyIIeHU0 Beell TeEXHOIOTUIECKON TeTTOIKH.

PaceMoTpuM 9KOHOMUKY ¢ aHAJOTHIHON TEXHOJOTUIECKON CTPYKTYPO,
HO B YCJIOBUSX UEHMPAAUI0BAHH020 NAGHUPOSaHUA. [Tokakem, 4T0 14 11eH-
TPAIU30BAHHO YIIPABISAEMON SKOHOMUKN ONTHMA/IbHBIN ILJIAH COOTBETCTBYET
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§ 18. Moaeap gByxXOTpacaeBoii SKOHOMHKH

COCTOSTHUIO KOHKYPEHTHOI'O PaBHOBECHSI.

PaccmarpuBaem Ty Ke mMomenb ¢ aByMs orpaciagmu. llnanoBbrit opran
YCTAHABJIWBAET 3aaHNE JJIsT KAYKJI0TO MPEINPUASTTHS. HJIaHOBOG 3aJaHne JIIs
IPENPUATALA @ JOOBIBAIONIEH OTpacIn 0603HaqHM Kak V', a Jyisi IpepHsi-
Tusi b mepepadaThiBaOIIEil OTpACIn Kak W Honxen CO6JIIO,ZLaTbCH baJiaHc,
T.e. CyMMa JIOOBITOIO CHIPbsI JOIKHA PABHITHCA CyMMe IepepadoOTaHHOTO ChI-
Pbsl, & TaKyKe JIOJ2KHBI COOIIOIATHCA OTPAHMIEHNST HA MOIIHOCTH:

S W =NV, V<V acA W <W beB. (18.1)

beB acA

Haoop (V*, a € A, Wb, b € B), ynosaersopsitonuii cucreme (18.1), Ha3bI-
BACTCA JONYCIMUMBLM NAGHOM.

3a1aua IEeHTPAIN30BAHHOTO IJIAHUPOBAHUS — HANTH ONMUMAALHOLT NAGH,
T.€. JOMYCTUMBIH TIJIaH, MAKCUMUBUPYIIUANA JOX0 CTPAHbl OT MPOU3BOJICTBA U
9KCIopTa mpoayKTa. J1oxom, COOTBETCTBYIONINT JOMYCTUMOMY TLIAHY

V', a € A, Wb, b € B), paBen

q ZT—: —an Z Zrb —anva.

beB a€A beB beB a€A
[TocKO/IbKY 9KOHOMHUKA — IEHTPaJM30BaHHasi, TO BHYTPEHHUX LEH MOXKET U
HE OBLITH.

Ymeeporcdenue 18.1. ONTUMATBHBIH TLTAH COOTBETCTBYET COCTOSTHUIO KOH-
KYPEHTHOI'O PABHOBECHSH, T.€. [Jd KaXKJOI'0 IPEeJIPUATHS HAA0 YyCTAHOBUTD
3aJlaHnue, KOTOPOE COOTBETCTBYET OOBEMY BBINYCKA 3TOTO TPEINPUATHS B
YCJIOBUSIX KOHKYPEHTHOT'O PABHOBECHSI.

Joxasameavcmeo. Babukcupyem neny p € [c',r!] m qna momycrmmoro

mnana (V°, a € A, Wb, b € B) 3anuiiem J0X0/ B BUJIE
—a —=b
Z(p—c“)v —i—Z(rb—p)W : (18.1)
acA beB
Be3 norepu obuinocTn Oy/1IeM CYATATH, YTO
1 def 1
S v wpnE Y w
I:p>cl I:p<rl
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Onpenem 1ieoe k U3 yeaoBust

k+1

k
dVi<w(p) <)V
=1 =1

0

Ecm k = 0, To ycnosno momaraem » . V! = 0 u mepsoe (cTporoe) HepaBeH-
=1

CTBO 31ech oTcyTcTBYeT. Torma miaH, MakcuMusupyommit qoxon (18.1) mpu

dpHUKCHPOBAHHOM p, ompejesieTcs Mo popMyJIaM

(07 p<ca,
¢ e pzcash, —b 0, rt < p,
Ve = K _
W(p) -3V, p>c", a=k+1, Wb, b > p.
=1
L0, p>ct oa>k+1,

CoOoTBeTCTBYIONMIAs BeJIMYMHA JOXOAA PaBHA ILIOMAAN (DUTYDhI, OrpAHHYeH-
HOW OCbIO IIeH, Topu3oHTaIbHON Juanelt V = W (p) u rpaduravn dbynkumii
cipoca u npejioxkenud (cm. puc. 18.5, rae p = r2, W(p) = WI+W? k = 2).
[Lromaas 310l hurypsl MakcumaabHasg upua p = p. il

OO0cy M 3TOT pe3yabTat. ¥ TBEPZKIeHNe TOBOPUT O TOM, YTO B TEHTPAJIH-
30BAHHO yIPaBJIAEeMON SKOHOMUKE MaKCUMaJIbHAs 001ast MPUOBLIbL TaKasd ¥Ke,
KaK U B COCTOSHHUHM KOHKYPEHTHOTO paBHOBecHs. BO3HWKaeT BOMpPOC: 3aveM
BCE TH TEePEeXOJbl OT KAUTAJIN3MA K COIHUATI3MY U 00OpPaTHO, €C/IM U TaM 1
TaM HAMJIYYIIAi pe3yabTaT OJuHAKOBBI? Jle10 B TOM, 94TO B YCIOBUAX IEH-
TPAIN30BAHHOTO YIIPaBIeHUS ONTUMAJBHBIN TJIAH HE yIaeTCd peaqn30BaTh
Ha mpakTuke. [[raHoBbIi opran g0MzKeH UMeTh MIPaBIuBYI0 HHMOpMAIHIO 00
u3JepKKax U obbeMax IpousBojicTBa. Ho mpeanpusarne He 3amHTEepecoBa-
HO B HpeIOCTaBJIEHUU NMpaBAuBoil mHMopManuu. [Ipu miranoBoit sKOHOMHKE
CHUZKAETCS TaKyKe KQ4eCTBO MPOJYKIINHU, & 3HAYAT PACTYT U3JAEPKKH IPOU3-
BOJICTBA B MOCTEAYIONINX 3BEHBIX TEXHOJOTHYECKON TMern.

Yro KacaeTcd pPbLIHOYHONH IKOHOMHUKH, TO OHA MOXKET O0eCleYuTh OINTHU-
MaJIbHBIH PE3yIbTAT, €CJIH CKIIIBACTCS KOHKYPEHTHOE paBHOBecue. Kak Mbl
MOKA3aJ/I1, JeHCTBUS MOHOIIOIUU, MAKCUMU3UPYIONIEHl TPUObLIb, TPUBOJAAT K
3HAYUTETBHBIM OTKJIOHEHUSAM OT 9TOT0 ONTHMAJIBLHOTO pe3yabTaTa. Peabable
PBIHKU OOBIYHO HE SIBJISIIOTCH MOHOIOJIbHBIMU, B HUX YYaCTBYIOT HECKOJBHKO
areHToB C KaxKJ0# croponbl. Baknas teoperumyeckas npobjieMa — OIEHKA
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§ 19. Mozean omuromo/nm

BO3MOZKHOTO OTKJIOHEHUS OT COCTOSAHUS KOHKYPEHTHOTO PaBHOBECHS JIjIs Ta-
KHUX PHIHKOB. /Ig ee ucciemoBanus pa3paboOTaHbl MOJEIN HECOBEPIIECHHOM
KOHKYDEHIIUH, U OJIUT'OIOJIUN, PACCMATPUBAEMbIE B CJIeIYIONIEM Maparpa-

de.

§19. Moxaeau oJUroIIoJINN

BBerennoe BhITIIe TOHATHE KOHKYPEHTHOTO PABHOBECHS XapaKTePU3YeTCs
CJIEJIYIOUIMMHA CBOUCTBaMU.

1. ToBap Ha pBIHKe MPOJAETCS MO eTUHON TIeHe.

2. Kazk b1t 1pou3BOIUTE b U TOTPEOUTEIH OIpeeasieT 00beM IpeIiozKe-
HUsT (COOTBETCTBEHHO, CIIPOCA), MAKCHMHU3HUPYs CBOIO NPUOBLIEL (MOJE3HOCTB)
pu JAHHOU IICHE.

3. llena ycranapiumBaeTcs TaKHM 00pa3oM, 4TO OaJIAHCHpPYET CIpPOC U
peJIoKeHne.

Paccmorpum tenepb Mojie/ib pbiHKa, HA KOTOPOM JIEHCTBYET HECKOJIbKO
pou3BOIUTE el TOBapa, KaxKJIbIfi M3 KOTOPBHIX 00/a/71aeT onpeaeeHHbIMA
BO3MOXKHOCTAMHU BJIUATH Ha PIHOYHYIO IIEHY U YIYUTHIBACT 3TU BO3MO2KHOCTHU
Ipu BBIOOpE cBoeii crparernn. [lorpebuTesteil mo-npexKHeMy CYUTaEM MEJTKH-
MH: OTIEJbHBIN MOTPeOUTEIb He OKA3BIBAET BAUAHUS Ha IMapaMeTPhl PHIHKA.
Poinok ¢ Takoit cTpyKTypoil HasbiBaercs oauzonoauet. Lleab ucciaepoBanus
9TOil MOJIEJIM — OTBETUTH HA CJAEIYIONIe BOMPOCh: [Ipu KaKuxX yCcJOBHSAX HA
CTPYKTYPY OTPAC/IN-OPOU3BOJIUTEIIA TOBAPA PHIHOK IIPUJIET B COCTOAHNE KOH-
KypeHTHOro papHoBecus? Kak 3aBUCUT OTKJIOHEHHE OT KOHKYPEHTHOTO PaB-
HOBecHsl (110 TleHe U 00'beMaM BBIMYCKA) OT CTPYKTYPHI orpacan? Hackoiabko
3P DEKTUBHO aHTUMOHOIIOJIbHOE 3aKOHOJATE/IbCTBO U KAKUE MEPbI PeryJinpo-
BaHUsI MOYKHO TPEJIOKUTH /I NOBBITIEeHUsT 3(D@MEKTUBHOCTH PHIHKA?

Mopens onurononnn no Kypao

PaccmarpuBaercs oTpaciab 3KOHOMHUKHM, BBITYCKAIOMAS OJHOPOIHBIA TO-
Bap. B orpaciib BXoauT m npesupudTuii-iipousBojAUTEIEH, KaxkK0e U3 KO-
TOPHIX XapPaKTePHU3yeTCsl MOCTOSHHBIMU VIEJbHBIMU Ce0eCTOMMOCTSIMHA ¢ U
MaKCHMATbHBIM 00beMoM npon3BojacTsa V@ a € A = {1,...,m}. 3anana ox-
HO3HauHas (yHKus cnpoca Ha ToBap D(p), npudem D(p) yObiBaer mo p u
D(p) — 0 npu p — 00. XapakTepHbIM NPUMEPOM (DYHKIUH CIPOCA ABJISIETCSI
bYyHKIUS BUIA

D(p) = K/p*, a> 0. (19.1)

Crparerueii npennpusarus a € A sBiagerca oobem Bbiycka v € [0, V], Te-
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HA Ha PbIHKE YCTAHABJIMBAETCH TaKUM 00pa30M, 4TOObI (DaKTHUIECKOe e/l

JIO’KEHME TOBapa y . v COOTBETCTBOBAJIO crpocy Ha Hero. O603HAYMM depes3
acA
v = (v a € A) BekTOD BBIIIyCKa ToBapa. Torma reHa Ha peIHKe OyeT paBHA

pw) =D D v ). (19.2)

acA

[TpubHLLIb TPONBBOANTEIIS @ 3ABUCUT OT BEKTOPA BBITIYCKOB U U ONPEILIsIeTCs
KakK

u®(v) = v*(p(v) — ). (19.3)

[Tpu BeIOOPE 0OBEMA BBINMYCKA KazK10€ MPEeINpUaTHEe CTPEMUTCH MAKCUMU3H-
poBaTh cBOIO TpHUOLLTHL. [losrydaercs, 910 ¢ OJHON CTOPOHBI, €CJIU PA3HOCTH
IEHBl U YICIBHONH ¢e6ecTONMMOCTH MOJIOKUTENbHA, T.e. p(v) — ¢® > 0, TO npu-
ObLTH BO3PACTAET € YBEJUUEHHEM 00beMa 3a CUeT IMePBOr0 COMHOKHUTEST v°.
Ho ¢ apyroit croponb, 1ieHa yObiBaeT ¢ yBeJndeHueM 00beMa BbIIIYCKa B CH-
ay (19.2). JleiicrBurennro, dbyukuus cupoca D(p) npeanosaraercsa yobBaio-
meit u obparnad K Heit dpynxuug D~1(V) raxkxe yopisaer. CiejoBare/bHo,
IPHOBLTH MOXKET YOBIBATD € YBEJIUYEHHEM 00beMa BBIIIYCKA 33 CUET BTOPOTO
comuokuTesa B (19.3).

Ormernm, ato B Touke v = 0 dbynkuuu u®(v) umeor ocobeHnocTh. Ecre-
ctBenHo onpeeauts u*(0) = 0.

Mu1 OoInmucaJan BSaI/IMO,ZLefICTBI/Ie HpOHSBOﬂI/ITeﬂeﬁ B BuJe UI'PBI B HOpMaJlb-
HOIl dopme:

= <A, 0, V), u(v), ve ®[0,V], a e A>,
acA

rae A — MHOXKecTBO MIDOKOB (mpom3BoauTesieii Topapa), [0,V — muOKe-

CTBO JIOIYCTUMBIX CTpaTeruii Mrpoka a (MHOKECTBO JOMYCTUMBIX 0OHEMOB
BBIYCKA), u”(v) — BBIMIPHII (IPUOBLIL) UTPOKA A.

OTmernm, 9T0 ecin Vlij& D=Y(V)V > 0, o dyuxuus
u®(0][v®) = v*(D~ ! (v*) — ¢*) paspsiBHa B Touke v* = 0. B 3r0M Ciiyuae pas-
Hosecue 110 Hanry B urpe I' MoKeT He CymiecTBOBaTh (CM. HUZKE yNPasKHEHUE
19.1).

Ilouck paBuoBecuit mo Hamy aja monean Kypao

Haiiiem paBnosecus no Hamry jj1g 310ii urpsl, T.€. Takoii Habop crpareruit
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§ 19. Mozean omuromo/nm

U= (1% a € A), 90 KaxKa0e NpeANpusTue BHIIYCKaeT 00beM ToBapa

7" €A “\ D! o+t = ). 19.4
v rgvar§3>éa]v Z v 4w c (19.4)
beA\{a}

O6o3HaunM vepe3 u.,(v) 4acTHYO TPOU3BOAHY0 dyHKIWMH u(v) 1o me-
peMeHHOI v® B TOUKeE V.

Jemma 19.1. Ecnu v — pasuoBecue mo Hamry, 70 U # 0 u BBITOJTHEHBI
cenyonue HeoOXOIMMbIe YCIOBHS:

1) 7" =0= u,.(v) <0;

2) 7" € (0,V*) = ul.(v) = 0;

3) v =Ve=ul.(v) >0.

Joxazameavcmeo. [Tokazkem, 9T0 cUTyalnsi pABHOBECHsI U HE MOYKeT ObITH
Hysaesoit. /leficTBUTEIHLHO, TPEIION0KIM, 9T0 U = 0 — cuTyalnus paBHOBe-
cuga. B cuny cpoiicta D4 dyukuuu cnpoca, D71 (V) — oo mpu V. — 0 + .
[TosTomy npu goctaTouno mauoMm v > 0

u’(0][v*) = v (D~ (v") — ¢*) > 0= u?(0),

YTO IIPOTUBOPEYUT OIIPEACJICHHUIO CUTYalluHl DaBHOBECHI.

Yeaopust 1)-3) aBasgercs HeOOXOAUMBIME YCIOBHSIMU JIJIsT TOYKH MAaKCH-
myma 0% quddepennupyemoit dyukiun u®(T||[v*) ogHON MEepeMeHHON v HA
orpeske [0, V] (cm. 3amaqy (19.4)). W

Beraucnum nmpounsBoanyo GYHKIHH TPUOBLIN 0 00beMY BBIITYCKa v¢ Kak
MIPOU3BOJIHYIO POU3BEICHUS:

wha(v) = D7 Y o | ="+ 0" /D(p(v)). (19.5)
beA

Ymeepoicdenue 19.1. Tyers ¢! < ¢ < ... < €™, T.e. IpeJIpUATHS YIIO-
PsiJIOYEHBI 110 BO3PACTaHUIO y/eJbHBIX cebecroumocTeit, a pyHKIuMs crpoca
D(p) — nuddepennupyemas u ybpiBatomast. Torma Haligercss Takoe mpej-
npusitue k, aro B paBHopecun 1o Hamy 7¢ >0, a=1,2,...,k, 7 =0, a =
k4 1,...,m, npuuem c* > ¢~

Zokxazameavcmeo.

1) Ilycrs © — pauosecue no Hamy. Ilo semme 19.1 7 # 0. Bosbmem
takoe k, aro v* > 0. IToxkazkeMm, 4TO TOrIR
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I'JTABA IV. BBE/IEHUE B MATEMATHYECKYIO SKOHOMHUKY

D‘1< > Eb) — * > 0. Cornacuo semme 19.1 uz o% > 0 creyer
beA

u!, (V) > 0. U3 popmyust (19.5) nosyuaem

DY) — = /Do) > 0,

beA

nockobky D(p(7)) < 0.
2) Tlokazkem, uto 0% > 0 npu a = 1,...,k—1. JlomycTuM OT IPOTHUBHOIO,
aro 7% = 0 st wekoroporo a € {1, ...,k — 1}. Torga

() = D7 (07) = e+ 7/ Dip(@) = D7 (Yo 7) - et

beA beA

> D‘1<Z@b> — &>,
beA
tak xKak ¢ < ¢® npu a < k. [To memme 19.1 u3 u).(v) > 0 caeayer v° > 0.
[Toxyunnn nporuBopedne ¢ npeanonokennem, aro v = 0. CaemoBaTeabHO,
v*>0npua=1,... k—1.
3) Takum oBpasoM, HaiileTcss TAKOe MAaKCUMAJIbHOE K, 9TO

v* >0, a=12,...k v* =0, a =k+1,...,m. Hakonen, mokazkem, 910
> ¢ Eenun = F, 1o

U his (D) = D‘l(Zﬁb) — M LT D(p(D)) = D‘1(26b> —>0.

beA beA

ITo nemme 19.1 u3 /., (D) > 0 caenyer °+! > 0 (npormopeune). W

[Tonydennpiit pe3y/ibraT UMeeT HPOCTOI IKOHOMUYECKU T CMBICJI: €CJIM HEKO-
TOPOMY LPEAUPUATAIO BbITOAHO NPOU3BOAUTL TOBAp 0[O AAHHOW LeHe, TO
NPENPUATHIO ¢ MEHBINeH yIeJbHOit cedecTOMMOCThIO TeM 6oJjiee BBITOITHO
[IPOU3BOJUTEL ITOT TOBAP.

Cayuaii ¢ paBHBIMHU yA€JIbHBIMU CE€0€CTOUMOCTAMU

Paccmorpum ciyuaiil, Korga yjaeabHble ceDeCTOMMOCTH ¢ BCeX Ipepu-
aTuil OJIMHAKOBBI U paBubl c. I3 yrBepxkiaenusa 19.1 ciemyer, 4To TOrIa B
pasuoBecuu 1o Hamry v > 0 npu Bcex a € A, T.e. KaxKIblil TPOU3BOIUTETH
BBITTYCKAeT MOJOXKHUTETHbHOE KOTHIECTBO TOBAPA.

Pacemorpum cHavasia modeasv b6es oepanuvenudi wa 0bsembv, svinycka. By-
JeM uckarh perrenne 3amaqn (19.4), camras V¢ = oo (IpOU3BOACTBEHHBIE
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§ 19. Mozean omuromo/nm

MOILHOCTY IPeANPUATHI He orpamnudens). Torga B ToUKe MaKCHMyMa 33/1a-
un (19.4) Bce mpomssoxmbie .. (V) = 0 m aas nomcka pasHoBecust Mo Ha-
LIy IIOJTydaeM CJIeIyIOILYI0 CUCTeMY ypPaBHEHUH OTHOCHTEJbHO HEM3BECTHBIX
v, a=1,..,m:

U (7) = D*1<Z@") — e+ 7/D(p(®)) =0, a€ A (19.6)

beA

Cymmupyem ypaprenus (19.6) mo scem a € A. TTonygaem

mD! ( Z@) —me+ GGZA@“/D (D*l ( Z@a» —0. (19.7)

a€A ac

Bripazkenue (19.7) npejcrasisier co0oil ypaBHEHHE OTHOCUTENBHO OJHOMN HEeM3-

BECTHOII Besm4uHbl » | 0% Pa3pemus paHHOe ypaBHEHWE U MOJCTABHUB Haii-
acA
JIeHHYTO BesinanHy B ypapuenus (19.6), maiigem 3unadenus 0%, a € A, KOTO-

pble, OUeBHIHO, OJNHAKOBBI IS BCEX @.
[IponemMoHCTPUPYEM JefiCTBHE YTOT0 ATTOPATMA HA KOHKPETHOI (DY HKINH
cupoca. Iycrs D(p) = K/p. Torna p(v) = D73 v*) = K/ > v* Cucrema

acA acA
(19.6) B 9TOM Cilydae HPUHUMAET BH/L

K/ZU“—c—@“K/(ZU“)Z:O, ac A (19.6)

a€A a€A

a ypasHenwue (19.7) nmpeobpasyercsi K BUJLY:

mK/Y " —me—K/» 7" =0. (19.77)

a€A acA

N3 (19.77) momyuaem, uro » 0% = (m — 1)K/(mc). Hoxcrapusig a1o
a€A
Beipazkenue B (19.6”), maxomum papaosecue 1m0 Hamy misa mogenn Kypuo

—Qa

of K (m—1
_ et B(m — 1)

cm?

Vace A (19.8)

J171s1 MOesIH ¢ OrpaHUYeHUSIMA Ha 00beMBI BBIITYCKA OTMETHM JIBa, CIydas.
a) v* < min V. Torma perienne 3aja4u C O'PAHNYEHUSIMH HA OObEMBI
beA

BBIIIYCKa COBIIAJIACT C DeEIIeHHeM TOi ke 3ajadn 6e3 ydera OrpaHuyeHwmii,
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I'JTABA IV. BBE/IEHUE B MATEMATHYECKYIO SKOHOMHUKY

TaK Kak v* — pellenue 3a/ladu ONTUMH3ANUU 10 0ojiee MUPOKOMY MHOZKe-
CTBY M B TO YK€ BPEMSsI SIBJISIETCS JOMYCTUMbBIM 00beMOM BBITIYCKA, JIJIS 38 1aUn
¢ orpanndenusaMu. CjieIoBaTe/IbHO, B 9TOM cjaydae v¢ 3ajaercd (popmyioi
(19.8).

6) v* > min V°. Ynopanounm npoussopuTeeii Mo yopBaHII0 MAKCHMATb-
beA

HBIX 00beMOB BhiTycka: V1 > V2 > . > V™, Torna Haiijerca TaKoil Tpons-
BOIUTENb Kk, UTO

*
— v, a <k,

- (19.9)
Ve, a>k.
Anzopumm noucka pasnosecus no Howy euda (19.9)
®ukcupyem nekoropoe k. Torma, mepemucas (19.6) ayst sTOro coydas,
MOJIydaeM ypaBHeHHe 1 Haxoxaenus v*(k):

K/( Zm: Vet k') —e—vK/( zmj Ve kv*>2 —0,  (196")

a=k+1 a=k+1

m
rie BopazkeHue y . V' mosaraercsd paBHBIM HYJIIO.
a=m+1
Hauunaem mouck pasaoBecus no Hsomy ¢ k& = m. Haxomum v*(m) u

uposepsiem ycsosue v*(m) < V™. Eciu OHO BBIIOJIHSIETCH, TO HaiiIeHHAsI
cuTyalus v gBasgercd paBaoecueM 1o Hanry. Mnaue 6epem k = m — 1 u T.1.
B pesysibrare 3a KOHe4YHOE YHCI0 MIArOB HaiijieM paBHOBecue 1o Hamry s
9TOTO Caydas.

CpaBuenmne paBHoBecuit mo Hamry n mo Baabspacy aasa momenu
Kypno

[Iycts D(p) = K/p, V* =V, ¢* = c. B arom ciyuae paBHOBecHe MO
Hsmy 7 u nena p* onpenensercs mo dpopmyaam

- v*=K(m—1)/(em?), ecmn v* <V, VacA
74 ecm vt >V,

K/(mv*) =em/(m—1), ecom v* <V,
K/(mV), eciim v* > V.

*

p:

Yro0bl HaliTu paBHoBecue 110 Basibpacy, Ha/io HaiiTu nepeceyenue pyHK-
LU clIpoca U IPeoKeHud, IIpudeM
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§ 19. Mozean omuromo/nm

0, p <c,
S<p) - [07 TTLV], p=c,
mV, p > c.

Ecm K/e < mV, 10 p = ¢ (em. puc. 19.1), unade p = K/(mV) (cwm.
puc. 19.2).

a) V. 6) V4
mV"iu) D(p)
\\ N
| o
p=cp =D ¢l — = £ D
Puc. 19.1 Puc. 19.2

B urore nosiydaem ciepayoniuii pe3y/abrar.

VYmeepotcdenue 19.2. g naHHONR MOJEIN BO3MOXKHBI CAEIYIONIAE COOT-
Hotennst papHoBecuii mo Hammy m mo Basabpacy.

1) Ecmu V > K/(em), o

p*=cm/(m—1), v* = K(m—1)/(cm?), p=c, 0= K/(cm), ,
T.€. PaBHOBECHas II€HA JIJI OJIMTONOINY p* TMPEBBINIAET MeHY KOHKYPEHTHOTO
pasuosecust p B m/(m — 1) pa3 (puc. 19.1).

2) Ecin K/(cm) >V > K(m —1)/(cm?), o
p*=cm/(m—1), v* = K(m—1)/(em?), p= K/mV, 0* =V, Te. uennl
OTJINYAIOTCS B MeHbIIIeil cTeneHn.

3) IIpu V < K(m — 1)/(cm?) nensl u 06beMbl cOBIAmAOT: p* = p =
K/(mV), v*=10%=1V. (cm. puc. 19.2).

Taxum 00pa3oM, eCIH OrpaHuYeHHe 00heMa BHITYCKA HECYIIeCTBeHHO
(V> K/(cm)), To st MaabIX m HOJydaeM CJIeLyoliue COOTHOMICHUST TIeH:
m=2=p=p"/2; m=3=p=2p"/3; m=4=p=23p*/4

Tak kak p = K/ > v, | T0 coOTHOMIEHNE 00BEMOB OOPATHO MPOTIOPIHOHAb-
a€A

HO COOTHOIIEHWIO COOTBETCTBYIOMNUX IeH, T.e. v* /U = 1 — 1/m, B gactHOCTH,
m=2=0=20" m=3=0=30"/2; m=4=0=4v*/3.
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I'JTABA IV. BBE/IEHUE B MATEMATHYECKYIO SKOHOMHUKY

Mogens Kypro mo3Bosisier 000CHOBATH Mepbhl 110 AaHTUMOHOIOJILHOMY pPe-
ryaupoBannio. V3 anaan3a 3Toit MO/IeIM BHITEKAET, UYTO €C/IM HA PHIHKE Jefi-
CTBYET XOTs Obl YeThIpe KOMIIAHUH, TO OTKJOHEHHE M0 00bEMY OT COCTOSAHUSA
KOHKYPEHTHOI'0 paBHOBecus 1o Bajbpacy cocrapiger me 6osee 25%, a or-
KnoHenue 1o mere me 6omee 33%. Ilpm 3TOM 00BEM BBIMYCKA HA KAazKIOM
W3 YeThIpex NPeANPUAATHH, TPUCYTCTBYIOIINX HA PBIHKE, JOJIKEH COCTABJISATD
v* = 3K/(16¢) (t1.e. 3/16 or paBHOBecHOro 1O Basbpacy obmiero oobema
npou3BojcTBa). CoracHo aHTHMOHOMOIBHOMY 3akoHomareabcTBy CIITA, K
HPEINPUSTUHIO MOTYT NPHUMEHSTHCS aHTHMOHOIOJIbHBIE MEPBI, €CJIH OHO KOH-
rpomupyer Gomee 30% pomka. Mexona n3 momemn Kypro, Takum o6pasom
obecriednBaeTcs ONpee/ieHHas CTeleHb OJIM30CTH K KOHKYPEHTHOMY PaBHO-
BECHIO.

Ynpaostcnenue 19.1. Tlokaxkure, uro paBHoBecue no Hamry miasg momesn
Kypnro we cymecrsyer, ecin D(p) = K/p®, 0 < a < 1/m, ¢* =c.

Ynpaostcnenue 19.2. Haiiqure paBuosecus o Hamry g monenn Kypuo u
CPABHUTE UX ¢ KOHKYPEHTHBIM PABHOBECHEM B CJIEAYIOIIUX YCIOBULAX:

1.D(p)=K/p*, a>1/m, ¢*=¢, V=V

2.D(p)=K/p, ¢“*=¢c, VI>VZ>. . >Vm

3.D(p)=K/p, ! <2<..<c™ Vi=V > K/c.

Hocmouncmea modeau Kypro:

a) MPOCTA JIJIsl UCCIeJOBAHMUSI;

6) cormacyercst ¢ MOJEIbI0 KOHKYPEHTHOIO PaBHOBECHUSI;

B) YCJIOBHsI COBEPIIEHHONH KOHKYDEHIMH W ONEHKH OTKJIOHEHHs OT HHUX
JIerKO (bOPMATH3YIOTCSI.

Hedocmamrxu modeau Kypro:

a) HEesCHO, KAKOe OTHOIIEHHe MOJEJb MMEeT K PeAJbHBIM DBIHKAM, MO-
CKOJIbKY Ha IMPAKTUKe HET TAKUX MEXaHU3MOB IIeHOOOPA30BAHUS: TPOU3BOIH-
TeJb HA3HAYAET U IeHy, 1 00beM BhimycKa. VccmemoBanne cOOTBETCTBYIOIIEH
MOJIE/IN MTOKA3bIBAELT, UTO HaiigeHHOoe 11 Moaean KypHo paBaoBecue mo H»-
Iy HEYCTOWYIHBO K M3MEHEHHIO IeH (CM. cireaytommii naparpad);

6) BUIUMO, MOJIEJIb He COOTBETCTBYET U SKOHOMUYECKOil craTucTike. Ha-
npumMep, o Poccun 1011 TOPropoil HAIlEHKH B II€HE HA MEJIKOONTOBBIX PBIH-
kax npesbinraer 50%, X0Ta KOJIMYECTBO NPOJABLOB KazKJI0I0 TOBAPA, BEJUKO.

Mogennb 1eHoBoit KOHKypeHInu beprpana-9ma»KBopTa

PacemorpuMm jipyroit BapuanT MoOje/ i OJIMronojind. PhIHOK Ipejiiojiara-
eTcsa npexkauM: A — MHOXKeCcTBO mpom3BoauTe el Torapa, ¢ u V¢ — mocro-
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AHHBIC YJCJIbHaA Ce6eCTOI/IMOCTb 1 MaKCUMaJIbHBINI O6'beM BBIIIYCKa IIPOU3BO-
murenst a, D(p) — dynknus cnpoca. [Torpeburenn — Meskue, oHE 06pa3yoT
KOHTHHYYM, KazKJIblii N3 HUX MOXKET KyIHTb OJHY €IMHHUIy ToBapa. IloTpe-
OuTeNb XapaKTepHu3yeTcs pe3epBHOi 1eHoit r > 0. OH NOKyIaeT, ecid eMmy
JOCTAETCS TOBApP IO IeHe p < 7 U He MOKYIIaeT B IPOTUBHOM CIydae.

OTBeThl HA TOCTABJIEHHBIE BOMPOCH OTHOCHTETHHO YCIOBHM Pean3ainn
KOHKYPEHTHOT'O PpaBHOBECHS W ONEHKH OTKJIOHEHWsS OT Hero 3aBUCAT OT Me-
XaHU3Ma, B3aUMOJEHCTBUS MEXKJy NPOU3BOIUTE/NSIMU U HoTpeduTensvu. B
Ka4eCcTBe MPHUMEPa TAKOTO MEXaHU3Ma PACCMOTPUM 00HOCMOPOHHUT ayKUU-
on nepeoti yeno. 1Ipou3BoAUTEIN-TIPOIABIHI OJTHOBPEMEHHO W HE3aBUCUMO
Ha3HAYAIOT HeHbl s > ¢* Ha cBoit Torap. [lorpeburesm-nokynarenn BriCTpa-
MBAIOTCA B OUepellb U MOKYHAIOT NMpeToKeHHbI TOBap B MOPSAIKe BO3pacTa-
HUS TeHBI ¢ YIeTOM WX pe3epBHBIX IeH. [Ipr 3ToM BaKeH MOpSIOK MPUXoJa
HHOKylare/eil Ha pbIHOK.

Hpumep 19.1. Ha puiake B3auMOAEHCTBYIOT [Ba MPOJABIA U JBE T'PYII-
Bl TIOKyTIaTesIell co caeayIommMu napaMerpamn: st = 5, V1 = 100; r! =
6, D' =110; s> =7, V2 =50; r?> =8, D? =40, rue s* — 1ena, Ha3Ha-
JeHHad MPOJABIOM a, V¢ — TIpeIJIoyKeHHBIH O 9TOH HeHe 00beM ToBapa,
r! — pesepBHas IeHA e TPYNIBI MOKyTaTeaeil i, D' — o6beM UX crpoca

(KOTODBIi HemacTHIeH npu p < r').

Ecu Ha PHIHOK MepBbIME TPUXOAAT "OeHbie" moKymare n (T.e. ¢ HU3KOI
pe3epBHOil 1eHoit), To onn nokynaoT 100 eguHul Mo MeHe 5, a moroM "Gora-
roie" KynsT 40 equaur o nene 7. Ecin »ke Ha PHIHOK ePBBIMA HPUX0adT "60o-
rarbie", To orn mokynaioT 40 eanHUIL O 1eHe H, a moToM "OeaHbIe " MoKy maT
60 exmawI Mo nere 5. OYeBHIHO, IYTO MPHUOBLIL BTOPOTO MPOJABIA MPH STOM
CYIIIeCTBEHHO MEHSETCS.

lamee byzemM mpeanoaararhb, 9To NOTPEOUTENTN ¢ PA3TUIYHBIMA Pe3ePBHBI-
MU HEHAMU 7" PACIPEIEJIEHbl B COOTBETCTBUH C IJIOTHOCTBIO (1) — HEOTpUIA-
TesibHOI by HKIHE, HHTEerpupyeMoil Ha moxynpamoii [0, 00). DTo 3HaUUT, 4TO
pH 33aHHOM TieHe p < 7 U MaJoM dr TMOTPEeOUTENN C PE3EePBHBLIME IEHAMA
u3 orpeska [r,r + dr] kymar Toap B kosmaectBe p(r)dr. Ilyctb umeercst Ta-
Koe yncso M > 0, 9ro mioTHocTh p(1) nonoxuTeabHa Ha narepsaste (0, M),
a 1oTpeduresn ¢ pe3epBHbIMU HeHaMu 7 > M UMeIoT JONOJHUTEIbHYIO BO3-
MOYKHOCTD IIPUOOPECTH TOBAP HA JPYTOM PbIHKE 10 (hUKCUPOBAHHOI 11ene M.

205



I'JTABA IV. BBE/IEHUE B MATEMATHYECKYIO SKOHOMHUKY

Torya dyHKIms cipoca UMeeT BU/I

fp(r)dn p <M,

D(p) = Ofp Ydr], p= M,
0, p> M.

Ormerum, uro D(p) MOKHO HHTEPIPETUPOBATH Kak 00INee YHCI0 ToTpedu-
Tesiedi, JKeJanux npuobpect ToBap no uexe p. dcho, uro dbyukius D(p)
— ybeiBarommast u auddepennupyemas ua unarepsaie (0, M). Hamee Oymem
cauTaTh, uTo  », V* > DT(M).
a:c*<M

B creaHHBIX OPEIIIOJOKEHHIX PABHOBECHAs IEHA P OJHO3HAYHO OIIPe-
nensiercs us yeaosust D(p) € [S™(p), ST(p)], npuaem D(p) > 0.

Hab6op nen s = (s%, a € A), ycTAaHOBJEHHBIX IPOU3BOAUTENSIMH, ONpPE/Ie-
JIeT BeKTOP (baKTHYeCKOro MPeJIoxKeH s ToBapa:

V(s) = (V(s), p € P(s)), rue Vo(s) = 3. V® — xommdecTso ToBapa,
a:st=p
PEeJIOKEHHOE TI0 TieHe p, & P(s) — MHOKeCTBO HA3HAYEHHBIX IEH.

B obiiem ciydae mporecc npojaxku xapakrepusyercss (byHKIueil ocra-
Togroro cupoca. QyHKIws octarouHoro crupoca D(p, f/) MMOKA3bIBAET, KAKOB
OCTATOYHBIN CIIPOC TO TIEHE P MOCTe MPOJAKU BCEX 00HEMOB f/p/ O MEeHAM
p < p, p € P(s). PaccMoTpuM Tpu KOHKDETHBIX BHJIa (DYHKIHUH 0CTaTOU-
HOI'O CITPOCA, CBSI3AHHBIX C NPAGUAGMY PAUUOHUPOSAHUA, T.e. € ITOPIIKOM
moTpebuTeseil B oUepen:

1. Ilpuopurer norpeduresieii ¢ Goblneil pe3epBHONl EHOI:

DY(p,V) = max [0, D(p) =Y Vy (19.10)

p'<p

2. [lorpeburesn paBHOMEPHO pacCIpegeeHbl B OUEPEe/M U OCTATOYHBIN
cupoc POPMHUPYETCS IO MPOMOPIUOHATEHOMY HTPABUIY:

D*(p, V) = D(p) max lo, 1-> V,,/D(p’)] . (19.11)

p'<p

3. Ilpuopurer morpedburesieir ¢ HU3KONH pe3epBHOMN EHO:

D3(p, V) = max [O min [ Z Vy (19.12)

p<p'<p
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Ynpaoscnenue 19.5. Hoxaxure dopmyasr (19.10-12).

[Ipn mobom mopganke MOoTpeOuTeNell B OYepe| CIPABEIIABO COOTHOIITE-
aue D'(p,V) < D(p,V) < D3(p,V), o3nauaroliee, 4T0 OCTATOUHBIH CIPOC
ybbIBaeT ObICTpee Bcero B ciaydae 1 m mMejjiennee Bcero — B ciIydae 3.

Jlasmee paccMOTpUM TPOU3BOJIBHBIN MOPAI0K IOTpebuTeNneil B odepeni,
CUUTAsl, YTO OCTATOYHBINA CIIpOC XapakTepusyercs dbyukimeii D(p, f/)7 V10~
BJIETBOPSIONIEH CIeYIONMNM HePABEHCTBAM:

= V<D, V) <max(0.DE.V) — Y Vyl VP <p. (19.13)

p'<p p<p'<p

IToammmo 9Toro, morpeGyem, arobsl dyukmus D(p, V(s)) 6bL1a Hempepsis-
Ha 10 Jiro6oil mepemennoit s* B uaTepBaJsie 0 < s < p npu (PUKCUPOBAHHBIX
OCTAJIBHBIX MEPEMEHHBIX.

TTo dyukuun ocrarounoro cupoca D(p, V) ais mobeix crpareruii s* npo-
U3BOAMTE/EH ONHO3HAYHO ONPENETIACTCA MAKCUMAALHAA NPOOUHCHAA UEHA
p(s) = max{p € P(s) | D(p,V(s)) > 0}, npu KoTOpOii OCTATOUHEI CIIPOC
elle MOJOKATEICH.

OmpemesnM mpaBuyio pacupeesenns eanaunsl D(p, \N/(s)) JUTST TIPOU3-
Bojureel a, Boiopasiiux s* = p(s). Pa3obbeM ux Ha jiBe IpyIiibL:

Ai={a€c A" <s"=p(s)}, As={acA|c" =5"=p(s)}.

Ecan D(p(s),V(s)) < > V® 10 Becb 0CTaTO4YHBI CHPOC pacupeessier-
acAq
Cd MeXKJy IPOUu3BOAUTEJIAMU c Al OPOIOPHIUOHAJIBHO UX MaKCHUMaJIbHbBIM

obbemam npeanoxkenns V. IIpn 3TOM TPOM3BOJNTEND @ BBITYCKAET CBOI TO-

Bap B KomuaecTse 0° = VeD(p(s),V(s))/ 3. Ve B cayaae D(p(s), V(s)) >

a€A,
> V' npoussomurenn a € A; BBIIYCKAIOT CBOII TOBap B KommuecTse VO
a€A;

Beauunna ocTtaTka copoca f)(p(s),f/(s))d o nax 0, D(p(s), ( ) — Z V“]

pacrpeessieTcss MexK Iy IIPOU3BOJAUTEIIMU ¢ € Ay TIO aHaﬂOFI/I‘{HOMy HpaBI/I—
JIy.

Nrak, npu pacnpejgeeHn OCTaTOYHOTO CIIPOCa TPUOPUTETOM TOJIb3YIOT-
cst (DUPMBI, JIJII KOTOPBIX ce0eCTOMMOCTH HUZKe TPOoIazKHo# nensl. [locieanee
YCJIOBHE BBOJUTCS JJIsi TEXHHYECKOT'O YI00CTBA, MOCKOIBKY OIpeIe/seMble
HUzKe (DYHKIUU BBIUI'PBIIIA PAa3PbIBHbI, U JIAHHAS MOJIe/Ib OIUCBIBAET pac-
npejeaeHne moKymnaresaeil mpu pa3HOCTH IieH, OJu3Kol K Hy 0. B kadectBe
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BBIUT'PHIIIA, TIPOU3BOUTEIA @ PACCMOTPUM €ro HpHObLIb

(57— v, ) s < p(s),

(s* — c¢)Vemin[l, D(p(s), V(s))/bg VP, a€ A,

wls) = (sa_ca)vammu,D(p(s),f/(s))/bg VY, ae A,
0, 5% > p(s).

Taxum 00pa3oM, OIHMCAHA MOJEJb HEHOBOH KOHKYPEHIUH IPOU3BOIUTEIEH
Kak urpa B HOpMasbHO# dopme I' = (A, {s* | s* > ¢*},u’(s), a € A), rue
Urpoku a € A — bupmbl, MHOKeCTBa cTpareruii {s® | s* > ¢} — MHOKecTBa
IIeH, KOTOPBIE OHU MOT'YT HA3HAYUTh, (DYHKIMA BHIUIPHIIIA 1% (S) OMPeIessaoT
npuOBLIH (UPM.

NsBectubie mojen nosejenus B urpe I' — 310 paBnosecue mno Hamry,
pellerne Mo TOMHHUPOBAHUIO, MOJEJN UI'POBOH JAMHAMHUKY (IMHAMEUKA HAH-
JIY9IUX OTBETOB, AJANTUBHbBIE THHAMUKH ).

PaccmorpuM cHavata HeoOXOQUMBIE YCJIOBHA I/ paBHOBecHd 1mo Hamry
OMMMACAHHON UTPHI.

Ymeeporcdenue 19.3. Ilycrs S — paBHoBecue o H»amny, p — nena KoHky-
pPeHTHOro paBHOBecHus. Torma crmpaBeIInBO OJHO U3 CIASAYIONIUX JIBYX YCJIO-

1) p(3) = p u Azst KazKI0r0 MPOU3BOIUTESI @, HMEIOIIEro ¢ < P, BBIIOJ-
HEHO §% = p.
2) p(3) > p u HaiijeTcsl €IMHCTBEHHBI MPOU3BOAUTEND @, JJIT KOTOPOTO
< p(?) 5% npu srom ¢* < p (em. puc. 19.3).

; 1%
D(p) S(p) D(p) S(p)
b p(s) P p=p5) P
Puc. 19.3 Puc. 19.4

Jlokasamenvcmeo. 3amernm, ato  », V* < S7(p) < D(p). Orcroga u
a:ct<p
u3 nepsoro HepaseHncrsa (19.13) BbITekaeT, 9TO KayKblii HPOU3BOIUTEND d,

208



§ 19. Mozean omuromo/nm

JIJIst KOTOporo c* < p, CMOXKeT NpojiaTh BeCh CBOI ToBap 10 mnexe p. [losromy
JUIsl CATYAIU PABHOBECHS S mi}ll 5*>p=p(s) > p.
ac

[Iycts p(3) = p. Ecim ¢* < p < 5% TO OPOU3BOAUTENb @ HUIETO HE
npoaact. EMy BBIFOIHO OTKJIOHHTbCS W BBIOPATH IEeHY s¢ = P, HOJYUHB IO-
JIOZKUTEIbHY 0 IPHObLIL (npoTuBopedne). Irak, ¢* < p = 5% = p.

[Tycrs p(s) > p. [peamonozkum, 90 st HEKOTOPOTO MPOU3BOJUTENS G
BeIMosTHEeHO ¢ < 5% < p(3). Tlo onpenesrennto p(S) OH MPOAACT BECH CBOM TO-
Bap B obbeMe V. Eciu on yBenaut 1eny 70 s = §%+¢, To npu MaJjioM € > ()
B CHUTy CBOMCTBA HempepsiBHOCTH ocTarounsii cipoc D(p(3]|s®), V(3]s))
OCTAaHEeTCsl TMONOKUTETbHBIM. Clle10BaTeIbHO, TPOU3BOIUTEIDL ¢ TPOJACT TO-
Bap B 00beme V¢ u yBeawaut npubslib (nporusopeune). Nrak, ¢* < p(s) =
5" = p(s). Janee, > V*»> D(p) > D(p(3)). lTosromy, ecau mponsBoau-

a:c*<p(s)
Tesieli a, Jyist KOTOphIX ¢ < p(3), o MeHbIIeil Mepe JBOe, TO OHU HE CMOTYT
PeaT30BaTh MOJHOCTBIO CBOUM 00beMbl 110 1ieHe p(5). OJHOMY U3 HUX BBITOJI-
HO OTKJIOHUTBLCSI M HA3HAYUTH 1eHy P(S) —e. B pesysbrare OH yBeJnvInuT CBOIO
NpUOBLIb, 9TO MPOTHBOPEYUT ONpEIeeHnuI0 cutyanuu pasuosecus. Il

Caedemeue. Ecin HARIyTCa IBa MPOU3BOIUTENS @, JJIsT KOTOPHIX ¢ < P,
u cymecTByer pasroBecue 110 Hamry 5, To p(S) = p (em. puc. 19.4).

Ynpaorenenue 19.4. B yeIoBUAX OpeabIAYIIErO CJICICTBASA TOTOTHATE b
HO mpeanonoxuM, aro ST(p) > D(p) (em. puc. 19.5). doxazkure, 9TO s
IIPOM3BOAUTEISI (1, UMEIOIIEr0 yEIbHYI0 Ce6eCTOMMOCTh % = D, BBIIOJHEHO
nepasencTeo Ve < ST (p) — D(p).

v D) vy D(p)
S(p) Sp)= > 0"
:\' } acA
5 M D v) M D

Puc.19.5 Puc.19.6

Tenepb cchopmysiupyem JOCTaTOYHbIE YCJIOBUS CYIIECTBOBAHUS PABHOBE-
cus o Haury.
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I'JTABA IV. BBE/IEHUE B MATEMATHYECKYIO SKOHOMHUKY

Ymeeporcoenue 19.4. Tpenmosoxum, 910

> V= max V* > D(p). (19.14)
wcep a:c®<p

Torna Jsirobas cuTyanus S, yJIOBJIETBOPLIONIas YCIOBUIO: §¢ = P, eC/Iu

c® < p, aBigeTcd paBHOBecueM 1o Hamry.

Jlokazamenavcmeo. 1o yenosuio p(s) = p. [lpoussoguresnu a, mjist KOTo-
pBIX §¢ > ¢* > p, HUUIero He MpoaaayT. OTKIOHATHCSI UM OT CBOUX CTpaTerui
s He UMeeT CMBIC/IA, MOCKOJAbKY UX NPHUOLLIL ocTaneTcs HyJjesoi. Paccmor-
puM Tenepb mpousBoauTeaeit a, Jasd KoTopuix ¢ < p. FKenm ogun u3 Hux
YBEJUYHT TeHYy /10 s = P + £, TO HAYeTro He MPOJAcT, TaK KaK IO YCJIOBHUIO
(19.14) npyrue npejcTaBUTeM ITON IPYIIBI MOJTHOCTHIO TIOKPOIOT CIPOC 110
IeHe P W OCTATOYHBIA CIpOC MO IeHe p + € OyjaeT HyJaeBuIM. [losTomy yBe-
JMYUBATH [EHY NPOU3BOANTENIO ¢ HEBBITOJHO. Y MeHbIIaTh ee (ecuu ¢ < p)
TaKYKe He UMeeT CMbIcIa. JlelicTBUTeIbHO, TOCKOIBKY

> Vve<ST(p) < D),

a:c?<p

NPOU3BOIUTENb @ CMOYXKeT MPOJIaTh Bech CBOU 0ObeM mo meHe p. Urtak, 5 —
paBHOBecue o Hamry. W
Bsenem obosnavenue: ¢ = max c“.
a:c*<p
Ymeeporcdenue 19.5. Ilpeamonoxum, aro ST(p) = S~ (p) = D(p) u cyue-
CTBYIOT XOTsI OBl 1B IPOU3BOJUTENS 41 U g, JJIsl KOTOPHIX max[c™, ¢®2] < p
(em. puc. 19.4).

1) Hycrs D(p)(p —¢) < D(p)(p —¢) mpu p € [p, M] n

D(p,V) < D(p)(L = Y _ Vy/D(')). (19.15)

p'<p

Torma sobast cuTyanus s, yJI0BATBOPAIONIAs yCJI0BHIO: §¢ = P, eciu
c* < p, aBiagerca pasnosecueM o Hamry.

2) Tlycth B HEKOTODOI TpaBOil MOJTYOKPECTHOCTH TOYKH P BHITIOJIHEHDI
uepapenctea D(p)(p —¢) > D(p)(p—¢) u

D(p,V) = D(p)(1 =Y Vy /D)), (19.16)

p'<p
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§ 19. Mozean omuromo/nm

IPH 3TOM XOTs ObI OJIHO M3 HUX cTporoe. Torjga B MOJEIN IEHOBOH KOHKY-
PEHIIUN He CyIecTByeT paBHOBecus 1o Hamry.

Jloxasamenvcmeso. 3 pasencrsa ST (p) = S™(p) BbITEKAET, 9TO HE CyIIle-
CTBYeT IIPOM3BOAUTENCH a, 11d KOTOpeX ¢ = p. lasee, paBeHcTBa
S(p) = > V= D(p) o3Havaror, 94T0 CIPOC N0 1eHe p 6yaer yI0BIeTBOPEH

a:c?<p

HOJIHOCTI)IO.pHOSTOMy MPOW3BOJIUTENb @, JIJIs KOTOPOTO 5% > ¢* > p, HU4Yero
He mpogact. CienoBarenbHo, p(s) = p.

1) U3 yenopus caeyer, uro D(p)(p — ¢*) < D(p)(p — ¢*) npu p € [p, M|
JIJIsl BCEX IPOM3BOJUTE/ICH @, UMEIOIIUX y/AeJbHYI0 cedbecToumMocTh ¢ < p.
eiictBurenpro, upu p > p u3 Hepaserncrsa D(p)(p —¢) < D(p)(p — ¢)

TTOJIydaeM
D(p)p — D(p)p <e(D(p) — D(p)) < "(D(p) — D(p)).

Orciona D(p)(p — ¢*) < D(p)(p — ).

Paccmorpum npousBoauTesisi a, Takoro, 4to ¢* < p. KMy HeBbITOAHO CHU-
KaTh HeHy ¢ = p, MOCKOJbKY OH IIPOJIACT BeCh CBOM 0O6beM V¢ U 1o 1eHe p.
EMy HeBBITOTHO BBIOMpPATH U OOJIee BBICOKYIO TIeHY S® > p, TaK Kak

u(s][s?) = (s* = <) D(s*, V(5]s")) < (s* = ) D(s*)(1 = V5(3lIs")/ D(p)) =

— (=D (1= 3 VIV =

beA\{a} beA

= (s" =)DV Y VI < (b= DV YV = u'(3).
beA beA
2) Ipeanonoxkum, aro cymecrsyer pasHosecue 1o Hamry 5. Pacemorpum
IPOU3BOJIUTEIsI, IMEIOIIET0 y/IeabHYI0 cebecroumocTh ¢ = ¢ < p. Ilpu Ha-
3HAYEHWN HOBOU IEHbI $* = P + £ ero npuodbLIL OyIeT paBHA

u’(s][s?) = (s* =e)D(s*, V(5]|s")) = (s* =) D(s*)(L = V5(5lls")/ D(p)) =

= (s" =2 D(s)V/ Y V' = (G —-e)DE)V*/ > VP =u'(),
beA becA

TMPU ITOM OJHO W3 MOCTETHUX JBYX HEPABEHCTB BBHIMOJHEHO KaK CTPOTOE.
CiiejioBaTe/IbHO, MOJIYUEHO MPOTHBOPEYNE € TEM, YTO CUTYAIUsl S SBJISICTCS
pasuosecuem 1o Hamury. l
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I'JTABA IV. BBE/IEHUE B MATEMATHYECKYIO SKOHOMHUKY

eny p* u Habop oObemoB U, a € A, orBeuaronux paBHoBecuio mo Hamry
B Mozenn KypHo, HazoBeM ucrodom no Kypno. VI3 mokasarenbcTBa yTBEpP-
XKjeHnusa 19.5 BbITeKaeT, 9TO B ero yCJOBHUSAX UCXOH 110 KypHO He gBiseTcs
paBHoBecueM 1o H»amry B Mojen 1meHoBoit KOHKYPEHIHH, €CJId MOXKHO OJIHO-
BpEeMEHHO MEeHSTh IeHy U 00beM IpejiaraeMoro ToBapa. leiicrBurebHo, ec-
am D(p)=K/p, *=c, Vo=V < K(m—1)/(cm?), 10 cornacuo yrsep ie-
auio 19.2; B mogean Kypuo cymecrsyer papaosecue o Hamy v = (V, ..., V)
¢ uenoit p* = p. Ho no Bropoit actn yrep:Kaenns 19.5 B Moe/n 11€HOBOI
KOHKYpeHIuu 5 = (p*, ..., p*) He sBJIsieTcsl CUTyalueil pABHOBECHsI.

PacemoTrpuM Takzke MOJENIH € HOCIEI0BATENbHBIM BHIOOPOM IEH U 00b-
emoB. [lycTh Ha mepBOM 3Tare NPOU3BOIUTEN OTHOBPEMEHHO HAZHAYAIOT I1e-
HBI $” > %, a Ha BTOPOM OIIPeJesIoT 00beMbl Bhiycka v* € [0, V4], 3nas ne-
Hbl s, a € A. [TokaxkeM, 94TO Ha BTOPOM 3Tare ONTHMAILHbI BHIGOD (petie-
HUE 10 JJOMAHHPOBAHUIO) COOTBETCTBYET 00beMaM MPOJIazk B PACCMOTPEHHOI
MOJIeJIA TIeHOBOM KOHKYpeHInU. /leficTBUTEBHO, 3aMeTHM, 9TO B 3TOH MOJIe-
1 (bYHKIMS BHIMTPHINIA TPOU3BOAUTENI a u® He yObIBaeT mo mapamerpy V¢
npu (PUKCHPOBAHHBIX OCTAJbHBLIX NepeMeHubIX. [loaTomy crparerusi urpoka
a (%, V%) crabo momuuupyer 00yt ero crparernto (s v®), rae v < VO
Takum oOpa3oM, JaHHBINA Caydail ABYXITAIHON UIPHI SKBUBAJIECHTEH MOJEIN
[IEHOBOI KOHKYPEHIIUU.

[IpeamnonokuM Temepb, UTO MEHBI U O0BEMBI BBIOMPAIOTCSI B OOpPATHOM
IMOpsAJKe: Ha IIepBOM 3dTalle IIPOU3BOAUTE/IN YCTaHABJIUBAIOT CI)I/IKCI/IpOBaHHbIe
obwembl v* € [0, V9], a Ha BropoM — meHbl s > ¢, 3Hasg o0beMbl V%, a € A.
[TpubbLIb, oIy YaeMast TPOU3BOANTEIEM @ paBHA 1%s* —c*v?, e 0 — obbeMm
PeATH30BAHHON MPOLYKIMH, OIPEeIeIAeMblil (OCTATOYHBIM) CIPOCOM TI0 [EHe
s*. 3aMeTHuM, 9TO HA BTOPOM dTalle OIITHMU3ANUS STON IPUOBLIK He 3aBUCUT
oT u3ziepKeK c*v® ( 06beMbl v* OBLTN BHIOPAHBI HA IEPBOM STAIle U HE MEHs-
forcst). Tloaromy Ha BTOpoM dTare Hrpokn (hakTudecKu AefiCTBYIOT B paMKax
MOIean HeHOBOIU/I KOHKYpPEeHIIMH C HYJIeBbIMHI yJICJIbHBIMHA Ce6€CTOI/IMOCTHMI/I.

Torna crnpaBeIuBO CJIe/IyIOlIee yTBEPKICHUE.

Ymeeporcdenue 19.6. 1) TlycThb mpu JOCTATOYHO MAJBIX P BHITOJIHEHO

uepasencrBo D(p) > Y. V% Ecm e(D(p)) > 1 upu p € [p,M] n nna
acA
DYHKIMH OCTATOYHOTO CIIPOca BIMoMHEeHO yeaosue (19.15), To coBepienHbie

IIOJBITPOBBIE PABHOBECHS B PACCMATPHBAEMOIT JIBYXITAITHOM UI'Pe OJHO3HATHO
COOTBETCTBYIOT paBHOBecusaAM B Mojenn KypHo.

2) Iycrs juist dynkuuit cnpoca u octaTodHOro cnpoca npu p € [p, M]
BBIIOJTHEHBI HepaBercTBa D (p)p > D(p)p u (19.16), mpuyaem XoTst ObI OJHO 13
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§ 20. Hastorosoe pery/inpoBaHHe

HUX CTPOroe. TOFILa COBEPIIECHHOI'O IIOABLII'POBOI'O paBHOBECHUA B ,ZLByXSTaHHOfI
ATpEe He CYIIECTBYET.

oxasamesvcmeo. Tlycts Boibpansr v¢, a € A. OyHKIUS MpeIJIOKEeHUST
onpe/essgercsa STuMu oobeMamu. [103Tomy 1ieHa KOHKYPEHTHOTO PABHOBECHS
p(v) 3aBucuT ot BekTopa v. Kak orMedanoch Boile, Ha BTOPOM STATe Ve Ib-
HBIE CeOECTOMMOCTH MOYKHO CIHUTATH HyJIeBBIMH. [103TOMY paBHOBECHAS TIEeHA

p(v) ognoznauno oupeneasercs us ycaosus D(p) = > v* (em. puc. 19.6).
acA
1) Yenosue e(D(p)) > 1 rapanrupyer BbIIIOJHEHHE HEPABEHCTBA

D(p)p < D(p)p upu p € [p, M]. Tlosromy Bce ycioBusi mepBoil 4acTu
yTBepxkaeHus 19.5 Buimonensl. V13 Hero BHITEKaeT, 9TO B pacCMaTPUBAEMOiT
MOJIBITPE CYIIECTBYET eIMHCTBEHHOe paBHOBecue o Hamry, cooTBeTcTByO1IEE
cutyanuu S, ajs Koropoit ¥ = p(v?, a € A) V a € A. Takum obpazowm,
nepBbIil dTan 3KBUBaIeHTeH Moaean Kypuo.

2) Corsacuo BTOpoii yactu yrBepxaenns 19.5, pasaoecusi mo Hamy na
BTOPOM 3Talle He CyIecTByeT HU IpH KakoMm BeiGope v € [0, V°]. i

Taxum obpazoM, IByXdTamHas MOAETb CBOAMTCS K Momenn Kypuo. Jas
KaKHNX TOBAapOB BbIIIOJIHEHBI YCJ/JIOBHA IIOCJICIHETO yTBep)K,ZLeHI/IH? ZLJIH TeX,
CIIPOC HA KOTOPBIE JIaCTUYIEH U TPOU3BOJICTBO KOTOPHIX HEJIB35I OCYIIECTBIATH
[0 Mepe MOCTYILIEHHA 3aKa30B, a TaKzKe HeJib3d 0e3 3HAYUTETbHBIX H3Jep-
JKeK JIONTo JepKaTh UX Ha CKJIaje. B kagecTBe mpuMepa OTMETUM UMIIOPTHBIE
bPYKTHL. 151 GONBITHHCTBA Ke TOBAPOB YKA3aHHBIE YCIOBHSI HE BHITIOJTHEHBI.

§20. HaJjoroBoe peryjampoBaHUe

Cozpanue 3dekTuBHO DYHKIUOHUPYIONIEH CHCTEMbI HAJTOT000I02KEHH ST
SIBJISIETCS OJHOI W3 HamboJee aKTyaJabHBIX 3a7ad JIs CTPAH, B KOTOPHIX
Pa3BUBAETCS PHIHOYHAS SKOHOMHKA. BIOKETHBI CEKTOD SKOHOMUKH, CYIIe-
CTBYIOIINI B OCHOBHOM 3a CYeT HAJOIOBBIX COOPOB, BBHIIOIHSIET PsiJ BasKHBIX
dyurnumii. [Ipexme Bcero, on obecneduBaeT MPOU3BOICTBO TOBAPOB H YCIYT,
KOTOpBIe He MoxKeT 3 (MEKTUBHO NMPOU3BOIUTEL PHIHOK. HeKoTopbie m3 3Tux
YCJIYT HEOOXOAUMBI /151 (DYHKIMOHUPOBAHUS PHIHOYHON SKOHOMUKH. B gact-
HOCTH, K HUM OTHOCSTCS 3alllHTa MpaB COOCTBEHHOCTH W ODECHeYeHNe BhI-
IIOJTHEHHUsI 3aK/II0UeHHBIX CIAeI0K. Hean 9T yemoBus He obecinedeHsl, TO h-
(EKTUBHOCTH IKOHOMHYECKOI'O PBIHKA PE3KO CHUXKAETCSI: DOJIBIIIE PEeCcypChI
PACXOJIYIOTCS HA 3aXBAT Yy¥KOil COBCTBEHHOCTH U /WM 3alUTy OT Tpabeka u
obMana.

BrogzKeTHBIN CeKTOp TPOM3BOANT TaK:Ke JAPYTHe TOBaphl U YCAYTH, OTHO-

213



I'JTABA IV. BBE/IEHUE B MATEMATHYECKYIO SKOHOMHUKY

CSIIUEcs] K TaK Ha3blBaeMbIM 00IeCTBeHHbIM OJiaram. IIx cremuduka cocto-
T B TOM, 9YTO HEBO3MOKHO HJIH OY€HBb JOPOT0 PACIPENEIITh X C MOMOIIBIO
PBIHOYHOTO MeXaHU3Ma, T.€. IpoJlaBas UHIUBUIYaJbHbIM oTpedbutensam. 13-
BECTHBIMHU PHMEPAMU OOIIECTBEHHBIX OJIar ABISIOTCA MAsKH, PAJIHO- | TeJe-
TPAHCASITOPHI, J0POoKHAsI HHMppacTpyKTypa. K apyromy tuiy obIiecTBeHHBIX
OJ1ar OTHOCATCS YCIYTH, KOTOPBIE 1IEJIeCO00PAa3HO MPEIOCTABAUTH OIPeIeIeH-
HOI 9aCTH HaceJeHHs He3aBHCHMO OT IMOKYHATEIbHONH CIOCOOHOCTH OTIE/b-
HBIX TOTpedbuTeseit. Bo MHOTHX cTpaHaxX B 9TY KATErOPUIO BXOIAT ONpeIesieH-
HBIil ypoBeHb 00pa30BaHus, 3JpaBOOXPaHeHHe U HH(MOPMAIUOHHOTO obecIe-
yenus Hacesenus. Llesecoobpasubiit ypoBeHb obecliedeHrsT TAKUME yCIyTraMu
omnpejeidercd rocy 1apCrBeHHbIMU OpraHaMi, UCXOJd KaK U3 9KOHOMUYECKUX,
TaK 1 BHEIKOHOMHUYECKNUX coobpazkenuii. Hanpumep, ornpeneneHHbiii ypoBeHb
KYJbTYDHI U 3HAHWI HaCeJeHUd MOZKET PACCMATPUBATHCS KaK CAMOCTOATEb-
Has NEHHOCTHh BHE 3aBUCUMOCTH OT HOTPEOHOCTEH IKOHOMUYECKOI'O PBIHKA.

OCHOBHO# HCTOYHHK JOXOJI0B FOCYJapCTBa — HAJIOTH. B KadecTBe nmpume-
pa pacemorpuM crpykTypy Otoazkera CIITA 3a 1987r. HanmonaabHbIi 10X01
CIITIA cocraBua 4 Tpad. 527 mapa. gostapoB. Jloxoasl denepagsbHOrO OOI-
xera: 854 murpa. nosutapos. Merounukn goxona: 46% — momoxoaubIii HAJIOT ¢
dusmaeckux qun, 35% — nauucaenue ¢ 3apmaarel, 10% — naJjgor Ha TpuOLLIL
¢ Kopunopanuii, 4% — axunussl, 5% — Tamoxkennsie c60pbl. Pacxoapr: 1 Tpim.
4 mapa. ponnapos. Crarsn pacxonos: 40% — commanbras momomb, 28% —
HAIMOHAJIbHAs 00opoHa, 14% — moramenue rocyaapcTBEHHOrO A0TA, 7% —
roCyJapCTBEHHOE 00pA30BAHNe U MeIUIMHCKAE YIPEeXKIACHUS, 7% — Pa3BUTHE
TpaHcnopTHOil cetn, 4% — cybeuauu depmepam.

PacemoTpuM ocHOBHBIE BHIBI HAJIOIOB U UX BJIHSHHE Ha MTOBEJICHHE IPO-
U3BOJUTECH Ha KOHKYPEHTHOM pPBIHKE.

Hanor ¢ mpogaxxk

Haumor ¢ nmpojiazk B3uMaeTcst ¢ TOBAPOB, KOTOPbIE MPOJAIOTCS KOHEYHOMY
norpeburesno. Hamor ¢ mpogazk xapakrepusyercs craBkoil tg € [0, 1], moka-
3bIBAIOIIEH, KaKasi 4aCTh CTOMMOCTHU TOBapa JOJKHA HOCTYIATh B rOCYIap-
crBenHbiit 60/zker. [TocmMoTpuM Kak HaJOr € NMpOAazK BausgeT Ha (HYHKIUU
NPUOBLIN U TTPEIOKEHNUS.

bes HaJiora ¢ nmpomax

Pré(p,V) =pV — C(V) — dyakuus npubbLiu,

S%(p) = Arg max Pr®(p,V) — dbyHKIMS 1IpeI0KEeHuS.
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C maJjiorom ¢ npogazk QyHKIUN TPUOBLIN U TPEIOKEHIS PABHBI
Pre(p,V,ts) = (1 —t5)pV — C(V),
S%p,ts) = Arg max Pré(p,V,ts) = S*(p(1 —t,)).

Orciona caeayer, 9to rpadbuk OYHKIUE IPEeIIOKEHUA PACTATHBACTCS B
o ocu p B 1/(1 —t,) pa3 (em. puc. 20.1).

V

Pue. 20.1

[Mockonbky dbymkmus S*(p) MOHOTOHHO He YObIBaeT 1o p, To S*(p,ts) <
S%(p). To ke camoe CIpaBeIIUBO JJIsT COBOKYITHON (DYHKIIUA TPEIIOKEHHUST

orpacau S(p) = > S%p) , re. S(p,ts) < S(p). Eciu cobpannble HamOrH He
acA
BJAULIOT Ha (PYHKIUIO CIPOCA, T.€. 3THU JEHbI'M UJYyT Ha JIPyrue HyKJbl, TO

paBHOBecHad IeHa He yObIBaeT 1o t.
AKnu3HbIil HaJOr

AxmusHbIit Hagor 6epercs He ¢ 00beMa BBIDYUKH, a ¢ KayKJIOW €THHUIIBI
ToBapa (curapersl, coupTHOe U T.00.). CTaBKa aKIU3HOIO HAJIOTA f, MOKA3bI-
BaeT, CKOJIbKO Ha/I0 3aIlIaTHTh B OIOJKET € KaxKJI0# eJMHUIbI TPO/JIAHHON
OpOAYKIMU. PaccMOTpUM BIMSgHHE 3TOr0 HAJIOra Ha (PYHKIUU NPUOLLIA H
NIPEJIJIOYKEHU ST

Pra(p7 V7 te) = (p - te)v - C(V>’
S(p,te) = Argmax Pré(p, Vi) = 5%(p — te).
Takum obpazom, rpaduk GYHKINUNA TPEIOKEHNS CMEIIAeTCsd BIPABO Ha t,
eJTMHUTI.
Hanor Ha npubplib

CraBka HaJsiora Ha IpHOLLIL Ty, € [0, 1] mokasbiBaer, Kakas 4acTb HPUOBI-
JIH JOJIZKHA HOCTYIHTD B Or0azkeT. OyHKIMS IPUOBLIN MEHSIETCS CJIe LY IOIHM
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obpazowm:
Pra<p7 ‘/:tpr) = (1 - fpr)(pv - C(V)) - (1 - tPT)PTa(p7 V)7
a OyHKIMs TPEeJIJIOKEHsI OCTAaHeTCA HEM3MEeHHOM:

Sa(p’ tpr) = Arg I‘I/lgé((l - tpr)Pra(pv V) = Sa(p)'

DTO OTHOCUTCS K KPATKOCPOUYHOMY AHAJH3Y, B TO Ke€ BpeMs B JOJITO-
CPOYHOM ILJIaHE HAJIOI Ha HPUOBLIL MOXKET OKa3aTh CYIIECTBEHHOE BJIUsIHHUE
HA PABHOBECHE B OTPACIH. DTOT HAJOL JEJAeT MEHee BBITOAHBIMHU HHBECTH-
AW B CTPONTEHCTBO HOBBIX MOIITHOCTEHN 1 OAIepKaHue CTapblX MOITHOCTEI.
C tedyenneM BpeMeHH (DYHKIHA MPEJIOKEHIS MOXKET HAYATh YMEHbBIIATHCS,
TaK KakK cTrapoe o0opylaoBaHue OyJIeT BHIXOAUTH U3 CTPOsi, & HOBOE MOKYIATD
OyJIeT HeBBITOAHO. BBeaeHme BBICOKOTO HAJIOTA HA TPUOBLIL BEIET K TOMY,
9TO U3 OTpacjeil, rje JIerko B3MMaTh HAJOI HA MPUOBLIb, KAIUTAJ Iepere-
KaeT B OTPAC/IN, T/Ie Jierde CKpbIBaTh MPHUObLIL OT HaJoroB. VTak, BBEIEHNE
BBICOKOI'O HAJIOTa HA HPUOBLIb CIIOCOOCTBYET PA3BUTHIO TEHEBOH SKOHOMUKH.

Taxum oOpa3oM, B JOJTOCPOYHOM ILJIAHE HAJIOT Ha MPHUOBLIbL OKA3BIBAECT
BJIMSHUE Ha (DYHKIUIO MPEIJIOKEHHS, W JIayke B KPATKOCPOYHOM ILJIaHe OH
BeJIeT K MePeTeKaHuIo0 KalluTaJaa B TEHEBOH CEKTOP.

Hasor na gobasiennyio croumocts (HIC)

Korga paccautbiBaeTcsi HAJOT HA TPHOBLIL, TO U3 BBIPYYKH OT MPOJIa-
KU BbIIuTaloOTCs Bee m3gep:kku. HJ/IC ommmuaercs TeMm, 9To mpH pacdere
6a3bl HAJIOT000J/IOKEHHST BBIYUTAIOTCH HE BCe U3JEpKKU. Paccmorpum mo-
JIpOOHEe CTPYKTYPY U3JEP:KeK MpeanpusaTusi. 1Ix MOXKHO NpencTaBuTh B BUIE
C(V)=Cy(V)+Co(V), tme C1(V) — 910 pacxoapl Ha IpUOOPETEHHS ChIPbs
U ITPOYUX HEOOXOIUMBIX JIJIsl TPOU3BOJICTBA TOBAPOB, BLIMYIIEHHBIX IPYTHMHI
npousBoguTessamu, a Co(V) — 970 BHyTpeHHEE 3aTpAThl HA JAHHOM IPE]I-
IPUSATHH, IPeXkK/e Bcero — 3apaboTHas marta (a Tak:Ke HEKOTODBIE JIDyIHe
BHJIbI M3/I€PKEK, B YACTHOCTH, PACXO/bI HA PEKJIAMY ).

Korma paccaursiBaercs 6a3a HIIC, u3 swpyuku pV BEITUTAIOTCS W31€PK-
ku nepporo Tuna C1(V). DTo rapaHTUPYeT, 9TO KayKJbli TTPOU3BEICHHBIH B
skonomuke ToBap obsaraercsa HJIC tonbko onun pa3. Bennuwnna H/1C papna
tvar(pV — C1(V)), tae tyar € [0,1] — crasgka HJC. ITpu srom npubblib
OPEIPUSITUST COCTABJISET

Pre(p,V,tvar) =pV — C(V) —tyar(pV — C1(V)) =
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= (I =tyar)(pV — C1(V)) = Cao(V).

HJIC 3anmmaer mpoMeKyTOYHOE IMOJIOYKEHHE MEXKIY HAJ0TOM C MPOJIaXK H
HaJ0rOM Ha npuObLIL. OH OKa3bIBAET ONpEIEJeHHOe BAUsHIE Ha (DYHKIIHIO
peJJIoXKeHus, CHUXKAsl ee, HO KaKOe MMEHHO — 3aBUCUT OT COOTHOIIEHHS

ITonoxonaupiii HaJIOT

DTOT HAJIOr B OTIMYME OT BCEX HPEALIAYIIAX OTHOCATCA HE K HPOU3-
BOJINTEJIAM, a K 1orpeburenam. I[Ipedeavras cmaeka TMOLOXOIHOTO HAJIOTA
t:(I) € [0,1] mokasbiBaeT, Kakas 4acTh joxoja I JosizKHA OBITH yIIadeHa
B BUJe HaJora. THUNMYHBLIA BHJ HAJI0IAa COOTBETCTBYET KYCOYHO-IIOCTOSIHHOI
HeyObIBatoIIeil mpeiebHOl cTaBke Hasora (cM. puc. 20.2).

ti(1) t:i(1)

+ T T + 13%
L L, Iy I I I
Puc. 20.2 Puc. 20.3

3necwk I, — namoroneobsraraemsiit MuauMyM. Ceitdac B Poccun nefictByer
OoJiee mpocTasi cxeMa HaJ0T00DJI0XKeHUS: BeCh J0X0/I CBbIle [; obJiaraercs
o craske 13% (cm. puc. 20.3).

B 6101:xeTe Poccun, B ormmune or CLIA, mogoxoaHblit HAJIOT 1aeT HeOOIb-
myto poao (10%), a nanbosnee BaxkubiMu siBssitorca HJIC, akiussl ¥ HAJIOT
Ha TPUObLIIb.

Pacuer cTraBku HaJsora

B macrosimiiee BpeMmst pa3suTre peIHOYHBIX OTHOIIEHUH B Poccun mpouncxo-
JINT B YCJOBUSIX PE3KOTO COKPAIEHUs PeabHOi 3apaboTHOI TIATH B BaXK-
HeHNTITX OI0/IZKEeTHBIX OTpaciaX. B pe3ysbraTe 3HAUNTETbHAS YaCTh Hanboee
SHEPTUYHBIX U CIIOCOOHBIX PAOOTHUKOB YXOAAT M3 TOCYAAPCTBEHHBIX CUCTEM
obpa3oBanms, 3/PABOOXPAHEHHS, HAYKU U KyJbTYPbl. DTOT IIPOHECC MPE/I-
CTaBJISIET CEPhe3HYI0 yrpo3y st oyaymiero Poccuu. Takum obpaszom, mo-
BBITIIEHNE peabHON 3apabOTHOM MIaThl pAOOTHUKOB OIOJIZKETHOM cdephl sB-
JIieTcs BechbMa aKTyaJdbHOH 3a7adefl. lcTOUHIKOM A1 MOKPBITUS PACXOI0B
Oro/IZKeTa MOTYT CJIYYKUTh HAJOTOBBIE TOCTyILIeHus. PaccMoTpuM cooTBeT-
CTBYIOILYIO 33/[a4y pacyera CTaAaBKU HAJIOTa C IMPOJIAZK JJjis MOJEJH OIHOIPO-
aykTOBOI akoHOMEKH. [IycTh S(p) — dyukmusa npemnoxenus Topapa, Di(p)
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— (yHKIMA CHPOCa 4acTH HACEJICHUsS, OTHOCAIIEHCA K PBIHOYHOMY CEKTO-
py, Q2(p) — MOXOABI HACETeHHsI, OTHOCSIIErocs K OIOJZKETHOMY CeKTOpY, W3
BHEOIOZKETHBIX HCTOUYHHKOB, Dy — JKeJaTeIbHBI 00beM HOTpebIeHns 1Is
91Ol wactn macenenud. [Ipeamonoxum, aro dyuxmun S(p) u Di(p) — on-
Ho3HauHble. Torma B OTCYTCTBHE HAJIOTA PABHOBECHA IEHA OIPEIe/IdeTcd U3
yeaosus S(p) = Di(p) + Qa2(p) /- o
Heo6x01uMoCTh BBeIeHIS HAJIOT BOBHUKAET B Caydae, ecan Qo (p) < pDa.
[Tyctb p(ts) — paBHOBeCHas! IeHa MPU CTaBKe HAJora ¢ mpogax t. s pac-
yeTa HeOOXOJMMON CTaBKM HOJIydYaeM CJIeIYIONy0 CUCTEMY ypPaBHEHM:

S(ﬁ(ts)(l - ts)) = Dl(ﬁ(ts)) + 527
B(ts)Da = Q2(p(ts)) + tsS(B(ts) (1 — t5))b(Ls)-

DTa cHCTeMa MO3BOJISET OIPEIEJNTh HY:KHOE 3HAUYCHHE CTABKU lg U CO-
OTBETCTBYIOILYIO0 LeHYy P(ts) B ODLUIMX IIPENOIOKEHUAX OTHOCUTEJBHO Ma-
pPaMeTpPOB MOJEJH. B 9aCcTHOCTH, €CJIM CIPOC PBIHOYHOTO CEKTOPA, SABJISCTCH
resnactraabM (D1 (p) = D), a BHEGIOIKeTHBI J10X0/ GIOIKETHIKOB MPO-
nopiwonaset tere (Qqo(p) = Kp), 10

ts = (EQ - K)/(El +E2)» ﬁ(ts) - S_I(EI +52)/(1 - ts)'

Vnpaosrcnenue 20.1. TTocTponTh 1 UCCae10BaATh aHAJIOTUIHBIE MOJAEIN s
pacdera CTaBOK aKIIM3HOIO HAJIOTA U HAJIOra Ha MPUOBLLIb.

OHaKo HA NPAKTHKE HAJOTOBBIX MOCTYILUICHUH 9aCTO OKA3LIBAETCH Hel0-
CTATOYHO. B 3TOM C/Iyuae TpaJuIMOHHbIE METOAbl PEryJIHPOBAHA PHIHOYHOI
9KOHOMUKH, paspaboranubie Keitncom u ero mocaemoparessymu (cM.|2]), mpe-
JIyCMATPUBAIOT €IMHCTBEHHBI CIIOCO0 PENICHUS: YBeIMYeHIe HOMHHAJILHOM
sapiiarel. CBA3aHHBINA C 3TUM POCT OIOZKETHBIX PACXO0B BEJET K YCUJICHUIO
HQIIAIMA, CIEKYJIATHBHOMY XapaKTepy SKOHOMHYECKOH aKTHBHOCTH.

AbTepHATHBOI ABIAETCA POCT MPEAJIOKEHUS JETEBhIX NOTPEONTETHCKIX
TOBAPOB U CHUKCHHE PLIHOYHBLIX HeH. OaHa 13 BO3MOKHOCTEH peryJupoBa-
HHS IIPeIJIOKEHUs — 9TO TOBAPHBIE HHTEPBEHIMH. 1 0Cy 1apCTBEHHBIE U PETHO-
HAJILHBIE OPraHbl YHPABJICHUs OCYHIECTBIISIOT X IyTeM 3aKyIK1 TOBAPOB Ha
BHEIITHEM DBIHKe (100 10 CIemuaIbHbIM J0TOBOPAM ¢ MECTHBIMHU IPEIIPHsI-
TUSAME) U TIEPENPOAAZKHI MOTPEOUTENSIM 1O CHUZKEHHBIM TieHaM. /Ipyroil myTh
— BBLACJECHHE IpeJnpUaTHAM CyOCHIUil WM JBIOTHBIX KPEAUTOB /I BHE-
NIPeHns TeXHOJIOIWH ¢ HU3KEMHU cebectonmocTamu. Cleayomas MOIeIb II0-
CBSILIEHA [OUCKY ONTHUMAJBHON cTpareruu, mo3Bojsiomeil obecnedn s HeKo-
TOpbI (DUKCHUPOBAHHBII YPOBEHDb MOTPEOICHUS JIIs JIIO/Ieil, OCHOBHO J10XO0.T
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KOTODBIX TPEJICTABIAIOT BBIIIATHL 13 O0/KeTa, (3apIIaThl, CTHIICH U, TT€H-
cun ¥ T.10.). OnTUMaIbHOE ONpeNeeHne STOr0 yPOBHS MPEJACTABIIET CaMO-
CTOATEBHYIO Mpo0JeMy, KOTopas 3/1ech He obcyzkaaercsa. Mbl paccMaTpu-
BaeM CTPATEruu, COYeTaloNie 06a YKA3aHHLIX MOJXO0/IA: MOBBIIIEHHE HOMHU-
HAJBLHBIX JOXOJ0B W JOTHPOBaHUE MPOU3BOJACTBA GoJee JEMeBBIX TOBAPOB
— © OompejesisieM OnTUMayibHOe ux coderanue. [Ipu sTom pemraercs 3aaa-
Ja MUHUMHU3AIUNA OOIIUX pacxojoB Omoakera. Takass moctaHoBka Hambosiee
OmpaB/iaHa Ha PErMOHAJHHOM yPOBHE, HA KOTOPHIH mMajgaer OOJIbINas 9acTh
pacxo/oB 1m0 (bUHAHCUPOBAHUIO OIO/IZKETHBIX oTpacJeil. IMenHo g 3Toro
ypoBHsi (DOPMYJIAPYETCST U U3YIAETCsT OMUCAHHAS 3a/1a49a.

PaccmorpuM citeyiomuii poiHOK ¢ OJHEM ToBapoM. Ilycts A — KoHednoe
MHOYKECTBO (hUPM, MOCTABIAIONINX TOBap. Kaxkaas dbupma a pacmosaraer
HabOpPOM NpOU3BOACTBEHHBIX MoniHocTell [¢. Moninocrs ¢ € [* xapakrepu-
3yeTcs MaKCUMAJbHBIM 00 beMOM V; U IOCTOSIHHOM Y€/ IbHO# ce6eCTOMMOCTBIO
¢; enuHAUTIB Tpoaykimn. Kaknas dpupma cTpeMuTcss K MaKCUMAIbHON TTpH-
obL1u. Bee gocTymHbIe MOMIHOCTH MOTYT UCIIOJIB30BATHCA OJHOBPEMEHHO.

Dynkuns npeokenns S;(p) yKasbiBaeT KOJIXIECTBO TOBAPA, BHITyCKae-
MOT'O H& MOIHOCTHU THUIA i B 3aBUCUMOCTHU OT IEHBI P, U UMEeT BH/I

07 b < Ci,
Sl(p) = [07 ‘/;]7 b = G,
Vi p > 6.

OO0mumit 00beM MOCTABOK TOBApPA HA PHIHOK 337aeTCst (DyHKIHed

S(p) = 2 > Silp)-
acAiele
Hacenenne pernona gejurcs Ha ABe IPYNIBL — HE3A6UCUMYN0 U 3A46UCU-

MY10 — caeayiomuM obpaszoM. NHIMBHIYYMBI MEPBOH T'PYHIBI OTHOCATCH K
qacTHOW cepe SKOHOMUKN U CAMOCTOSITEILHO 00ecednBaioT cebst TOBAPOM.
J111 3aBUCHMBIX »KHATeJIel PErHOHa OCHOBHBIM MCTOYHHKOM JOXOJIa, SIBJISETCS
OrOIKeT, U 3aJa49a aIMHHUCTPAINH — O0ECIeYNTh OHpeIeeHHbIi yPOBEHb
norpedsieHust rux kureseit. g ynpoinenuss Moje/in 3aBucuMas rpynia
MPEIIOMATACTCS OTHOPOTHOT.

[Tycrs dbyukuus Di(p) oupeje/ser cupoc Ha TOBAP CO CTOPOHBI HEPBO
(HezaBuCcHMOi) rpymsl. JI0X0/ 3aBHCHMOM IPYTIBI H3 MPOYNX HCTOTHHKOB,
KPOMe PernoHaJbHOTO OrojzkeTa, 3amaercs dyukimeii pDs(p). Beckb stoT m0-
XOJI BMeCTe C BBIILIATaMU K3 OI0JizKeTa, WU cybcudusmu, PaCXoIyeTcs Ha
npuobperernne ToBapa. Takum 0o6pa3oM, COpOC HA TOBAP CO CTOPOHBI 3aBUCH-
Moit rpyuibt cocrasisier Do( K, p) = Do(p)+ K /p, riue K — obbem cybcujuii.
[lena p(K) Ha PHIHKE ONpEJIEJsIeTCs W3 YCJA0BUS GajaHca CIpoca u Mmpeio-
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ZKeHNA:

Oyukiun cpoca Dy (p) u Do(p) mpeanonaraorcs quddepeHupyeMbIMI 1
HEBO3PACTAIOIIUMHU.

IIycts Dy — sKeaTebHbI yPOBeHDb TOTPeOIeHNs 3aBHCHMOil TpyIIsl. B
orcyrcrBue cybcuanii, 1. e. npu K = 0, paBHoBecnast nena p(0) ymoBierBo-
paroT yeaosmio Dy(5(0)) < Dy (B TPOTHBHOM CIydae yKa3aHHBIH YPOBEHD
noTpebyieHnst TOCTUTaeTCs 6e3 BMEIaTe bCTBa 8 IMAHICTPAIIHT ).

O6o3uaunm depes Q;(p) = pD;(p) cupoc B JE€HEKHOM BBIPAZKEHUU IO
neme p s [-oit rpymmsl Hacesenus, | = 1,2, a uepe3 Kp(p) obbem cyocnmmii,
HeOOXOIUMBIX JIJIs TOTO, YTOOBI 3aBUCHMAS TPYIINA MOLJIA IPHOOPECTH TOBAP
B KosimaecTBe Dy 1o uene p. Torna

Kp(p) = (Ez — Dy(p))p = Ezp — Q2(p). (20.2)

Ilycts p, — nena , ama xkoropoit Dy (ps) + Do € S(ps) (puc. 20.4).

Ve S(p)
D, (p)

~_Di(p) + D,

AN

\\\l?l£p) +‘D2 (p)
Pp P DPsq(p) = cjpy »
Puc. 20.4

st Toro, 9ToOBl 00ECTIEYNTh 3a CcUeT CyOCHIMii YKeJaTeTbHbI YPOBEHD
HOTpeb/IeHns 3aBUCUMOM I'PYIIIDI, CJIe/IyeT BBIJAETHTD UX B 00beMe

Kp(ps) = (D2 — Da(ps))ps.

JIpyroii myTh NOBBINIEHUs yPOBHS MOTPeO/ICHUs 3aBUCUMOM I'DYIIIbI CBA3aH
¢ M3MeHeHNeM MpeJjIOYKeHNs TOBapa Ha PHIHKE.

Paccmorpum HekoTOpyio 1eHy p < ps. Keam aamunucrpanusa obecrie-
qUT JIOTIOMHATEBHOE MpeiosKenne Tokapa B oobeme Di(p) + Dy — S(p) mo
3TOI IleHe W OJHOBPEMEHHO BBIJEJUT CYOCHIMM 3aBHCHMOIl IDYIIe B pas-
mepe Kp(p), To p okazkeTcss HOBO# paBHOBecHoil menoii. Obriee 3HadeHne
cupoca u npeajioxenus cocrasur Dy (p) + Dy u Gyaer J0CTUIHYT KeJaeMblil
YPOBEHDb MOTPeOIeHus 3aBUCUMON T'pynnbl. /lonojHuTeIHHOE MPEe/JIOKEHHE
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MOYKHO 0DeCIeYHTDh, 3aKJII04as C NPeJAIPUITHIMHI JI0TOBOPbI, IIPeIyCMaTpu-
Ballye BBIIIYCK NPOAYKIHHN Ha MOIODHOCTAX, A KOTOPBIX Ce6eCTOI/IMOCTb
¢; > p. Ilpu 10M omara ocyriecrsisercs no cebecroumocru. (OHa bakTu-
YeCKH W OIPeJieIeHa BhIIIe KaKk MHHHMAJIbHAS IeHa, 0DecednBaroas mpu-
OBLIBHOCTD MCTIOIB30BAHUS JAHHON MOITHOCTH). [IpakTHUeCcKH, JOrOBOP MO-
JKeT MpeycMaTpUBaTh, HAIPUMED, JOILIATY 3a paboTy B BeYEpHHUE U HOY-
Hbl€ YaChbl UJIH BBIXOJHBIC. ()TMGTI/IM7 4YTO IIPpU peaiu3alliul TaKOIr'o J0I'0BOpa
HEOOXO MM KOHTPOJIb, UCKJIIOYAIONIHIT BO3MOYKHOCTH (PaKTHYECKOTO BHITTYCKA
MOCTABJIAEMOrO TOBApa Ha MOITHOCTAX ¢ HU3KHMHU C€0ECTOMMOCTSIIMHE.

Bo3MoKHBII BaApHAHT — 3aKyNKa aJMHHACTpAIMeil ToBapa Ha BHEIIHEM
poiHke. B aroMm ciayuae cebecTouMOCTh BKIIOUAeT PAacXo/abl Ha, J10CTaBKy. [1pe-
noJiaraeTcst, 9ro GyHKIUS npeioxKenns S(p) oTpazkaer Bce yKa3aHHbIE BO3-
MOXKHOCTH.

OmpeesnM, KaKOBa MUHUMAJIbHAS BesmdnHa K (p) pacxomoB aIMHHU-
CTpaIy Ha JOMOJHATETHHOE MPeIJIoKEeHIe ToBapa 10 [eHe P B KOJTIeCTBe
D (p)+Dy—S(p). Ilycrb Texnoa0run nepenyMepOBaHbl B HOPSIKE BO3PACTa-
HusI cebecTonMocT: ¢ < ¢ < ... < ¢, a MomHOCTH (D), j(p) OnpenensiroTes
U3 YCJIOBUH

i(p) =max{i|c;<p}, Y Vi<Di(p)+D2< Y Vi
i<j(p) i<j(p)

Torga caeayer 3aKIIOYHTH JOTOBOPHI HA MOJTHYIO 3arpy3Ky MOIIHOCTEf
i(p)+1,...,j(p)—1, a Ha mormuOCTH j(p) — 0OECTEUUTD BHITYCK B KOJTUIECTBE

Vi) = Di(p) + D2 = Y Vi
i<j(p)
(em. puc. 20.4). Pazvep HeoOXoAUMBIX A0TAIMN COCTABAT

i(p)
K.p)= > Vilp)(e—p),

i=i(p)+1

rae Vi(p) = Vi, i =i(p) + 1,...,j(p) — L.
Benga obosnauenne q(p) = ¢j(p), MOKHO IePENHCATDH 3TO BEIPasKCHHE B
HHTErpaJibHON dopme

q(p

)
K(p) = /(Dl(p) + D, — S(p))dp =
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q(p)
— (Dy(p) + Da)(a(p) — p) — / S(p)dp. (20.3)

OrmeruM, 9T0 ¢(p) — KYyCOUHO-IIOCTOSTHHAST HeBO3pacTatolas (yHKIus, nme-
IOIad Pa3phIBbl B TOYKAX Pg, MOJIYYaeMbIX U3 YPaBHEHUMN

Hanee, Di(p) + Dy — S(p) > 0 mpu p € [p,q(p)). Orciona cremyer, q9To
dbyukius K (p) HenpepbiBHAsI U yOBIBAIOIIA.

O6o3HaunM uepes pp IeHy, II0 KOTOPOH 3aBHCHMAasl TPYNNA B COCTOS-
nun Ges cyGenauii npuoGpectu Tosap B Koanuecrtse Doy, 1.e. Do(pp) = Ds.
AMEHUCTPAIMH, OYEBHIHO, HET CMBICIA IIOJIEPKUBATH HOBYIO PaBHOBEC-
HYIO IIeHy HHKe pp. Takum obpasom, Jirobas pallioHaJbHAsT CTpaTerus pu-
HAHCHPOBAHNA 3aBACUMOMN IPYIIIBI HOJHOCTBIO OIPEILIACTCA BLIOOPOM IEeHbI
p € [pp,Ds], KOTOPYIO aJIMHHUCTDAIMS PETHOHA TMOIEPKUBAET KAK PABHO-
BeCHY10. 3a/1a4a BEIOOpa ONTUMAILHON CTPATEIMH CBOAUTCS K MOUCKY

p* € Arg min K(p), (20.4)
PE[pD.ps]
rae K(p) = Kp(p) + Ks(p), a Kp(p) u K4(p) onpenensiiorces cormacuo (20.2)
1 (20.3).
Ormernm, uto dbyuknus K (p) uMeer TpOU3BOAHYIO

K(p) = S(p) + Di(p)(alp) — p) — D1(p) — Q=(p) (20.5)

BCIOJY, 32 UCKJIIOYEHHEeM TOYeK P = ¢;, 1 = 1,...,mM, H TOYeK CKa4YKOB (DyHK-
mun ¢(p). B 9THX TOYKAX p NpOM3BOHAS MMEeT Da3pBIBHI MEPBOIO POJIA,
npuuem K (p) > K_(p). B nambheiimenm Gygem Golee KOPOTKO TOBODHTH,
aro dyrkmmas K (p) ompeeseHa MOYTH BCIOY.

Ynpaosrcnenue 20.2. llokazkuTe, 9TO eC/IH JII CyMMapHOTO CIIPOCA

D(p) = Di(p) + Da(p) + K/p snacruanocrs e(D(p)) = |pD(p)/D(p)| < 1, 10
Q1(p) + Q2(p) > 0 upu Beex p € [pp, ps).

Ynpasienenue 20.3. Tokaxure, aro ecim Di(p) > 0, a QQ(p).S 0, To
bynxuusa K(p) sbinykia, u neobxopumoe yciosue ee munumyma K (p*) <
0, Ky (p*) > 0 sBasiercst TaK:Ke W TOCTATOYHBIM YCTOBHEM.
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§ 20. Hastorosoe pery/inpoBaHHe

Teopema 20.1. JTio6oe pemenne p* 3amaun (20.4) ynoBaerBopsieT Hepa-
BeHcTBY p* < p,. B 3aBucumoctn ot dynknuii cnpoca Di(p), Ds(p) ontu-
MaJbHad meHa p* ob1agaeT CIeAyIONMMA CBOMCTBAMMY.

1) Ilycrs cnpoc Dy(p) Ha orpeske [pp, ps| mocrosinen. Ecin neHeskHbrii
cpoc (Qo(p) HA ITOM OTpe3Ke TaKzKe MOCTOSTHEH, TO ONTUMAJbHAsI IeHa p*
COBIA/IALT C MEHON PABHOBECHsI P JJIsl DBIHKA € OJIHOIT (He3aBUCHMOiT) TPy HIION
norpebureseil u onpeensercs u3 yeaosust D € S(p). Ecin dyuxmus Qz(p)
BO3pAcTaeT Ha OTpe3Ke [pp, ps|, TO p* > P, a ecau yobiBaet, 10 p* < p.

2) IlycTh cnpoc Kazkaoi TPYHIbI CKJIAIbIBACTCS U3 NOCTOSIHHON U yObI-
Batoteil cocrapistiomux: Dy(p) = A+ By/p, | = 1,2, p € [pp,ps|. Torna
ONTUMAJIbHAA HEHA ONPEJe/IdeTcsa U3 yCIOBH

AL+ Ay +q(p*) B/ (p*)* € S(p").

Jokaszarenbctso. TTockombky St (ps) > Di(ps) + Dy > D1(ps) + Da(ps),
q(ps) = ps, T0 U3 coornomenns (20.5) crenyer, uro K(p) > 0 B mpasoii mo-
JIYOKPECTHOCTH TOYKHU Py, 0TKyIa p* < p,. Ecau Di(p) = Dy, to u3 (20.5)
ciaexyer pasenctso K (p) = S(p) — Dy —Qo(p) modaru BCoLy, OTKYIa BEITEKAET
yreepzkaenne 1). B yerosusax 2) dynxmus K (p) = S(p)— Ay — Ay —q(p) By /p?
ONPEIETICHA TOUTH BCIOJY U MOHOTOHHO BO3PACTAET HA OOJACTH ONpee/ie-
mmst. PaceMoTpuM cooTBeTcTBYyIONEe eif orobpaxkenune K(p), p € [pp,psl,
onpejie/isis ero 3HaUeHHe B KazkKJIOH TOYKE pas3pbiBa KaK OTPE30K OT JIEBOIO
JI0 TIpaBoro mpejesa. B ety Monoronuoctu dbyukiuu K (p) Haiiercs eauH-
CTBeHHast TOUKA p*, 1y1st KoTopoii 0 € K (p*). DTa TouKa U GyIeT pereHnem
saga4an (20.4). W

OTmeTuM, YTO ONTUMATBHOE COUeTaHWe CYOCHUIMil HACEJEHUIO U JTOTAIN
IPOMBITIIJIEHHOCTH MOZKET CYIIECTBEHHO COKPATUTH ODIMEe PACXOIbl OI0IKe-
Ta N0 CPABHEHUIO C CUTyaIueil, Korjga u3 OmKeTa (DUHAHCUPYETCS TOTbKO
CIpPOC 3aBUCHUMOI TPyIbl. B npumepe, uzobpaxkennom ua puc. 20.5, mpej-
nosaraercs, uto Di(p) = Dy, Do(p) = 0.
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[Lromaan 3amrpuxoBanubix obracreil Ha rpadukax a) n 6) HOKA3BIBa-
10T 3aTpaThl OI0/IZKeTa IPU ONTUMAJIbLHOU cTpaTeruu p* = p u upu p* = p;
COOTBETCTBEHHO.

PaccvoTpum Temepsh ApyTyI0 BO3MOMKHOCTH W3MEHEHUsS TPETOKEHNT —
peIoCTaBIeHUE JTOTAMM /s CO3aHusT HOBBIX MolHocTeil. Kaxknasa noren-
HAJIbHAS MOIIHOCTD ¢ XapaKTePH3YeTCsl CJICIYIONIMMHI apaMeTpaMu: MaKCH-
MaJbHBIM 00BEMOM ITPOU3BOACTBA V;, YAETbHON ce6eCTONMOCTHIO TPOU3BOI-
CTBA C; U KAIUTAJI0eMKOCTHIO k;. /IJ1s1 TPOCTOTHI MBI ITpeoiaraeM, ITo Heoo-
XOMMbIe KaITUTATOBIOKEHIS TPOTIOPIIUOHAILHBI BBOJIMMOMY B JieficTBIE 00b-
eMy V,; < V; u cocraBasior V;k;.

[TockobKY METBI0 aIMIHUCTPAIIAN TBASIETCS MUHUMW3ATINST TEKYIIIX PAC-
XOJI0B OI0/I2KeTa, TO ONTHMAJLHBIM SBJIAETCA CMeImaHHOoe (PUHAHCHPOBAHHE
HOBO# MomHOcTH. OnpeaenuM HeoOXOTUMBIA pasMep JI0Talluu, 0becredn-
Batomyit "poiHounyo" HOpMY 7) NpUOBLLIM HA BJOKEHHE YACTHOIO KAIUTAJIA.
TIycrb k; — oObeM nOTAIMA HA €IMHAIY BBOAMMOIl MOIIHOCTH, p — LEHA HA
ToBap. Torga MUHUMAILHBIA pasMep JOTAIMN ONPEJIeNSeTcs W3 COOTHOIIE-
aus (p — & + ki) /k; = n, orxyna k; = & + ki — p.

Taxum obpazoM, mosraras Jjis MOTEHIUAJIBLHBIX MOIIHOCTEH ¢; = ¢; + k;n,
MBI (POPMAJIBLHO CBOJIMM 33124y BbIOOPA ONTHMAJILHON CTpATerHu K PaccMOT-
perHoil BbIme 3agade (20.4). Vcxolsd U3 9T0ro0, HUXKE MBI PACCMATPUBAEM B
MOJIEJISIX TOJBKO peajibubie MomnocTu. Cjienyer, 0JHAKO MMEThb B BULY, UTO
HA TIPAKTHKE TPU KOHKYPEHIINH PeAThHBIX U TIOTEHIINATEHBIX MOITHOCTE Cy-
IMIECTBEHHBIMI MOTYT OKA3aThCS M JPyTHe KPUTEPUU, TIOMUMO MUHUMU3AINN
OIOIKETHBIX PACX0/IOB.

§21. Mogenu opraHn3aly HAJOTOBOI MHCIIEKIINN

B strom maparpade u3/10KEeHO HECKOJIBKO TEOPETUKO-UTPOBBIX MOJIEIei,
IMOCTPOEHHBIX JJIA U3YyYCHUA HpO6JIeM YKJIOHEeHUA OT yIIJIaThl HAJIOT'OB U KOP-
PYIIIMH B HAJOTOBOH MHCHEKIUH. PaccMarpuBaeTcs B3aUMOIEHCTBHE HAJO-
rOILIATE/IBITUKOB, MMEIONIUX CAYyYafHbIN 10X01, U neHTpa. CunTaercs, 9To B
KOHIIE KarKJ0r0 OTYETHOIO MEePHO/ia HAJOIOILIATEbIINK II0JAeT HAJIOTOBYIO
Jnekstapanuio. JlekaapupoBaHHBIH 10X0 1 001araeTcst HaJOrOM B COOTBETCTBUHI
¢ JleficTByIOIIeH cucTeMoit HaJioroobmokeHust. [Ipu 5ToM HaIOTOMIATE/IBITAK
MOZKeT IOIpoOOBATh YKJIOHUTHCS OT YILIATH HAJIOTA, JIEKJIAPUPYsT MEHBIIYIO
CYMMY, 9€M €ro peaJbHbI 10X0. B caydae mpoBepKH HAJIOTOBOM JeKIAPAIIHH
dakT NONBITKU YKJIOHEHUS BCErJa onpejesisiercd unciekropom. [lofimanubiit
HAPYIIUTEIb OILIAYNBAET HEJOCTAIOIIYI0 9acTh HAJOTOBOM CYMMBI H HaKa3bi-
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§ 21. Mogean opraHu3anui HAJIOTOBOH HHCIEKITHH

BaeTcs MTpadoM.

[Ipeamostaraercst, 9TO HAJOTOBas IPOBEpKa TpebyeT OmpeaeeHHBIX H3-
AEP2KEK U 4TO HEHTD 3aMHTepeCOBaH B MAaKCUMHU3AlIUKU YUCTOI'O HaJIOI'OBOI'O
cbopa (T.e. CpeICTB, TOMYIEHHBIX 3a cueT cO0pa HAJIOTOB U MTPadOB 3a Bbi-
9eTOM HM3Jep:KeK Ha MpoBepKu). s 0JHOPOMHOI MYl HAJOTOMIATE h-
IIIIKOB IEHTD PACIOIaraeT JUIIb HH(OpMaIneil, oIy IeHHON 13 HATOTOBBIX
JeKJapanuil, ¥ B 3aBHCHMOCTH OT Hee OIpeessieT ONTHMAJBHYIO BepOsIT-
HOCTH IPOBEPOK HAJOTOBBIX JeKJapamuil. 3ajadueil SBAIeTCI HAXO0XKICHHE
ONTUMAaJbHOT'0 IIPAaBUJIa IPOBEPKH.

Mogeans HAJIOTOOOJOXKEHNS C JBYMsS YPOBHSIMHU T0X01a

PacemorpuM Mozesib ¢ ABYMsI BO3MOXKHBIMHU YPOBHAMH Jloxona Iy u Iy,
e [, < Iy. HamoronmmaresbImuKy MOTYYalOT HU3KWIT U BRICOKUH JTOXOBI ],
u Iy ¢ BepoarHocTsimu ¢ u 1 — ¢ coorBercTBernno. Husknit qoxoj e obsrara-
ercs, a ¢ BbICOKOTrO Oepercs majior 1. Takum 00pa3oM, HAJIOTOMIATETbIITIK
€ BBICOKHM JIOXOJIOM HMe€eT CTHUMYJ JeKJIapUpOoBaTh HU3KHE j10X0/1. UT0OBI
IPEeJOTBPATHTL TaKHe NeHCTBUS HAJOTOILIATENbIINKA, HAJOrOBas WHCIIEK-
A ¢ BEPOSATHOCTHIO P MPOBEPSIET HAJTOTOIIATETBITUKOB, JeKJIAPUPYIOIIIX
HU3KUH J10x0/. Ecaum Hamoromnare/sbliuK ¢ BBICOKHM JIOXOA0M JI€KJIapupy-
er HuU3KWU Aoxoj [, M ero AekJapaius mpoBepsiercd, TO (pakT yKIOHEHUS
OT YILTATBl HAJOra BCerjia OOHAPYKUBAETCd, U HAJOTOILIATEBIINK JIOIKEH
BBIILIATUTH MTpad F', BKAOYAOMMI HeyIIadeHHbIi HaJ10r. CTOUMOCTD MPO-
BepKHU paBHa c. 3aJavda PYKOBOICTBA HAJOTOBOH MHCIEKIIMH COCTOUT B TOM,
9100bl HAHTH ONTHUMAJBHYIO BEPOSITHOCTH P ITPOBEPKU JIEK/JIapaliuil, yKa3bl-
Baforux Hu3kuit goxon I7,. [Ipu sToM MakCHMU3UPYeTCs 9UCTHIE HAJTOTOBBIH
cbop R, T.e. Bce IOCTYILIEHNUST OT HAJIOTOB ¥ MITPadOB 3a BHIYETOM 3aTpaT HaA
IIPOBEPKH.

OnuireM moBegeHne HAJOrOIIATENbITNKA. OH BEIONPAET CBOIO CTPATETHIO
u3 MHOxKecTBa {[1, [} npu mOJIyYeHUn BBICOKOTO JoXoja. [Ipeamonaraercs,
YTO HAJIOTOILIATE/IBIIUKY H3BECTHA CTPATErds p HAJOTOBON WHCIICKIUU, H
OH MAKCUMU3HUPYET CBOH OKUIAEMBIi JOXO, CPABHUBAS JTOXOM MPH YeCTHOM
nopejenun [y — T w ykiaonenun ot nHasiora Iy — pF. Takum obpazom, ec-

JIT BEPOATHOCTH TTPOBEPKH YAOBICTBOPACT HEPABEHCTBY p < ﬁd;f T/F, To
BCE HAJIOIOILIATENBINUKH ¢ BHICOKAM JIOXOJ0M YKJIOHSIFOTCS, M YUCTHIH HaJIO-
TOBBII IOXOJ] TOCYAPCTBa B pacueTe Ha OJHOIO HAJOIOILIATEIbINUKA PaBeH
R(p) = p(qF — ¢). Eciiu p > p, yKJIOHEHUSI HE IPOUCXOAUT, U JIOXOJ] UMEET
Bun R(p) = qT — p(1 — q)c (puc. 21.1).
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R(p)

00 p=T/F1

Puc. 21.1

[Ipu BepogTHOCTH MPOBEPKHU P = P HAJOTOILIATEIBIINKY 0€3PaA3JIMIHO —
VYKJIOHATBCA UJIW HET. B 9TOM CJIy4dae CIHUTaeTCA, 4YTO OH HE€ YKJIOHACTCH. Ta—
KM 00Pa3oM, p — nopo206as 8EPOAMHOCMb, T.6. MUHUMAJIbHAasA BEPOSITHOCTD
IPOBEPKH, 0DeCTIeunBaOINIAs YeCTHOE MOBeIeHNe HAJIOTOIIATeTbITUKOB. OT-
METHUM, 9TO JaHHAs MOJENb SIBJISIETCS IPUMEPOM HepapXudecKoit urpol [y,
onpeenennoi B § 11.

Ymeeporcdenue 21.1. OnTuMaIbHast BEPOSITHOCTD MPOBEPKH p* = P, ecin
qF > (1 — g)c. Tlpu sr0oM MakcuMaJbHBIA YUCTHIH HAJOIOBBIN JOXOJ MOCY-
napcrBa R* monoxkurenen n pasen ¢1° — p(1 — ¢)c. B nporusaOM ciydae
p* =0, R* =0, T.e. 3Ty Ipyniy HAJOTOIJIATEIbIINKOB HET CMBICJIA MPOBe-
pATh.

Ynpaostcnenue 21.1. Jlokaxkure yrsepxiaenue 21.1.
Mogenanb, yduThIBaOMIad CJIyYaiiHbIe OIMTUOKU

TeHepb Hpeﬂ,HOJIOH(I/IM, YTO HAJIOT'OIJIaTCJILINUKHN ¢ BBICOKHUM J0XOJ0M MO-
I'yT HENpeJIHAMEPEHHO OMMbaTHCA U ONPEJIEJAI0T CBOU JI0X0 KAaK HU3KUI C
BEPOSITHOCTHIO M. Takue omubKU HE MEHSIIOT MTOPOTOBYI0 BEPOSTHOCTH MPO-
BepKHU, KOTOpas IOOMIPAeT YecTHOe IOBeJeHUe HAJIOrOIIATEbIINKOB, Olle-
HHUBIIMX CBOIl JOXOJ KaK BBICOKHI: OHH JCKJIAPHPYIOT BBICOKHI JOXOJ IIpH
p>p=T/F.

O6o3HaunM CpeJHuil J0X0/] HAJS0TOILIATE/IbIIHKA C y9eTOM OIIUOKH depes
I.,, a auCTEI HAJIOTOBLIN J0XO0J, rocyaapcrsa depes3 R(p). Torma

; _ (=l +qly = pl), p <P
Y=L+ q(Ie = (1 =m)T —mpF), p>p,

R( ): p(qF_C)7 p<ﬁ7
q[(1 =m)T +pm(F —c)] = (L —q)pc, p=p
Culesyioniee yrBepzKaeHre Olpeedaer OUTUMAJIbHYIO CTPATeruio rocyaap-
CTBa.
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Ymeeporcdenue 21.2. 1) Ilycrs ¢F —c > 0. Torma ecam mrpad 3a yKIoHe-

—d
e [ > F ;f(qm +1—¢q)c/(¢gm), To onTHMAaNbHAS CTPATErHs FOCYAAPCTBA
p* = 1. Ecnim F' < F, To onTuMaJjbHasi CTpaTerusd rocyJapcrra p* = p.
2) [ycrb ¢F — ¢ < 0. Torga onTuMaabHasi CTPATETHsT TOCYAAPCTBA

0, Fg<c(gm+1—gq),
p, Fg>clgm+1—q).

Jlokasameavcmeo. Buadane 3amernm, 9To B TOUYKe p 3Hadenue R(p) =
qT — pc(mq+1— q) Goabire JeBoro npeaeabHoro 3uadenust R_(p) = ¢1T — pe.
[lpu F > F goxox R(p) Bo3pacTaeT Mo p Kak Ha moiyunrepsasie [0,p), TaK
u Ha orpeske [p, 1|. Takum obpaszom, dbyHkIus R(p) Bo3pactaer Ha OTPe3Ke
[0,1] u p* = 1. Ilpu F € (¢/q, F) pasuuua cocrouT Jiumib B ToM, 4T0 R(p)
yObIBaeT Ha orpeske [p, 1] m mosromy p* = p. Hakowen npn 0 < F < ¢/q
JOXO, y6bIBaeT Ha O6OI/IX UHTEPBaJIaX, TaK YTO MaKCHUMYM JOCTUTACTCA Ha
OHOM M3 JIeBBIX KOHIOB: mpu F > mF p* = p, R* = R(p) > 0, mpu
F <mF p*=0, R* =0. Hagowen, npu F = mF p* € {p,1}, R*=0. 1

Ynpascnenue 21.2. HaliauTe ONTUMAJBHYIO CTPATErwio TOCYIapcTBa B
caeayiomux caydasx: 1) F' = F; 2) F = c¢/q.

Mopenu ¢ ydeToM KOppyHiun

PaCCMOTpI/IM MOAeJ/ I, B KOTOPbLIX INPpHHHMaETCA BO BHUMaHHE BO3MOZK-
HOCTD IOJIKYIIa HHCIEKTOPa MOIMaHHBIM ILTaTeIbIUKOM. Vccaepyem ciaydaii
JBYX BO3MOXKHBIX 10x0j10B I u Iy (I < Iy), mojyvaemMbIX ¢ BEPOSTHOCTSI-
M 1 — ¢ u ¢ coorBeTcTBeHHO. Kak u B mpeaplayiieil Mojaean, mpemoiara-
ercs, YTO HU3KUH J0X0J He obJiaraercst HAJIOTOM, a BBICOKHIT /10X01 0bJia-
raerca Hajorom 1. Takum oOpaszoM, y HAJOTOILIATEbITUKOB C J0X0I0M [g
€CTh CTUMYJ AeKAapupoBaTh aoxon Ip. Jlexnapanns, comeprkainast HA3KHH
JIOXOJ, MOXKeT OBITh HpOBepeHa HaJoroBoil mHcmekmueit. IIpoBepka Bcerma
BBISIB/IIET PeaJIbHBIN JOXO, ee CTOUMOCTD paBHa c. Illtpad 3a ykiaonenue F
BKJIIOYAET HEYILJIAYeHHYI0 CyMMYy HaJiora. lHciekTop, oOHapyKUBIIUH yKJIO-
HEeHue, MOzKeT 6bITb NOAKYILJICH IOHMaHHBIM IJ1aTeJIbIHUKOM, B 9TOM CJIy4dae
OH CKPBIBAET pe3y/braT nposepku. LIeHTp mpoBepsier MHOT/Ia WHCIIEKTOPOB,
IOATBEP2KTAIOIIUX HU3KHE JT0XO/Ibl, U HAKA3BIBAET UX, €CJIM BBISICHSIETCS, UTO
dbakT yKIOHEHHS OT yIIATH Hasiora ObLI CKPHIT. (THCIIEKTOPOB HAKA3BIBAIOT
3a IJI0XYI0 paboTy, a He 3a B3STKY, TaK KaK ee CJOKHO JI0Ka3aTh.) BeposTHo-
CTH P U P, IPOBEPKU U NEPENPOBEPKH, TPOBOAUMON EHTPOM, ABIAIOTCA €T0
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crparerueii. HekagecTBeHHas IPOBEPKA HAKA3BIBAETCS JEHEKHBIM MITPacOM
F. TloBroprast npoBepKa CTOMT ¢. LIeHTp MAKCHMHU3HPYeT GHCTBIA JOXOZL B
OI0/2KeT, COCTOLAMNIUI U3 HAJIOrOB U MTPAdOB 33 BHIYETOM H3/IEPKEK HA BCE
mpoBepku. HaifjieM onTuMaJibHble 3HAYEHHUS BEPOSTHOCTEH p W P, U MPOBE-
JIeM CPaBHUTEIbHBIH aHAIN3 TOX0JA B 3aBUCUMOCTH OT PA3MEPOB MTPahoB.
Crauajia pacCMOTPHM, KaK OIPeJIeIsieTcsl pa3sMep B3sITKU b B ciydae, Korja
HEITaTeIbIMK NOHMaH HWHCIEKTOPOM. [TOAKYI BBITOJEH HAJIOTOIIATEIBIIH-
Ky W WHCIEKTOpY, ecin b+ p.F < F u b > p.F coorsercrsenno. Takum
obpa3oM, TTOJIKyT Bo3MoxKeH, ecau F'(1 —p.) > pF win

pe <P E F)(F+F). (21.1)

HomycrumM, 9to B 910M caydae b = vF (1 — p.) + (1 — v)pF, v € (0,1), e
mapaMerp 7y XapakTepusyer OJU30CTh B3ATKH b K MaKCUMyMy. B uactHocTH,
~v ~ 1 03HAYAET, UTO pasMep B3ATKH AMKTYET HHCIEKTOD, Y & () MOKA3LIBAET,
9TO OH JOBOJLCTBYETCS MaJbIM. HaJOromIaTeablIuK ¢ BBHICOKHM JIOXOJ0M
ykaousiercs:, ecn p(b+p.F') < T. Ecau coornorenne (21.1) He BRITOTHSETCH,
a p < P, TO HAJOIOILIATEJbIUK YKJIOHIETCS, HO He JAeT B3ATKH B CJIydae
nouMku. Cpel BO3MOYKHBIX 3HAUEHU map (P, p.) PACCMOTPHM CJIEYIONIHe
obiactu (puc. 21.2).

Pc
b) cl)

re a) c2)

0" T/GE) b
Puc. 21.2

a) pe < Pe, p(b+peF) =p(VF +po(1 = 7)(F + F)) <T.
B 3TOM CiIydae HaJOrOIIaTe/NbIIUK YKIOHIETCs, HHCIEKTOPhl 6epyT B3sAT-
KM, U 9HUCTHI HAJOTOBBI cOOp B pacuere Ha OJHOTO HAJIOTOIJIATEIbITHKA
coctapser R(p,pe) = plpe(¢(F + F) — &) — ¢].

b) pe > Pe, p < P
B 5TOM cIydae HaJOTrONIAaTeNbIIUKN YKJIOHAKOTCH, HO HHCIIEKTOPHI He GepyT
B3aTKA U R(p, p.) = plgF — ¢ — p.(1 — q)¢].

cl) pe > pe, p > P )

€2) pe < Pe, PO+ pl) = p(VF +po(1 —7)(F + F)) > T.
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§ 21. Mogean opraHu3anui HAJIOTOBOH HHCIEKITHH

B ycnoBusix ¢l) u ¢2) HAJTOTONJIATEIBIUK HE YKJIOHSETCS U

R(p,pc) = qT — (1 — q)p(c + p.c).
CupaBeJ/TuBO CJIeyIoliee YIBepK/IeHHe.

VYmeepotcdenue 21.3. Ilycrs mrpadsr F u F mogobpaHbl TaKuM 00pa3oM,
ITO BBHIIOJHEHO HEPABEHCTBO

pe(q(F+F)—¢&) —c>0. (21.2)

Torna B obsacTu a) noxon B Owoker R ) CTPEMUTCS K BepXHeH rpaHu
)

R, npu p. — p. u p — p. Bepxuue rpanu R, u R, B obaactax b) u cl)

peaTu3yioTcs Ha TeX Ke IOCIeJ0BATEIbHOCTAX BepOSTHOCTel, Oosee TOro,

R, < Ry, < R.. B obsiactu ¢2) Te ke MOCJIEJI0BATEIBHOCTH BEPOSITHOCTEH

pean3yioT BEPXHIOI0 TPaHb JI0X01a B OMOIKeT

RCQ = Rcl = qT - p(C + (1 - Q)pcé)au ec/im

Pe < c(1=7)/(@), (21.3)

B IpOTHBHOM ciaydae npu p — T'/(vF) n p. = 0 10X01 cTpeMHUTCsT K BepXHei
rpaid Re = ¢qT — (1 — q)cT/(vF).

Sameuarue 1. TIpu onTHMATBHBIX BEPOATHOCTSIX HAJIOTOILIATEIBITHKH BhI-
IUIAYUBAIOT OJHY H TY K€ CYMMY B BHJIE HAJIOTa B CAyYasx a), b) u cl). Oa-
HAKO M3/CPKKU Ha MPOBEPKH H TEPEMPOBEPKH COKPAIIAIOTCS TPH IEePEX0/Ie
cucrembl U3 obaactu pagHoecust a) B b) u u3 b) B cl).

3ameuarue 2. HepasencrBo (21.3) BBINONHSAETCSI, B YACTHOCTH, MPU
v — 0, 1.e. B cilydae KOrJia HaJIOrOIJIATEe/IbIIMK JIUKTYET pa3mep B3drku. [Ipu
v — 1, T.e. B caayvae KoOTrjia WHCIEKTOP AUKTYET pasMep B3ITKH, ONTUMAaJIb-
HO He TIPOBEPSITh WHCIEKTOPOB W YBEJUYNUTH B 1/ BEPOSTHOCTH ayanTOp-
ckoit npoBepku. Takum 0O6pa3oM, YHCTHIH HAJIOTOBBIH COOD MPHU ONTUMAJIbHOM
CTPATeru’ ay/IUTa COCTABJIAET

R*=T|q— (1 —¢)min [E—F%,LH
FFP+FAF
C y4a€eTOM 9TOTr0 COOTHOIICHHA CpaBHI/ITe.HbHBIfl aHaJ/JIN3 YUCTOT'O HaJIOTO-
Boro cbopa B 3aBUCHMOCTH OT pa3Mepa IITpadoB U HATOIOB JaeT sSCHBIE
pesyabTaTel: R Bo3pacTtaer mo 1" m F', a Takke 10 F , €CJII BBINOJIHSIETCS
COOTHOIITEHHE

(D1
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I'JTABA IV. BBE/IEHUE B MATEMATHYECKYIO SKOHOMHUKY

U He 3aBUCHUT OT [, ecji 3TO COOTHOIIEHNE HE BBITIOTHSIETCS.

Eciu BepogTHOCTH P U p. PUKCHPOBAHBI, TO CPDABHUTETHHBIA aHAJINS YCJIOXK-
Hsercst. XoTd B Kaxkaoil u3 obmacreit a), b), ¢l) u ¢2) nanorossiii c6op R
MOHOTOHEH 110 TiTpadamM U HAJIOTY (UTO COOTBETCTBYET 3APABOMY CMBICIY ),
HepPexobl U3 OJIHONH 00JACTU B JAPYI'YIO0 MOI'YT BHECTH HEOKHIAHHBIE H3MEHe-
Hus. Paccmorpum aBa npumepa.

1) Ilyets p < P, pe = Pe. YBeauauMm cierka mrpad F : F' = F + dF.
B pesysbraTe cucrema mnepexoautT u3 obaactu b) B 067aCTh a) U HAJIOTOBBIIL
cobop R majaer.

2) llycrb p. = Pe, p = p. B 910M cirydae HeGOIbINOE YBeIUIEHIE HAIOTA
BJI€YeT Tepexojl cucTeMbl u3 obaactu c¢l) B 06aactb b) U, Kak ciejicTBe,
COKpallleHne HAJIOTOBOTO coopa R.

KommenTapuii m 6ubanorpadus K riaase 1Y

§ 16. Konnenmus KOHKYPEeHTHOTO PaBHOBECHS JIEYKUT B OCHOBE COBPEMEH-
HOIt 9KoHOMUYecKoi Teopuu. CoryiacHo u3BecTHBIM ""TeopeMam 0 61arococTo-
aHun" , KOHKYPEHTHOe PABHOBECHE SBJISIETCS ONTUMAIBHBIM COCTOSTHHEM KO-
HOMWKH, U OTKJOHEHHE OT HEero CBI3aHO CO CHUKeHueM ee 3(PPeKTUBHOCTH.
OHako, W3BECTHOE KAYEeCTBEHHOE ONMMCAHWE YCIOBUI COBEPINEHHONW KOHKY-
pernmu (cm. JI. Bamwpac [19], [. Teiin [35]) He siBasieTcst KOHCTPYKTHBHBIM
B TOM CMBICJIE, UYTO HE MO3BOJISET ONPEICTUTD /11 KOHKPETHOIO PhIHKA, BBI-
MOJIHEHBI JIK 9TH YCJIOBHUsI, U €CJIH HET, TO Ha CKOJBKO MOTYT OTKJIOHATHCH
HEHBbI OT PABHOBECHBIX 10 BaJjibpacy. 3HadnTe/ibHast JI0JIST PEATbHBIX PHIHKOB
OTHOCHUTCSI K OJTUTOTIOIUSIM: B TO BpeMsi, KaK JII000i OTaeIbHbBII TOTpednTe, b,
HO-BUAUMOMY, He 00J1aJIaeT PHIHOYHON BJIACTHIO M €ro JI0JId B 00IIeM obbeme
IpOJIazK COCTABJISIET JOJH ITPOIeHTa, Hauboiee KPYIHBIH TPOU3BOJIUTE/Ib HA
TAKHX pBIHKaX obecrmeumsaer He Menee 10% ot obmero nmorpebaenus. Ilo-
TOMY HUCCIEOBAHUS MATEMATUUCCKUX MOJeJell U OMEHKU OXKHIAEMOTO OT-
KJIOHEHUsI OT COCTOSHWS KOHKYPEHTHOTO PABHOBECHS JIJIsT PA3JIUYHBIX THUIIOB
OJTUTOTOJINY TIPEJICTABIAIOT OOJBINOIT WHTEPEC.

§ 18. VrBepxkaenue 18.1 mMoKa3bIBaET, YTO B COCTOSHUU KOHKYPEHTHOI'O
PABHOBECHUST JIOCTUTACT MAKCUMYMa HALMOHAJIBHBIHA 10X0/ (CyMMapHas npu-
ObLTH 9KOHOMUKH). COCTOSIHNE KOHKYPEHTHOTO DABHOBECHUST SIBJISIETCS TaK7Ke
onTuMaabHbIM 110 Ilapero u, H6osee TOro, COOTBETCTBYET SAPY KOOMEPATUB-
moit urpet (cm. [85]). Ilogpobuee o TpymuocTsax miranoBoii skonomuku CCCP
eM. [80].

§ 19. TunuaHbIM MOAXOIOM K OTEHKE OZXKHIaeMOT0 OTKJIOHEHUS OT PABHO-
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§ 21. Mogean opraHu3anui HAJIOTOBOH HHCIEKITHH

Becus 10 Bajbpacy sBIsercs CpaBHEHUE KOHKYDPEHTHOTO PaBHOBECHS C pe-
HIEHUEM WTPbI, OMUCHIBAIONICH OJUTONOIUCTHYECKYI0 KOHKYypeHuio. O6bru-
HOI KOHIENIKeil pelreHnsa B 9TOM CJydae siBJIseTCd paBHOBecume mo Harry
B UHMCTBHIX CTPATerusax. Bompochl CyNecTBOBAHUS TAKOTO PABHOBECHS] U €r0
CBOMCTB B MOJIEJTH OJIMTONONHU 10 KypHO paccMarpuBaiuch Bo paborax B.
Hogueka |77], H.C. Kykymkuna [56], P. Amupa [3| u ap. [Tokazano, 4o npu
JIOBOJIBHO OBIIMX YCJIOBUAX CYIIECTBYET €IMHCTBeHHOE paBHoBecHue 1o Hamry.
JIs1st cMMMeTPUYHOM OJIMrONoIMK OTKJIOHEHne paBHOBecHoro 10 Hanry nexona
oT ucxosa no Basbpacy yOpIBaeT U CTpeMUTCS K HYJIIO, KOT/Ia YHCI0 TIPOU3BO-
JUTeN el BO3pACTaeT U CTPEMUTCS K GecKoHedHOCTH. Takum oO6pa3oM, Mojeb
XOPOIIO COOTBETCTBYET KOHIICHIMHA KOHKYPEHTHON 3KOHOMUKK 110 Baabpacy.
Omna TakzKe MOXKeT ABJAATHCA TEOPEeTUICCKHM OOOCHOBAHUEM AHTHTPECTOB-
CKWX 3aKOHOB, OIPAHMYMBAIONINX MaKCHUMAJIBHYIO IOII0 TMPOJAXK Ha PHIHKE
JUTST KaxKJI0To mpouspoguTess (eM. [64]).

[Tpobirema 3akII09aeTCA B TOM, 9TO B Moje M KypHO Ha MOBeJIeHUe MPOo-
U3BOAMTEIEH HAKIABIBAIOTCS Kpaiine crporue orpanndenus. [Ipeanonaraer-
Cs, ITO KazKAblil IIPOM3BOIUTENH TOBAPA BCEr/a pearaeT (PUKCHPOBAHHBI I
00beM TOBapa HE3aBUCHUMO OT CJIOKHBINEHca nenbl. Ha npakTuke y Karkmo-
IO MPOU3BOIHUTE/sI HMeeTcs DOJIbIe BO3MOKHOCTEH BAUATH Ha IeHy. JIubo
[POU3BOUTEIH MPSIMO YCTAHABIUBAET IEHY CBOeil MPOAYKINK (KaK HA ayK-
[IUOHE MEePBOIl IEHBI ), TUOO CTPATETUIAME ABIAIOTCA (DYHKIINY MTPEJIOKEHNUS,
KOTODBIE ONPEJIE/ISIOT MEeHy OTCevdeHnsl (Kak B Cydae ayKIMoHa 3asB0OK ). Tem
He MeHee, YIOMSIHYThIe Pe3y/IbTaThl, Kacalommecss Moaean KypHo, aBasiorces
BazKHBIMH. /111 HECKOJIBKUX THIIOB PBIHKOB C IEHOBON KOHKYpEeHIHel wiu ¢
KOHKYpeHIrei hyHKIUH TpeIoxKeHnst JJOKA3aHO, ITO UCXO/IbI, COOTBETCTBY-
IOIIIe COBEPIIEHHOMY MOIBITPOBOMY PABHOBECHIO, COBIAIAIOT ¢ MCXOJIOM IO
Kypuo. . Kpenc u JIx. leitnkman [54] mokazanm 1o juisg IBYXITamHOI
MOJIeJIM, B KOTOPOI CHada/a yCTaHABIMBAIOTCA OOBEMbI BBIMYCKA, & 3aTEM
MPOU3BOANTEIN JLHCTBYIOT B pAMKAX MOIEIH HEeHOBOI KOHKypenmun. 1. Mo-
pero u JI. Y6eaa [69] nonyunin aHAJOUIHBIH PE3YJIBTAT JJIsl OTPACTH, TIe
GUPMBI ¢ HISHTHYHON TEXHOJIOTHeHl cHAaYaIa BRIOMPAIOT TPOU3BOICTBEHHBIE
MOIIHOCTH, & 3aT€M KOHKYPHUPYIOT, yCTAHAB/IMBAS PE3EPBHBIE EHBI, KOTOPHIE
onpeneasaoT npocreinme (GYHKIMA TPETOKCHUS.

Crenyer oTMeTHTD, ITO Ha OOJBIIEH 9aCTH PeAThHBIX PHIHKOB KAZKJIBIi
POU3BOINTETH MOYKET HA3HAYUTH KaK IEHY, TAK U 00beM BBIIYCKa TOBapa.
[TepBas Mozesb Takoro Tuna npepioxena 2K, Beprpanowm [10] u pacemarpu-
BaeT (PUPMbBI-IIPOU3BOAUTE/]N C OJUHAKOBBIMU M HOCTOSTHHBIME /1€ bHBIMU
ce0eCTONMOCTAME ¥ HEOIPAHUYEHHBIME TPOM3BOJACTBEHHBIMA MOUHOCTSMHU.
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I'JTABA IV. BBE/IEHUE B MATEMATHYECKYIO SKOHOMHUKY

[Tpenonaraercst, 910 MPOJABIHI OJHOBPEMEHHO M HE3aBHCHMO HA3HAYAIOT
[EHBl Ha TpeJaraeMblii TOBAap, a MOKYHATEJH DPACKYIAlT €ro B MOPSIKe
BO3pACTaHus IeH: CHAYAIA IPOAYKIHIO (GUpPM, HA3HAYUBIINX MUHUMAJIBLHYIO
[eHy, 3aTeM, €CJIM CIPOC elie He YAOBIETBOPEH, MPOAYKIHIO (hbUpM, Ha3HA-
YUBIIUX CAEAYIONIYIO TI0 BO3PACTAHWIO IEHY, W T.J. BHIIYCK TOBapa mpoms3-
BOJIUTCS B COOTBETCTBUU C MOCTYNUBIIUME 3asiBKamu. B momenn Beprpana
paBHOBECHBIE TIeHbl 110 Basbpacy u o Hamry cosnagator mexiay coboil u ¢
peeIbHbBIMEI U3j1epKKaMu. OUpPMbI TIOIYYa0T HYJIEeBYIO TPUObLIhL. Ha 3rom
OCHOBAHHY MOJI/Ib KPUTHKOBAIACH KAK HE COOTBETCTBYIOIIAS PEATHHOMY TO-
BeJieHno Urpokos (eMm. B. Asen u M. Xenbpur [2]). [JelicTBuTeIbHO, OHA He
YUIUTBIBAET MHOTO BasKHbBIX ACIEKTOB, B YACTHOCTH JIMHAMUIECKOIO XapaKTe-
pa TOProB, BO3MOXKHOCTH CTOBOpPA areéHTOB U T.J. 3aMETHUM, OJIHAKO, YTO ITU
apryMeHThl HUKAK HE MOTYT CJIY’KHTh OCHOBAHUEM B MOJIb3Y BHIOOPA MOJIEIN
Kypmno.

9. Dmxksopr [110],Anen u Xenbsur [2], a Takxke X. Busc [32] pacemar-
PUBAJIM MOJIEJIb, OTJHYAIONLYIOCH OT NPEbIIYIIEH JIIIb TeM, 4TO KayKJasi
bupma xapakTepusyercs OrpaHHYeHHON TPOU3BOJICTBEHHON MOIHOCTHIO.
DIZKBOPT TOIYUWI CIeAYIONee JOCTATOUHOE YCIOBUE CYIIECTBOBAHUS DaB-
HoBecud 1o Hatry: et cymMMapHasi MOIIIHOCTD BCEX MPOM3BOJIUTEJICH 32 UC-
KJIIOYEHIEM TPOIABIA ¢ MAKCUMAJIBLHOM MTPOU3BOICTBEHHOI MOITHOCTBIO TIPe-
BBITITAET 00bEM CIIPOCA TIO MEHe, PABHOH yAeTbHON ceOeCTOMMOCTH, TO DaB-
HOBecHast o Hamury rena coBnajaer ¢ HeHOH KOHKYDPEHTHOTO PABHOBECUS U
paBHa yaeabHOil cebecTommocTu. B MpOTHBHOM Ciydae CBOWCTBA MOJIEIH CY-
MIECTBEHHO 3aBUCAT OT MOPAIKA, B KOTOPOM MOTPEOUTETH HOIYYAIOT JIOCTYII
K TIpe/iylaraeMoMy ToBapy. Kakaplii moTpebuTe/ b XapaKTepu3yeTcs: pe3eps-
HOI TEHOI: ToKa JOCTYTHAs IeHA Ha TOBAD He MPEBBINIAET PE3ePBHYIO, €ro
CIIPOC HOCTOSIHEH, & 10 6oJIee BHICOKUM I[EHAM OH HEe XO4YeT IMpHobpeTaTh To-
Bap. Mcxon obMeHa CyIiecTBEHHO 3aBUCUT OT TOrO, KaKue MoTpeOuTe
(¢ Gostee BEICOKUME WK ¢ GOJTee HU3KUMH Pe3ePBHBIME MEHAMH ) UMEIOT MPH-
OpPUTET NPHU MOKYIKe ToBapa. [lopsiok morpedbutesieit onpeessier OYHKIUIO
OCTATOYHOTO CIIPOCA, YKA3ZBIBAIOILYIO CIPOC HA TOBAP B 3aBHCUMOCTH OT TEHBI
1 0T (PAKTHUYECKOTO HPEJJIOKEHHS TOBAPA MO MEHBIIUM [EHAM.

B snmreparype mopsimok morpebureseit 4acTo 3amaerca B Buie 'mpaBuiia
panmonnposannsa". Asen n XeJbBur [2] paccMarpuBaioT "mponopIuoHaIbHOe
IPABUJIO PAIHOHUPOBAHUA", COTJIACHO KOTOPOMY TOBAp IO OYePeIHOM IeHe
npejjiaraeTcs caydaiinoit BeIOOpKe moTpedbuTesneil, u uxX pacipeieseHue 1o
PE3EePBHBIM [IEHAM COBHAJIAET C PACIPEICICHHEM BO BCEM MHOXKECTBE MOTPE-
ouresteit. Ecytu B aTOM citydae ob1asi MOITHOCTb ITPOU3BOANTENEH, 1efiCTBY IO-
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§ 21. Mogean opraHu3anui HAJIOTOBOH HHCIEKITHH

IUX HA PbIHKE, HUYKE, YeM CIIPOC 10 IeHe, PABHON y/1e/IbHOM cebecTOnMOCTH,
TO paBHOBecHsi 10 H31Ty B 9MCTHIX CTPATErUAX B OOIINX TPEANOIOKEHIAX HE
cymecrByer. Ajsien u XeabBur [2] Takzke paccMaTpuBaroT paBHoBecue mo Ha-
NIy B CMEMaHHBIX cTpaTerusax. OHM XapaKTepu3yIoT CIeKTP 3TOTO PaBHOBe-
CHUs ¥ MOKA3BIBAIOT, YTO MOHOTOIbHAS TIeHA BXOJIUT B HETO C TTOJOKUTETbHOMN
BEPOSTHOCTHIO. DTOT PE3yJIHTAT HOITBEPZKIALT, YTO MPO/IAKHbIE IEHbI B TaH-
HOM CJIy9ae MOT'YT CYIIECTBEHHO OTKJIOHATBLCSA KaK OT paBHOBecus Bajbpaca,
Tak u OT paBHOBecusi Kypro. OTMeTnM, OJHAKO, YTO TTPUMEHEHNE CMeITeH-
HBIX CTpaTeruii Ha TOBAPHBIX PBIHKAX MPEJCTABJSAETCS MAJONPaBIONON00-
HbIM. Pa3BepHYTYI0O KDUTHKY TIO STOMY MOBOJY MOYKHO HallTu B pabote JIxk.
®pumana |90]. B pabore |32] Busc pacecmarpuban "npaBuio MaKCHMHU3AIAT
npubbLIH oTpebuTress', COrIacHO KOTOPOMY MOKYyIAaTe Il 00CIYKUBAIOTCS B
nopsijike yObIBaHus pe3epBHO nenbl. B arom ciydae pasHoBecue 1o Hamry,
COOTBETCTBYIOIEe KOHKYPEHTHOMY PAaBHOBECHIO, CYIIECTBYET MPU JOCTATOU-
HO JTACTHYIHOM CITPOCE.

YKazaHHbIE Pe3yJIbTaThl HOKA3bIBAIOT, YTO B JIOBOJIbHO OOIIMX IHIPEJIII0/I0-
JKEHUSX B MOJIE/ISIX IEHOBO KOHKYPEHIMH He CYIIeCTBYeT paBHOBecnii mo Ha-
mry B aucThix crparernax. A.A. Bacun [23] u T. Bopazxec [14] pacemarpusasm
JIpYTOil TOJXOM K OIeHKe OXKUIAEeMOTO COCTOSHUS PbIHKA U OTKJIOHEHUS OT
KOHKYPEHTHOTO paBHOBecHs. OH CBS3aH € MOCTIEI0BATENbHBIM UCKITIOUEHUEM
JIOMUHUPYEMBIX CTPATETWil W MCCIeTOBAHUEM AJTANTUBHON TUHAMUKY TEH, B
YACTHOCTH, TUHAMUKYN HAMIYdninx OoTBeToB. [loydennbie pe3yibraThl O3HA-
AT, YTO TPAIUIMOHHBIN MOIX0 K OIEHKe CTeMeHH KOHKYDPEeHTHOCTH PhIHKA
(nMeercs B BUJY aHTHMOHOIOJBHOE 3aKOHOAATEJNBCTBO — OHO LJIACHT, YTO
DBIHOK SBJIsIeTCSd KOHKYDPEHTHBIM, €CJIH OTIeIbHBINH MPOU3BOINTENh KOHTPO-
JUPYeT HeGOJIBIIYIO OO MPOJIAK) JATEKO HE BCErJIa sIBISIETCS aJeKBATHBIM
€ TOYKHU 3PEHUs MOTEHIHAJBHOIO OTKJIOHEHHUS PBIHKA OT COCTOSIHUSI KOHKY-
PEHTHOTO paBHOBecHsd. BO MHOTHX Cay4asdX Ha CaMOM Jiejie BaXKHO TO, Ha-
CKOJILKO OBICTPO pacTeT (DYHKIUS MTPEI0KEHUs MOC/Ie TTPOXOXKICHUS TIeHBI
KOHKYPEHTHOTO paBHOBecus. OIMH U3 Pe3yJIbTaTOB 3aKJIIOYAETCS B TOM, UTO
PBIHOK, B KOTOPOM PaBHOBECHEe YCTAHABJIMBAETCS MPU MAKCUMATBHOM 3arpys3-
K€ [IPOU3BOJICTBEHHbBIX MOIIHOCTEN, 00/1a/1a€T TeHJeHIUEN K CyIeCTBEHHOMY
OTKJIOHEHUIO OT COCTOSIHUS KOHKYPEHTHOTO PABHOBECHS, JIavKe eC/TH KaZK bl
OTJEbHBIN MPOU3BOANTEH KOHTPOIUPYET HEOOIBIIYIO 010 pbiHKa. /[l
HEKOTOPBIX TOBApOB DOJIee aJeKBaTHBIM OMTMCAHUEM PBIHOYHON KOHKYDEHITUN
CYUTAIOTCS MOJIESN C TOCTIeI0OBATETbHBIM BBIOOPOM IIeH H 00beMOB BBITTYCKA
190].

Vreepxaenue 19.6 mononuser pesyavrar /1. Kpenca n JIxx. [Hleiinkmana
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[54] 0 cooTBETCTBIE COBEPIIEHHOTO MOABITPOBOIO paBHOBecHs ncxoay Kypuo
B CIydae npuopureTa norpebureseil ¢ OOMBIIMMU PE3EPBHBIMU TIEHAMMU.

§ 20. Moaenmn onTuMaJbHOTO BRIOOPA HAJOTOBBIX CTABOK PACCMATPUBAIOT-
st 9KOHOMUKOMN obmiecTBeHHOr0 cekropa (cm. A. Arkuncon u JIxk. Crursmig
[4], T. Maiiac [62], C.M. Mosmosua u ap. [66]) B paGorax A.A. Bacuna u
E.N. Manosoit [24], A.A. Bacuna u IT.A. Bacunoii [26], A.A. Bacuna u 1p. [27]
NOKAa3aHO, 9YTO YKJIOHEHUE OT HAJOTOB CYIIECTBEHHO BIUsEeT Ha ONTHMAJBHBIH
BBIOOD HAJIOTOB M HAJIOTOBBIX CTABOK.

§ 21. OcHOBHO{I pe3y/bTaT, OTHOCSIIMHIICS K ONTUMAJIBHOMY ayAuTy TIPsi-
MbIX HaJ0roB, npuHagrexut V. Candec u /Ixx. Cobenio [86]. Onu pacemor-
peTu TPYIIY HAJOTOIIATETBITUKOB CO CIYYallHBIM pacipe/ieleHueM JT0XO0-
JIa, 3aJIAHHBIM TOJOKUTEIBHON TIOTHOCTBIO B wHTepBase ([, h]. asg mio-
boro goxoma I Hasor omnpesessiercs: 3apucumoctbio 1T'(1), yeranaBinBaeMoit
npasuteabcTBOM. Hajor crporo Bospacrtaer mo /. PyKoBoacTBO mHCHEKIUN
YCTAHABJINBAET BEPOATHOCTH MTPoBepKH p(I) B 3aBUCHMOCTH OT MPOJEKIAPH-
poBanHOTO no0x0ona [. B ciyuae obHapyzKeHUs HENPOJAEKIAPUPOBAHHOTO JI0-
X0Ja ITpad IpPonopruuoHaJIeH HeIOIIadeHHOMY HAJOTY ¢ KOXDPHUIImeHTOM
1+ 7 > 1 (rak kak mrpad BKIOUaET HeJomIadeHHblit Hasor). s 3ana-
91 MAKCHMHU3AIHH 9HCTOrO HAJOTOBOTO JI0X0na pabora [86] moxkaswiBaet, 4To
ONTUMAJIHHAsT CTPATETWS MTPOBEPOK BCEIJIA OTHOCUTCSA K KJIACCY "TTOPOTOBBIX
npasuia':
1/(1+7), I<I,

“(I) = o
=9, I>T.

At nexkoroporo I € [I, h]. Vtax, Kaxapiif mpoaekaapuposanubiit qoxon [ < I
IPOBEPSETCsI ¢ BEPOATHOCTHIO 1/(1+7) — MUHEMAJIBbHO# BEPOSATHOCTHIO, TIPH
KOTOPOil HEBBITOIHO JEKJIApUPOBATh [ 11151 TI060T0 peaibHoro poxoma I’ > 1.
®. Koysmn u I. Topznon [51] cpaBHEBAIOT pas3jndHble JOCTYIIHBIE CTpAaTe-
'MW TPOBEPOK TIPHU ¢OOpPe KOCBEHHOTO HAJIOTAa. ABTOPHI MOJIEIUPYIOT YKIOHE-
HUE OT YILIAThI HAJOTOB CleAyiomuM oOpaszoMm. OupMa-HATOTOIIATETBITITK
Jles1aeT BHIOOD MeXKIy HAJIOroo0araeMoil TedTebHOCTBIO W TesTeTbHOCTHIO
B TEHEBOM CEKTOpEe SKOHOMUKH. Fcan dpupma 1nojBepraercs npoBepKe U Bbi-
SABJISAETCS €e JesITeJIbHOCTh B TEHEBOM CEKTOPE, TO €€ 00SA3bIBAIOT BHIILJIATHTD
HEJIOCTAIONINI HAJIOT U HaKa3biBaloT mTpadom. BeposTHocTh mpoBepkn 3a-
BHCHT OT JeKJapaluu 110 HpaBuiay 'orcedenus', T.e. (DUPMBI, JeKJIapupy-
IONIMe JTOXOJ MEHbBIIE, YeM OTpejieJeHHAs BeJUINHA, BCET/Ia MPOBEPSIIOTCS.
YcraHaB/IMBaIOTCS YCJI0BU, IPU KOTOPBIX ONTUMAJIbHbINA C/lydailHblil ayuT
bosee ahpeKTUBEH, YeM ONTHMAJILHOE MPABUIO OTCEYEHUs, U HAOOOPOT.
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CBsI3b M€Ky YKJIOHEHHEM OT YILIAThl HAJOTOB U KOPPYHIUEH HCCIem0-
BaJIaCh BO MHOrHX paborax (cwm., Hanpumep, 1. Hanmaep n JI. Vaiiasg [108],
A.A. Bacun u O.B. Aranosa [25], JI.E. Coxkonosckuit [87]).

Yauamep u Yaiuipa [108] onmucsiBaloT B3anMOJIeHCTBHE HAJOTOBBIX HH-
CIIEKTOPOB (ayIMTOPOB) U HAJOTOILIATENBIIHKOB TaK, KAK 3TO CJIEJIaHO B I10-
cregaeM § 21. Orauume OT HAIETO MOAXOIA COCTOUT B TOM, 9TO BEPOSITHOCTD
ayJUTOPCKOIl IPOBEPKH OIlpe ie/isgeTcs paBHoBeCHbIME 10 Haury crparernamu
UTPOKOB, B TO BPeMd, KaK BEPOATHOCTEL MOBTOPHOI MPOBEPKHU MPeJIIo/IaraeT-
cst purcupoBanHoil. B Harrem moxosie (Ha3biBaeMOM B 3ala/IHOM JTUTEepaType
"principal-agent") BepogTHOCTH TIPOBEPOK (T.€. CTpaTerus HeHTpa) He (hUK-
CHPOBAHBI U OIPEJILNAIOTCS B Pe3y JILTATEe PEIICHUS HepapXudecKoi urpol 1.

§22. Pemenne ynpakHeHTii

2.1. He MOxeT, NOCKOJIbKY YHC/I0 7 HE MPEJCTABUMO B BU/IE IPOU3BEICHUS
k-1 nByx marypaibHbix uncen k,l < 3.

2.2. Tlpu duxcnpoBannom = rpaduk Gynkunu F(z,y) npegcrapiser co-
Ooit mapabony BeTBaMH BHHU3. [losTomMy (pyHKIMA MEHUMYMa,

W(x)= min F(z,y) = F(x,y(z)) = min[F(z,—1), F(x,2)].

—1<y<2

QyHKIMSA HAUIYYIIEI0 OTBETa BTOPOT'O UI'POKA

(2) 2, F(z,—1)> F(z,2) 2, —1<z<7/4,
€Tr) = =
Y 1, T/A<z<3.

W () F(z,2) = -2+ 11z —24, —1<z<7/4,
) —
Flz,-1)=—-2*—2-3, 7T/4<xz<3.

Orciona 2° = 7/4 u v = W(2°) = —125/16.
Hamnee, byuxnusa makcumyma M (y) = max,_ F(z,y) = F(z(y),y). PyHk-

oud HauJIy4diaero OTBeTa mepBoro urpoxa

[T~y
T g
Y77 s, 3/4 <y <2,
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§22. Pemrenne ynpaxkKHeHHIt

CiietoBaTeIbHO,

M _ F(§7y)7 -1 S Yy S 3/4,
W= F(3,y), 3/4<y<2.

U= min M(y) = min[F(f’y:*h _1)7F(372)] = _11/47 yO =-1

2.3. Hokaxkewm, uro (x°,4°) — e-cemiobas rouxa dpyuxuuu F(z,y). s
moboro y € Y mmeem

F(I‘O,y) ZQ:
= inf F(ZEO,y) =v—-¢€= supF(x,yO) —&2 F(xoij) —E&.
yey zeX

Orciona F(2°,4°) < F(2°,y) + e Vy € Y. Bropoe HepasencTBo u3 onpe/e-
JIGHUS! £-CEJTIOBON TOUKY JOKA3bIBACTCS AHAJTOTHYHO.

2.4. lycts Boimoareno pasenctso (2.4). [Momoxkum v = T = v. g mro-
6oro € > 0 Bo3bMeM x°, y° — e-MaKCUMHUHHYIO U e-MHHUMAKCHYIO CTpaTeTrnH,
T.€.

v—e <inf F(z%y), sup F(x,y°) <v+e.
yey zeX

Orciona v —e < F(2%,y°) < v+ u upu awdom z € X
F(z,y*) <v+4e < F(2,y°) + 2e = F(x,y°) — 2e < F(a%,y°).
AHAJIOTHYHO TOKA3BIBAETCS HEPABEHCTBO
F(zf,y°) < F(z%,y) + 2 Yy €Y.

Taxkum obpazom, mapa (z°,y°) — 2e-ceqmnobas Touka byukuun F(z,y).
O6patHo, mycTb mapa (x°,y°) — e-ceqoas Touka dbyukuun F(x,y).
Torna

Flz,y?) —e < F(a%,y°) < F(a%,y) +e Ve € X, VyeY.
Orciona creayioT HepaBeHCTBA

v—e<T—e<supF(z,y°) —e<inf F(z°,y) +e<v+e<T+¢
reX yey

u x°,y° — 2e-MaKCUMUHHAs U 2e-MUHUMaKcHast crpareruun. Kpome Toro,
v <1 < v+ 2¢. [Tockoabky € > 0 mpou3BOABLHO, MTOJydaeM, 9TO U = 1.
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§22. Pemrenne ynpakHeHm

2.5. Bozpmenm sobbre ase toukn 2D # 2 € E™ u moboe aucio
A € (0,1). Torga HepaBeHCTBO

(AP +(1- A)z§2>)2 < A(z§1>)2 +(1-N) (z§2>)2 (22.1)

9KBUBAJIEHTHO HEPABEHCTBY

0<A(1-2A) <z(1) - 21(2))

(2

(1)

(2) :
[TocnenHee BRIIOTHsIETCS KaK CTPOTrOe, €Il 2, # z; . CyMMHupys 1O ¢ Hepa-

BeHCTBa (22.1), mosyunm
(204 - 02) S () -0 S ()]
2.

2

m
4TO W 03HAYAET CTPOTYIO BBIMYKJIOCTH MYHKIUU . 22,
i=1
2.6. Ilycth crporo Buimykaas GyHkuus h(z) gocTUraeT MUHIMYMa B TOY-
kax 2 #£ 2 prmykioro kommakra Z C E™. Torna

(2 + 23) /2 € Z u u3 crporoit Buinykiaoctu dbyukuun h(z)

B0 + 22)/2) < (h(z1) + h(=?))/2 = min h(2),

z€Z

YTO IIPOTUBOPEYUT OIIPpEACJICHUIO MUHUMYMa.
3.1. Jlokaxem, uro p’ = ¢° = (1/2,1/2) — onruMajibHbBle CMeELIAHHBIE
CTpPATEermd UIPOKOB, a v = () — 3HadeHne Urpsl. JleflcTBUTEIBHO, 18 JTIOOBIX

peP qeq
2 2
Alp.q”) =) (Z aiqu'))pi =0=A0"¢") = A0" q)

u rpoiika (p°,¢°,0) — pelenne B CMEIIAHHBIX CTPATErHIX.

3.2. L= (alh -+« mn; P141, 7pmpn)

3.3. Bamernm, urto ajs moboit torepen L u(L) € [0, 1],a u3 akcunom VIIT
u V Boeirekaer, uto L ~ (Ay, Ag;u(L), 1 —u(L)).

BosbMmem nBe npousBoiibHBIE JoTepen Ly u L. MMeem
L; ~ (A, Ag;u(L;), 1 —u(L;)), i =1,2. Ecoim u(Ly) = u(Lg), 1o Ly ~ Loy, a
ecim u(Ly) > u(Lg), To mo semme 3.3 Ly > Lo.
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§22. Pemrenne ynpaxkKHeHHIt

[Tycrs v(L) — npyrasi dyHKnus, ymoBiaerBopsitonias cpoiicrBam 1)—3),
chopmyaupoBanabiM B Teopeme 3.4. Ilogbepem KoHcTaHTHI ¢, b, MCXoast U3
pasenctB v(A;) = cu(A;) + b, v(Ar) = cu(Ax) + b. Orciona, ucnonb3ysa
paserncrBa u(A;) = 1, u(Ax) = 0, maxognm, 410 ¢ = v(A;) — v(A) > 0,

Hoaist moboro [ = 2, ..., k—1 umeem A; ~ 1 A1+ (1—1r) Ag. CinenoBare/ibHo,
JJTsT TpOu3BOIbHOI torepen L = (Ay, ..., Ag; 21, ..., Tg)

||M??‘

xy(ri(c+b)+ (1 —r)b Zcxlrl+b—cu(L) +b.

4.1. HeO6XOﬂI/IMOCTb. [Tycrs (p°, ¢°, v) — perenne B cMenTaHHBIX CTpaTe-
rustX urpbl ¢ Marpuieit A. Torjga BBIIOJHEHB HEPABEHCTBA

Alp,q°) < A", ¢°) =v < A(Y°,q) Vp € P, Vg€ Q.
B gacTHOCTH, OHH CHpaBeIIUBBI /I JIOOBIX YHCTHIX CTpATEernii HIPOKOB
Al ") <v < AP ), i=1,...m, j=1,..,n. (%)

Jocrarounoctsb. [Tycrs aas rpoiiku (pP,¢Y, v) Bbinonneno yeaosue (*).
BosbMmeM 06y10 CMEIIaHHY O CTPATETHIO P IePBOTO HIPOKA, JOMHOMKIM Hepa-
sencrea A(i, ¢°) < v na p; u cioxkum ux. B pesyiasrare mosyunm

m
A(p,¢°) < v p; = v. Anasoruuno, 1is J060# CMeIIaHHON CTpATeTrHu ¢
i=1
BTOPOTO UI'POKa BBHIOIHEHO HepaBeHeTBO v < A(p°, q). Utak, A(p,¢") <v <
AP, q) Vpe P, Vg e Q.

[Monaras 3aech p = pY, ¢ = ¢°, momyunm A(p®,¢°) = v u (p°,¢",v) —
pelIeHre B CMENIAHHBIX CTPATETrnsX.

4.2. Tlyers (p°, ¢°,v) — pemenme B CMEIIAHHBIX CTPATETUAX UTPHI ¢ MaT-
purieii A. Torma o yeroBuio ()

A, ") <v < AR 4), i=1,...m, j=1,..,n.
Hanee, B(i,q°) = A(i,q°) + ¢, B(p°,7) = A(p j) + ¢. Orciona

B(i,¢°) <v+ec< B, j), i=1,..m, j=1,..n
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§22. Pemrenne ynpakHeHm

u (p°,¢°, v + ¢) — pemenne urpsbl ¢ marpuneii B.
4.3. Ilo ompejesennio BRIpaBHUBaoNIe crparernn 1)°

F(z, %) =v = Flp, ") =v=F("¢") < (¢’ ¢) W € {¢}.

Orcrona tpoiika (¢° 1% v) — pemenue B CMEMAHHBIX CTPATETUAX.

4.4. B urpe ¢ marpunei (3
01 3
poka ¢° = (1/2,0,1/2) asigerca BrlpaBHUBaIONIEH, HO He ONTUMAJLHO.
4.5. Haiinem BLIpaBHUBAIONLYIO CMeIIaHHYI0 cTpaTernio ¢° BTOporo urpo-
Ka. 13 coobpakenuii cummerpuu nojioxum ¢ = ¢, ¢3 = ¢3. Toraa nosydum
CUCTEMY ypaBHEHUN

) CMCIIaHHaA CTpaTerud BTOPOTO HI-

¢ +ag) = ag) + g5 +agd = v, ¢ +¢5=1/2.

Orciona ¢ = 052 —a)™, @3 = (1 —a)?, v = (1 + a — a?)¢}. [TockombKy
Martpuna A — cumMerpuuHasg, cmemannas crparerus p° = ¢° nepsoro ur-
pOKa Takyke aBasgeTcs BhipasauBaiomeii. Cregosarensno, crparernu p° u ¢°
OIITUMAJIbHBI, & U — 3HaA4Y€HUE HUI'DbI.

4.6. TTockoabky X C {¢} n Y C {9},

v =maxmin F(z,y) < max min F(p,y) =v =
v = maxmip ( y)_we{g}yey (¢, )

= wrél{lzr;} max F(z,9) < min max F(z,y) =7.

4.7. BozbmeM J1060e € > 0 w oTpe3ok [a, V'] pqiamubl, MeHbIIeit £, u comep-
»Kammit BHyTpH cebg Touky x°. [Iyets 2V — Touka, B KoTopoit bynknus o(r)
nMeeT CKadoK BeuauHbl § > (. Toryia B Cuity ee MOHOTOHHOCTH CIIPABE/JIUBO
nepaserctBo p(b') — p(a’) > § > 0.

[Tycrs B Touke 2° bynkius ¢(z) muddepenupyema u ' (2°) > 0. Torna
o(b') — p(a’) > 0. HeiictBurensuo, Gyukims ¢(x) ne yobBaeT 1 MO OMpe-

JeJIeHUIo TPOM3BOIHOM Haiigerca Takas Touka x' > 2V, 6iauskag K 2°, uro

p(z') > p(2°).
4.8. Tlycrs Tpoiika (p°, ¢°, v) — penrenue B cMeITaHHBIX CTPATEIUAX UIDHI
¢ marpuneit A. Jlokazxem yrsepzxerue 1). ITo yeroBuio (x)

A, ") <w, i=1,..,m. (22.2)
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§22. Pemrenne ynpaxkKHeHHIt

[Ipeamosiozxum nporuBroe. Torga HallIeTCs TaKash 9UCTas CTPATETHs 4 Mep-
BOro urpoka, uro pd > 0 u A(i, ¢°) < v. Jomuoxum obe vacTu i-ro nepa-
BeHcTBa (22.2) Ha p? u cioxuM HepaseHcTBa. [[0CKOIBLKY HEPaBeHCTBO ¢ HO-
MEpOM 77 THOC]I€e JTOMHOKEHUs Ha p?l OCTaHETCs CTPOTUM, MOJIYIHM

A(p°,¢°) <v=A(p°, ¢") (mporusopeune).

YrBepzxaeHue 2) 10Ka3blBACTCS AaHAJIOIHIHO.

5.1. Ilycres crpoka i, mMarpuibl A c1abo JOMUHHDPYET CTPOKY io. Fcim
CTpaTerus i — MAaKCUMWHHASI, TO CTPATETHS 1] TAKYKe SIBJISTETCS MAKCHMUH-
HOI KaK JJIst MATpUIbl A, Tak U /I peaynupOBaHHONR MATPHUIIBI ¢ BBHIUEPK-
HYTOM 1-0if cTpoKo#t. [Ipn 3TOM HHKHee 3HAUYEHNE UTPHI TTOCTE UCKIIOUEHUS
CTPOKM HE MEHSIETCSI.

AnajiornaHoe 3aMedaHue CIPaBeIuBO W JJIs CIydasi, KOTJa CTOI0er Jji
c1ab0o JJOMUHUPYETCS CTOJIONOM Jo, & CTPATErUs Jo ABJIAETCH MUHUMAKCHOI.

[Tocie uckaovenud caabo JOMHHHUPYEMBIX CTPOK M €1a00 JOMHHHUPYIO-
IIUX CTOJOIOB B PACHOPSI?KEHHH UIPOKOB OCTAIOTCS MAKCUMUHHAS W MHHU-
MaKCHasl CTPATErMU UIPOKOB MCXOAHOM ( M PeaylupOBaHHOM) Urpbl, 06pasy-
IOIIUE CEJIJI0BYIO TOYKY.

5.2. BeinuiieM MaTpuUIly UI'pbl

(2,0) (1,1) (0,2)
1 2 3

S— N N
W N =

1 2
1 1
2 1

Crpoka 2 cnabo momuHHpyercst cTpokoit 1, a crpoka 3 — crpoxkoit 4. [Toce
BBIUEDKUBAHUA 1200 JOMIUHUPYEMBIX CTPOK, 3aMevaeM, ITO CTOI0ell 2 paBeH
HNOTycyMMe CTOJIONOB 1 1 3 ¥ TTO9TOMY €ro MOYKHO BBIUEeDKHYTh. B pesyiabrare
(2,0) (0,2)
(3,0) 1 3
(0,3) ( 3 1
uue ucxojnoit urpet: p° = (1/2,0,0,1/2), ¢° = (1/2,0,1/2), v = 2. Ormernum,
YTO YHCTasl CTPATETHs 2 BTOPOTO UTPOKA TaKyKe ONTHMAJIbHA.
5.3. 3mech li(p1) = 3p1, la(p1) = 1 u I3(p1) = 3(1 — p1). Pynkunsa

121123 l;(p1) mocTuraer MakcuMyMa B ToUKax orpeska [1/3,2/3]. [losTromy MHO-
)

JKECTBO BCEX ONTUMAJBHBIX CMEIIAHHBIX CTPATErHil MEePBOr0 MI'POKA HMEET
sug P° = {p® € P | 1/3 < p{ < 2/3}. Bropoit urpok umeer e uHCTBEHHYIO
ONTHMAJBHYIO YUCTYIO CTPATErHIO 2.

noxydaeTcsa MaTpuna B = ) OTcrona HaxXoaUM pelire-
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§22. Pemrenne ynpakHeHm

5.4. TIpeanonozkum, 4To Touka 20 He ABIfeTca KpaiiHeil TOUKOH MHOMKe-

crBa Z u upejcrapuma B Buge 20 = X2/ + (1 = N\)2", 2/ #2" € Z, 0 < A < 1.
[lockonbKy dbynKnusg |z|? crporo BhIIyK/a Ha MHOKecTBe Z (CM. yIIpazKHe-
Hue 2.4),
02 12 12 "2 2
|22 = A2+ (1 = N2 < A2+ (1= N)]2"]> < max |z]?,
z2€Z
YTO MPOTUBOPEUUT ONpeeeHnio Toukn 2V,
5.5. MuoxectBo Z* = Argmaxh(z) — Beimykjbiii komnakr. [lycrs z
z€Z
— ero Kpaitnga Touka. [lokaxken, 910 2’ — KpaiiHas TOYKa MHOMKECTBA, Z.
[Tycth, HATpOTHB, HAlAyTCa Takue TOUKEM z' # 2 MHOKecTBa Z ¥ Takoe
queno 0 < A < 1, uro 2% = A2’ + (1 — \)2”. Torpma no kpaitneit Mepe oHa u3
Touek 2’ mwm 2" He mpuHaIekaT MHOXKeCTBY Z*. ITosromy h(z°) =
AR(Z) + (1= Nh(2") < max h(z) (nporusopeuue ¢ onpejenenuem zY).
ze

0

5.6. IlycTh onTuMaibHas cTpaTerud p® mepBoro Urpoka yJIOBJIeTBOPLeT
cucreme ypasuennii (5.3), e v — 3HaUeHue UTPHI, a MATPUIA B = (4,5, )kxk
— HeBpIpoxIeHHasA. [TokazkeM, 9o p’ — KpaiiHas ONTHMAJbHAS CMENIAHHAT
crparerns. [Ipeanono:kum npotusnoe, T.e. p° mpeactasuMo B suge p° = \p'+
(1—=Np", tnep #p" € P°, 0<\< 1. U3 paencrs

pW=0=Mp,+(1—-Np] Vii I=1,..k,

caenyert, uto p, = p! =0 Vi # 4, | =1,..., k. [lockonbky p', p” — onTumasns-
HBIe CMEIIAHHBIC CTPATETHH,

AP 30) > v, AW 5) >wv, t=1,.. k. (22.3)

[Tokazkem, uro HepaBeHCTBa (22.3) MOrYT BBINOJHSITHCS TOJBKO KAK DABEH-

crBa. [IpeanosoxkuMm, 4To HaiigeTcd Takoit Homep tq,

aro A(p', ji,) > v, A", jy) > v. YMHOKas epBoe HEPABEHCTBO Ha A, a

BTopoe Ha 1 — \ u cknagpiBag ux, noayuanm A(p°, j;, ) > v (npormpopeune).
Urak,

k
AW, ) = A®", je) Z vy = pl)ag, =0, t=1,... k.

W3 HEBBIPOKIEHHOCTH MATPUIbL B 1OJIyYuM, 4TO
p;, =0, l=1,...k=p =p" (mporusopeune).
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§22. Pemrenne ynpaxkKHeHHIt

5.7. Ilycts B = <_3 ?) . Torma mMarpuna cucreMsl (5.3) U ee paciu-

peHHad MaTpHulia

~1.0 -1 |0
01 —1 |0
11 0 |1

uMerT panru 2 u 3 coorBercTBeHHO. CieoBaresbHo, 110 Teopeme Kponekepa-
Kamnesnu cucrema (5.3) me mMeeT permeHus.

5.8. Ilposenaem 8 maros mo ajgroputmy bBpayHa.

IIpodosscenue mabauyo, 5.1.

Elig| 0] 0| c30| vi0 | gk | di0 | d20 | d30 | 20
1mis3f10| 8 |17 |17/in| 2|13 [11] 9 | 9/11
12310 11 | 14| 7/6 |3 |12 |14 | 6 | 1/2
13310 | 14 | 11 | 14/13| 3| 11 | 17 | 3 | 3/13
14210 |17 | 8 |17/14| 3 | 13 | 17| 6 | 3/7
15021020 | 5| 4/3 | 3|15 |17 9 | 3/5
1621|1023 | 2 |23/16 |3 | 17 | 17 | 12 | 3/4
17210 |26 | -1 |26/17|3 | 19 | 17 | 15 | 15/17
18210 | 29 | -4 |29/18| 3| 21 | 17 | 18 | 17/18

Orciona vi(18) =1, v5(18) = 17/18 = ¢ = 1/18. Tanee,
=8, t, =18, p(18) = (1/9,11/18,5/18), ¢(8) = (1/8,5/8,1/4).

6.1. llycte Dy = [aa,ba], @ € L — cemeiicTBO OTpe3KOB, JIOOBIE JBa
1/13 KOTOPBIX MMEIOT HEIycToe Irepecedenne. Jokazkem, 9To Hafigerca TOIKa

2% € D, ¥V a € L. Bamernm, ‘{TO 1/13 YCJIOBHA TeopeMbl a, < bg V o, 8 € L.

d
CrenoBaresbHo, @ =) sup a, < = énf bg. JTioGas Touka z2° € [a, b] aBngerca

ael
HCKOMOII.

6.2. [Tonoxkum y' = (0,0), y* = (0,1), ¥* = (1,0), y* = (1,1). ITo ana-
JioTuu ¢ ipuMepoM 6.1 TToKaxkeM, 9TO
4

(2%, % v) = ((1/2,1/2), 231 I,i/4,1/2) — pemenne B CMEIIAHHBIX CTPATEIN-
j:

six. [Iposepum ycjiosue (k). Qyukuus

=2 gl

J=1

—y)? — (22 — 13)%)

NH
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§22. Pemrenne ynpakHeHm

crporo BoruyTa mo r = (1, xs2). lmeem

4 4
Fio==> (m1—y) =0, Fl,==) (x2—y}) =0
j=1 =1
Orcioza ciepyer, 4To max F(x,4°) nocturaerca B Touke z° = (1/2,1/2) n
Te
pasen 1/2. Tasee,
min F(z°y) = F(2°, ') = 1/2 = max F(z, y")

yey zeX
U ycjioBue (%) BBIIOJHEHO.
6.3. /Lnmg HOpMaJILHOTO pacipeeeHns

F(x,c) = o /n+ (c1 — 1)%2* + 2cy(e; — 1) + 5.

Crparerus craructuka y°(z) = Iz + ) Gymer BoipaBaEBaOmeii, ecmu ¢ = 1.

[Ipu sTOM 3HaueHue GYHKIUM pHUCKa OyJeT MEUHUMAIBHBIM, ecad ¢y = 0.
Ecau ¢; # 1, To sup F(x, c) = +o00. CienoBaTe/ibHO, HANICHHAS PEIIAIOIIAs
9 Y ?
x>0
dbynknus y°(z) = 7 — MEHAMAKCHas cTpaTerud CTaTHCTHKA.
7.1. BameruMm, uyro sup F(x,dy) = su 1(x) =1 u crparerusa y = dg
7 Y
0<az<do 0<z<do
He MoxKeT ObiThb MuHEMAaKCcHOU. [Tycts 0 < y < dy. Torma
sup F(z,y) =
0<z<do

= max[ sup (1 —p2(y))p1(x), sup pi(z)] = max[l — pa(y), p1(y)]-

0<z<y y<z<do

Oynkuusa 1 — po(y) Bospactaer, a dyukmnus pi(y) yosiBaer mo y. Crenoba-
TesibHO, byHKIMs max[l—po(y), p1(y)] JocTuraer MunuMyMa B TOUKe y = d*.
Urak, 7 = py(d*).

8.1. TTonoxum

w = max min  max min .-+ max min  F(ZTp,Yp).
z1€U1 y1€VI 22€U2(71,y1) y2E€Va(21,Y1) xr€eUr(ar) yreVr(Br)

Onpegenum crpareruto 2° = (79, ¢t = 1,...,T) nepsoro urpoka: npu JOOLIX
t= 1, ,T oy = (It—hyt—l)

~0 . . — J—
(o) € Arg max min --- max min  F(ZTp,yp).
t( t) gxtEUt(at)ytEVt(,Bt) zr€Ur(ar) yreVr(Br) ( T yT)
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Toryma jurs 110601 cTpaTeruu §y BToporo UI'poka

0 ~ . ~0 — def 577(1
F(:C 7y) Z min F(I 7yT—17yT) =
yr€Vr(Br)
= max min F(f(f;~-~7i’0T717$TaZ]17~-~;QT7173JT) Z Zw

zreUr(ar) §7€Vr(Br)

CrenoBaTtebHO,
min F(2°,7) > w.
gey
C apyroii cropoubr mis crparernn §* = (g7, t = 1,...,T) BTOpPOrO UrpoOKa,
olpe iesigeMoi yCJIOBUIMU: TIph JI00bIX t = 1, ..., T u
Br = (Te-1, Y1) 9/ (3) €

€ Arg min max <o min F(2Y,..,2) 2041, 27, Tp),
Yyt €V (Bt) xe+1€U 1 (0t +1) yr€Vr(Br)
BBIOTHEHO paBenctso F(70, ¢%) = w. Orcona w = v.
Dopmyna I U BHIBOAUTCS AHAJTOTHIHO.
8.2. TTonoxkum

Fla = max min a;;, F?(« = min maxa;;, o, 3=1 2.
1( 76) i€Ma jEN K 1( 75) jGNgiGMa K 75 )

[Tpu sTom

9.1. Oupegenenne cenoroit Touxu (2°,y%) dyuxkuun F(z,y) na X x Y
MOYKHO 3aIliCaTh CACIYIOMNM 00pa3oM:

F(a%y") = max F(z,3°), —F(2°,4°) = max(=F(2°, y)),
zeX yey
YTO COBITAJIAET € ONpeaeIeHUEeM CUTYAIlUW PABHOBECUSI.

9.2. ITycrb B urpe Bo3uukia curyarust (1,1). Torga BEINOJHO OTKJIOHATHCSI
IePBOMY UTPOKY WM BO3HUKHeT curyarus (2,1). Temepb BBINOJIHO OTKJIOHUTHCSI
BTOPOMY UI'DOKY, BO3HUKHET curyauust (2,1) u 1. o cxeme (1,1) — (2,1) —
(2,2) — (1,2) — (1,1).
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9.3. Ecitu urpoku 0JJHOBpEMEHHO HPUMEHSAIOT IPABUJIO IIPABOil pyKu (J1e-
BOIl pyKH), TO mepBbIil (BTOpoil) urpok mpoeger u "moiyunt"l, a BTOpOWI
(mepsbiit) ero mpomyctur u noaydur (. Eciau mepBblii npuMeHsieT TpPaBUIO
IIPpaBOil PYKHU, a BTOPOH — JIeBOi, TO NMPOU30HIET CTOJKHOBEHHUA W 00a MpO-
urpaior o 10. Ecin — maobopot, To 0ba OyJyT CTOSATH W IIPOUTPAIOT IO
1.

9.4. B urpe I' nBa paBrosecus mo Hamy: (1,1) u (2,2).

9.5. B urpe I' equncrBennoe pasropecue o Hamry: (1,1).

9.6. ITycrs (2°,9°) — mpomsBonbHAs cATyaldst B AHTATOHUCTHICCKOMN HT-
pe. IIpeanonoxum, uro curyamus (z°,y°) ne aprgerca ontuManbuoi o ITa-
pero. Torga naiinercs curyanus (z';1y'), jjisi KOTOPOI BBIIOJHEHbl HEPABEH-
cra F(2')y') > F(2°4°), —F(z',y) > —F(2°4°) u npu srom xorst 6b1
OJIHO W3 HUX BBIMOAHEHO Kak cTporoe. CKaapiBasg 9TH HEPABEHCTBA, MOJY-
qum 0 > 0 (mporuBopedne).

9.7. Ilycrb dbyukuus f: [0, 1] — [0, 1] venpepsira. Torma mist byHKIuR
g(x) = f(x)—x ¢g(0) > 0u g(1) <0. o reopeme MareMaTuIeCKOIO AHAJIU3A,
0 MPOMEYKYTOYHbBIX 3HaYeHusX Hafigerca Touka x°, ausa xoropoit g(x) = 0.

9.8.1) f(z) =2 +1, z € [0, +00);

2) f(x) = x/2, z € (0,1];
3) f(z) = r+1/2, x€]0,1/2),
T e —1/2, wey2)
10.1. Tlyers (p°, ¢°) — curyauust paBnoBecus u crparerus ¢° Npu HEKO-
TOpOM v yJoBIeTBOpsier cucreme (cm. (10.1))
2¢) +q3 =} + 205 =y +2¢5 =01, ) + a3+ g5 = 1.
Orciona ¢° = (1/3,1/3,1/3).
IIpeamonoxxum, uro ¢° yI0BIeTBOpAeT cucTeMe

2¢) + ¢ < q) + 243 = ¢5 +2¢5 = v1, ¢ + 5 +q5 = 1.

Torma ¢y = 1/3, a ¢ > 1/3. 1o cBOHCTBY JONOTHAONIEH HEZKECTKOCTH
) =0, pd+2p§ = pJ = vy. Orcrona p? = p§ = p = 0 (nporusBopeune).
Hakomnen, pa3zbepem ciay4ait, Korma

2¢) + a3, 41 + 205 < @S +2¢3 = v, ¢ + )+ g5 =1.

Torma ¢§ > 1/3, a no cBoiicTBy onoHAIOMmEN HeskecTKOCTH P) = p) = 0 =
py = 1. U3 cucremnt (10.2) cueayer, uro vy = B(p®,3) > B(p°,2) uin 1 > 2
(zporuBopeumne).
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Jpyrue ciaygan peanusamun cucrembr (10.1) momygarorcest u3 pasobpaH-
HBIX IEPECTAHOBKOM KOOPAMHAT, MOCKOJAbKY MAaTpUIbl A 1 B — NUKJIMYECKHe.

Ananornuno mokaswiBaerca, aro p = (1/3,1/3,1/3).

10.2. JTokazarenbcTBo Teopembr 10.4. 1) Tlycth MHOKecTBa

?:ZkCZk,1 Cc.---C Z1:Z, 7z =X, XYE, lIl,...,k‘,
OTBEUAIOT OIPE/IeIeHHIO CTPOrOro IOMUHUPOBAHAT Z > Z.

Bosbmenm i € X7\ Xs. Torma naiigercs takas crparerus p € P, 4ro
p > tHa Y] =Y. Orciona A(p,j) > a;j, j = 1,...,n. YMHOKAdA j-e Hepa-
BEHCTBO HA ¢ W CKIaJpIBas Bce HepasencTsa, momydnM A(p, ¢°) > A(i, ¢°).
Ecmu pY > 0, To u3 cucremsr (10.1) Berrekaor nepasencrsa A(i, ¢°) = vy >
A(iy,q°), iy = 1,...,m. YMHOXKas 3TH HEPABEHCTBA HA BEJMYUHBI D;; U CKJla-
nbiBast ux, noayanm A(i, ¢°) > A(p, ¢°) (uporusopeune). Orcronap? =0 Vi €
X1\ X5. AHAIOTHYHO JI0KA3BIBAETCS, UTO q? =0 Vjev\Ya.

[Iycrs BexTopnl p? u ¢? momydennol u3 p° u ¢° orOpachiBaHmeM HyJe-
BBIX KOMIOHEHT ¢ HoMepamu u3 MHOKecTB X1\ X3 u Y1\Y>2 coorBercrBenHo.
Herpy a0 nokazarh, uto (p?, ¢?) — cuTyalust pABHOBECHS B PeJLyIUPOBAHHOI
urpe ¢ Mmarpunamu A? n B?, moxydenubivMu w3 MaTpun, A n B BHIUepKUBaHI-
eM cTpok ¢ Homepamu u3 X1\ Xy u crosi6uos ¢ Homepamu u3 Y7\ Ys. [Tosromy
PacCyKeHUsT MOKHO HOBTOPHUTH JIJIsi PEAYIUPOBAHHON MIPbl U IIOJIYy4HTh,
aro p? =0 Vi € Xo\ X3, q?:O VijeY\Ysumnma

2) IIycTh MHOZKECTBA

=7, CZu1C---CZi=2, Zy=X,xY, l=1,..k,
OTBEYAIOT ONPeJILTeHUIO CIab0T0 JTOMHHUDPOBAHUS 7= 7.

IIycts A¥=!' m B*=! — nommarpune matpun A n B ¢ HoMepaM# CTPOK 13
X*=1 u nomepamu croa6uos u3 Y1, Pacemorpum sexrop p*~!, noyuenuniit
w3 BeKTOpa P J00aBIeHHEM HyJIeBBIX KOMIOHEHT ¢ Homepamm u3 X< 1\ X,
Amajormuno, Bexktop ¢¢~! momyuaerca u3 BekTOpa § J0OABICHEEM HYJIEBLIX
KOMIOHEHT ¢ zoMmepamu 3 Y1\ Y. Jlokaxewm, uto (p~!, ¢*~!) — curyamus
pasHoBecnd B urpe ¢ Mmarpunamu A¥~! u B¥~1. Jna sToro nposepuM ycioBue
(%) mna curyanun (pF 1, ¢ 1), Mmeem

AR, b 1) = A(i,q) < A(pg) = A (ph b ) Vie X,
IIycrs i € X* '\ X. Torna maiijeTca Takasg cTpaTerud p, 94T0 p = 4 Ha Y !
mp;, =0 Vi ¢ X. Onpenemam sextop p’ = (py,,i1 € X). Toraa

A = S gt <
jeyk-1
< Y (X apa)t; = AW, 7) < A@,9) = A F L .
JEY i1€X

B pesysibrare mokazain HeEpaBEHCTBA
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k—1(; k-1 k=1 k—1 k-1 ~ k-1
AR, ¢ S AR (pt T gt Vie XL
AHaIOrnYHO MOKA3BIBACTCS BTOPAs IPYIIIA HEPABEHCTB U3 YCIOBHSI (%)
(k-1 (k-1 k-1 : -1
BF1(ph1j) < BF(pF L gF ) Ve YRl
Urak, (p*1, ¢*~!) — curyanus papnopecus urpel ¢ Marpunamu A1 u BFL,
PaccyzKaeHus MOXKHO MPOJOIKHUTD, aHAJOTHIHBIM 00PAa30M BBECTH CH-
ryanmio (pP~2 ¢"?) u nokazarh, uTO OHa sBJseTcs pasHOBecueMm 1o Hsmry
UTDBL C MATPUIIAMHA A2y BE=2 T. 1.
10.3. Iycts C' — cymma marpun A n B. Kak ormedanocs, C' = (¢ij)mxn =
(fj + 9i)mxn- Hockonpky fi; = 0, pasHocTh j-ro m 1-ro cTOIOIOB MATPHILBI
C moxHo 3anucath B Buge fje, rae e = (1,...,1) € E™. Otciona f; = ¢1j —
. , o
e, J =1, nua; = aj; — fj = a; —ay; — by +an +bu Vi, j.
10.4. 3amerum, 9T0 At 060 CMEIIAHHOM CTPATErHH ¢ BTOPOTO UI'POKA

Alq) = A'(0) + > figj, i=1,...,m. (22.4)
j=1

[Tostomy mepasencrsa A(i, ¢°) < A(p°, ¢°) paBHOCHIBLHBI HepaBeHCTBAM
A'(i,q%) < A'(p°,¢°), i = 1,...,m. Anajoruuno nokasplBaercs, 4To Jlsl JIO-
Goif cMeIaHHOH CTpaTeruu p IepBoro UrpoKa

B(p.j) = -Ap.j)+> g, j=1,..m, (22.5)

i=1

u uro mepasenctsa B(p®,j) < B(p°, ¢°) paBHOCHIbHLI HepaBeHCTBAM
A'(p°5) > AP ¢°%), 7 = 1,..,n. Orcioga BBITeKaeT, 4TO JJd CUTYaIlUK
(p°, ¢°) yenosue (%) B mrpe ¢ marpuneit A’ (Teopema 4.1') SKBUBAIEHTHO yC/I0-
Buo () B urpe I' (emma 10.1).

10.5. U3 dopmya (22.4) u (22.5) caeayer, 910

. B .
Arg max A(i, g(k)) = Arg max A'(i, g(k)),

Arg max B(p(k),j) = Arg min A'(p(k), j).
1<j<n 1<j<n
[Tosromy mocJie1oBATeIbHOCTH cTpaTeruii urpokos {i }, {jr} B mpomecce Bpa-
YHA JJId UTPBI ¢ MaTpulleil A’ 1 B aHAJIOIMYHOM IIporecce 11 HIphl I MOXKHO
B34Th coBIaaomumu. [1o reopeme 5.3 mobas npeaensnasg Touka (p°, ¢%) mo-
caegosarenpnocru {(p(k),q(k))} saBasiercs ceayioBoit TOYKOM B CMEIIAHHBIX
cTpaTerugax u, CJIeJ0oBaTeJbHO, CMeNIAHHBIM paBHOBecHeM 1o Hamry urpor I
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11.1. 3amernm, aro Yi*(f5) = {g | g(=°) = y°}. CaenoBarennuo,

W(fi)= _inf F(fi(9).9) =F(a"y) > K —e.
geyl*(ff)
11.2. BosbMeM mpousBOAbHYIO cTpareruto f; € {fi} m mokazxkem, 4ro
W(f1) < max[K', Fi]. [Tycrs {g*} — MHOXKecTBO BeeX (DYHKIMIA HANTY 9IIErO
OoTBeTa BTOPOTO Urpoka. meem

sup G(fi(g),g) > sup inf G(z,g) >
g€{g} ge{g} T€X

> su inf G(z,¢") = minmaxG(z,y) = Gs.
_‘g*e{gl}we ( g ) PeX ey ( y) 3
PacemorpuMm 1Ba corydasd.

1) sup G(fi(g9),9) > Gs. Torga naiinercs taxkast GyHKus
g€{g}
g° € Y{'(f1), wro mapa (2, y') = (fi(9°), 9°(2)) mpumaszeRnT MHOKCCTBY

D'. B sTtom ciryuae

W(f)= inf F(fi(g),9) < F(fil¢"),9°) = F(',y) < K.

gng* (fl)

2) sup G(fi1(g9),9) = Gs. Hokaxewm, aro {g*} C Y{*(f1).
g€{g}
JeiicTBATENBHO, 11 BCAKON (DYHKINU HAWJIYHIIEro oTeera g

Gs = minmax G(z,y) = min G(z, g°) <

< G(fi(g"),g7) < sup G(fi(9),9) = Gs.

g9&ig}
B nocsieiHux HepaBeHCTBAX KpaitHue uaeHbl coBnaaaoT. Cen0BaTeibHO, BCe
HEPABEHCTBA BBINOIHEHB! Kak pasercTsa u {¢*} C Y*(f1). Onpemesnm
9" {g}:

¢°(x) € Arg min F(z,y) Vr € X
yeY (z)

— (QYHKIHUIO HAMIYYIIIEro OTBeTa BTOPOro HTPOKa, HauMeHee 0J1aroxKerare b-
HOTO IO OTHOIIEHNIO K mepBoMy. Torma

W(f1)= inf )F(fl(g),g)SF(fl(go),go)S

gGYl* (fl

<sup F(z,¢°(z)) = sup min F(z,y) = F}.
zeX zeX yeY(x)
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11.3. BagaauMm cTpareruio ¢* BTOPOTro HI'POKA yCJIOBHEM

g*(z) € Arg max F(z,y) Vo € X.
yeY ()

Omna aHAJIOTMYHA CTPATerwd MEePBOro UI'poKa f*, ompeaeneHHoft mepe Jiem-
moit 11.1. U3 stoit memmbr creayer, uto dbyukuus F(x, g*(x)) momynenpe-
poieHa cBepxy Ha X. Bosbmem z* € Arg max F(z,g*(x)). Torga (z*,g%) —
CUTYyalus paBHOBECHs UTPHI ['y. ’

11.4. Ecnu mepBblit UTPOK B urpe ['s mCmoab3yeT cTpaTermu-KOHCTAHTHI
fi1(g) = z, To on MoxkeT obecnednTh cebe TAKOil ¥Ke Pe3yJIbTAT, KAK U B UTPe
I'1. CnemoBarennno, Fy < F3. Amamormuno moxasbiBaercs, aro F; < Fj.
Hanee, K' < K, nockoneky D' C D. Tlosromy F3 = max[K', Fj] < Fy =
max|K, M].

11.5. Ilpn o = 1 PpyHKIUA HAMJIYYIIEX OTBETOB BTOPOrO UTPOKA MMEET

BHJT
(2) VEzx/co—z, 0<z<K/co,
x =
Y 0, K/eo <z < K/q.

Ouenka s¢pdexrusnoctn W (x) crparernu x pasua

K — 0<zr< K
(@) = Flayla)) = § 100 —am 0= = Ko
K — ¢z, K/eo <x < K/,

OIITUMaJIbHad CTpaTerumsd

N KCQ/(4KC%)), Co S 201,
€T =
K/CQ, Cco > 201

7 HAWJIYYIAHA TapaHTAPOBAHHBINA PE3YJIbTAT JJd NMEPBOTO UTPOKA

Fi= max W(z)=W(z") =

0<z<K/c1 (CQ — Cl)K/CQ, cy > 2cy.

{KCQ/(401), Co S 201,
Bo Bropowm ciyuae y(z*) = 0 u nepast pupma BbITECHsIET BTOPYIO C PhIHKA. B
oboux cayuasx ) > F(2° y°) = Kcjeo/(cr +c2) 72, te (2°,4°) = (Keg(cp +
c2) %, Key(er + ¢g)™?) — curyanua pasHoBecug B urpe I mpu k = 1.

11.6. Pasnosecue no IItakeanbepry B npumepe 11.1 (i,5%) = (2,1), a B
npumepe 11.2 (2°,4°) = (1/2,1).
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12.1. Heobxomumocrs. Ilycrs dyukuus h(z) ksasubormyra. Jlokaxkewm,
aro MuokecTBo Jlebera Z T (2°) Beimykao mia npomssonbhoro 2V € Z. Bosb-
MeM Jiobbie e Touku 2, 2" € ZT(2°) u moboe uncno 0 < A < 1. Torma
h(AZ' + (1 — X\)2") > min[h(2'), h(z")] > h(z").

Ioctatounocts. Ilyers muokecTBa Jlebera Z1(2°) Beimykasl mpu Beex
2V € Z. BosbmeM Jmobbie ase Touku z', 2" € Z m moboe unciao 0 < A < 1.
Bes norepu obmHocTH MOXKHO cuntaTh, uro h(z') < h(Z”). Torma 2/, 2" €
Z7*(2") mu B cuty BeimykstocTH MEOKecTBa Z 1 (2') Touka A2’ + (1 — \)2” Takxe
npunajiexkut Z1(2'), re. h(Az' + (1 — N)2"”) > h(2') = min[h(2’), h(z")].
CnegoBatenpuo, byuKIms h(z) KBA3UBOIHYTA HA Z.

13.1. p(i,)) = 0, i = 1,2,4,6, p(3,7) = 1/4, p(5,71) = 3/4.

13.2. Urpok 1 umeer crparerun pt = (k1) € {(1,1),(1,2),(2,1),(2,2)},
rie k u | — HOMepa aJbTepPHATHB ero JIeBO# W mpapoii InaHoi mo3umn (cM.
puc. 13.4). AHaIOTHYHBI BUI UMEIOT CTPATErHHA BTOPOro UrpoKa. Hopmasin-
Hast popma urpsl G 3a7aeTcss MaTPUIIAMHI

1/2 2 1 52 —2  —1/2 —11/4 —1/4
P T e R e B A ¢Z S VI R
14 74 o140 7ja0 T T | —7/4 <14 —7/4 —1/4 )7

1/4 —5/4 1/4 —5/4 —7/4 2 —7/4 2

a HopMaJbHast popma mogurpel G, — MaTpPUIAME

1 3 -3 -1
e (3 o3

13.3. 7 = ((1,1), (1,2)).

14.1. Ilycts @ € Poss . Ecnun B HeKOTOPOit TO3UIIUN
x' € [z, x] N X% 2’ # x crparerns p® BbiOupaer ajbTepHATHBY, He MPUHAJL-
JIEZKAILY 0 TYTH [Xg, Z|, TO BEPOSITHOCTH MOMACTh B BEPIIUHY T DaBHA HYJIIO
(mporuBopeume).

O6patHo, mycTh B KazK10il Bepimune x’ € [zg, x] N X, 2/ # x, crparerus
(* BBIOMPAET ajibTepHATHBY, TIPUHA/IEKAILYIO IYTH [T, x]. [TokazkeM, 94T0 B
roMm ciydae © € Poss pu®. JleficTBuTe/ibHO, ONpe/Ie/IMM CTPATEernu
ub, b e A\{a}, apyrux MTpOKOB TAaKUM 06Pa30M, YTOGHI 3TH CTPATETHH BbI-
oupamn B Kaxaoi sepmmune ' € |19, 2] N X, 2’ # z,, aabTepHATHBBI TPH-
HaJIezKale nyTu (2o, x]. Ecim 2/ € |29, 2] N X°, 2’ # x, To BepodTHOCTD
BBIOOpA TAKOH aabTepPHATHBBI NookuTe bHA. CiiegoBarenbao, p(z|u) > 0.

14.2. Ha puc. 22.1 uzobpaxkeno jepeBo urpbl. Mrpok 1 umeer mojinyio
namsaTh, TOCKOJIbKY [TapTHep nabsionaer 3a peiicrsusimu Vrpatorero. Mrpok
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2 XO0AUT TOJBKO OJIMH Pa3 U IOITOMY TaKzKe UMEeT ITIOJIHYIO TaMATb. BaHI/IHIGM
crpareruto noeejenus urpoxka 1 B suge ' = (h,r,t), tne 0 < h,r it <1 —
BePOATHOCTH BBIOOpaA IIE€pBOil aJbTepHATHBB B MHOXKecTBax Z'!, Z'2 u 713
cOOTBeTCTBEHHO. IIrpoK 2 mMeer jiBe qg(é?ble crpareruu: (1) u (2).

- DA
h h

g 2 713
L\
VAt [\

L
1 —2-2 -1

Puc. 22.1

OKujjaeMblil BHIUTPLIIT UrpoKa 1 pasen
hr —2h(1 —7r) —2(1 — h)t +4(1 — h)(1 — 1), eciu  p? = (1),
{—hr +30(1—7)+3(1—h)t—3(1—h)(1—1t), ecmm p?=(2),
wim
h(3r —2) + (1 —h)(2—6t), ecm u?= (1),
h(3—4r) + (1 — h)(6t — 3), ecmn p*=(2).
[TosTroMy MaKCUMaJIbHBI{I rapaHTUPOBAHHBIT BLIUIPBIII UIDOKa 1 paBen

v= max min[h(3r —2) + (1 —h)(2 —6t),h(3 —4r) + (1 — h)(6t — 3)].

0<h,rt<1

Ero moxkHno 3amucars kKak max v(r,t), rue v(r,t) — 3nadenne urpsi [ ¢

0<r,t<1
MaTpuiei
3r—2 3—4r
4—-6t 6t—3)°

Urpok 2, npumensisi cmemannyio crparernio 1/2(1)+1/2(2) ue nozsosiut ur-

poky 1 Berurpars B urpe ', 6osbirie, gem 1/2 npu jobsix r, t. Ho urpok 1, ne-

noan3ysa crparermo 3 = (7/12,0,0), obecneunsaer cebe suurpoim 1/2. Cire-

JIOBATENLHO, YKA3aHHBIE CTPATErHU ONTHMAIBHBL U 3HAYEeHHEe UTpbl v = 1/2.
14.3. B nponecce Bpayna h' = ((ix, jx), k =1,....t) u p'(j|h!) =

Hkljr =4, 1 <k <t}|/t - 0 upu t — oo, ecsin crpareruss j urpoka 2 B

tpaekropun ((ig, ji), t = 1,2, ...) IpuMeHsIIACh KOHEYHOE YUCIO0 Pa3.
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15.1. Bosbmem e menepecekatoumecs koaiaumuun K u T. Iycrs PX —

MHOYKeCTBO CMemaHHbx crparernit pX xoammmuun K. Herpyano BumeTh, 9To
PEUT o pK o PT Orcrona

v(KUT)= max min WKUT (pEUT  gA(KUT)) >

pKUT ¢ PEKUT gA\(KUT) g GA\(KUT) -

> max max min [u K (pK : pT A\(KUT)) i
pKePK pT e PT gA\(KUT) g GA\(KUT)
+u (pT pK A\(KUT))] > max max [ min uK(pK7SA\K)+

pKePK pTcPT ' gA\K c GA\K

+ min u’(p”, SA\T)} =v(K)+vo(T).

sA\T ¢ §A\T

JokaxkeMm pasercTso (15.1).

K) — : K( K (A\KY _
()= max  min  u®(pT,sT)
_ : _ L A\K (K JAKY] _
= o) 1)
=v(A) — min  max uMN\E(PK M) =

pKePK gA\K c GA\K

A\K(pA\K’ SK) — U(A) _ U(A\K)

=v(A)— max min u
pA\K e pA\K sK ¢ SK
15.2. v(2) =1, v(13) =9, v(3) =4, v(12) = 6.
15.3. ¢ = 1/500, b* = —2/5, v* = —=3/5, b3 = 0, V/(12) = V/(13) =
3/5, v'(23) = 7/10.
15.4. Bamernwm, aro MHOKecTBO C’ He mycTo, a GyHKIHs » |, y* orpaHnde-
acA
Ha Ha HeM CHu3y BeawdwHoil . v(a). Orcrioga cregyer, 4ro 3ajada JHHET-
acA
HOro TporpammupoBanust B (15.2) mmeer onTumManbHoe perenue z. ITycth

> 2% < w(A). Bosbmem Takoii Bektop h € C', uro Y h* > v(A). Torma
acA a€A
BBITYKJIas Kombunamust Az + (1 — A)h, tae A € (0, 1] onpenensiercst u3 ypas-

HEHUA
A 2 (1=A)D> e =w(A

a€A a€A

npunayiexkut siapy C. Obparno, gomycrum, 4to siapo C' e mycro. Torma
(15.2) cremyer u3 Brmouenus: muoxkects C' C C'.
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15.5. IlycTh A — 3a/1aHHOE B YCJIOBUU PUBEJEHHOE COAJTAHCUPOBAHHOE T10-
kpbitre. Torga Aryp, = 0, mockonbKy B mporuBHOM caydae Bektopbl X (1), x (L)
u x(7T'U L) 6puiu 66l smmeiino 3aBucuMbivi. veem

AX(T) + Mx (L) = (AT = X)x(T) + A (x(T) + x(L)) =
= ' X(T) + p™ X (T U L).

[TosTomy

> EEX(E) =7 NNX(K) = x(A),
K#A K#A
a CUCTeMa BEKTOPOB

I [ 1" > 0} = {x(F) [ A > 0} U {X(TU L)\ {x(L)}

JuHeitHo HezapucuMa. Takum oO6pa3oM, BEKTOD ji — HPHUBEJIeHHOE COATAHCH-
posanHoe nokpoitue. /lasee,

Ao(T) + Mo(L) = AT = M)o(T) + M(o(T) +v(L)) <
< (A = M) (T) + No(T U L) = p"o(T) + p™ (T U L).

Orcrona BeITeKaeT HepaBeHcTBo (15.4).
15.6. Tpoexiusa aapa C ua miockocts (y!, y?) nmeer Buj

{(v"v*) [v(12) < y' +3° <w(123) —v(3),
o(1) < ¢! < 0(123) — v(23), 0(2) < y* < v(128) — (13)} =
= {(y", %) 800 < y' +y? <1000, 200 < y* < 350, 300 < 3* < 500}.
Bepmuasr muOX)KecTBA ("
y(1) = (300, 500, 200), y(2) = (350,450, 200), y(3) = (350, 500, 150).
15.7. Heobxoaumocts. Bozbmenm mesex y(0) u3 sapa C. O6o3natum depes3

y(k), k=1,....|A| — 1, nenexu, nomyuenubie u3 y(0) IUKIXICCKHUM CIBUTOM
Ha k KOMIOHEHT BIpaBo. Toria jesex

|A[-1

2= y(k)/IA] = (vja)/|A], s v /|A])

k=0

IPAHAJJICIKAT AAPY H, CJIEJOBATEILHO,

K
S o= | |’:|'A' > VK C A= (15.5).
acK
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§22. Pemrenne ynpaxkKHeHHIt

Jocraroanocrs. Ilycrs Boimosnmenst mepasencrsa (15.5). Torma yxasammbrit
BEKTOD 2 npuHaAIeKuT aapy C.
15.8. [lpoBepuM paBeHCTBO ) 4 p* =

P e 1)I!ﬁl'\f!l' — D a0y — o(m\fa) = o(4). (22.6)

a€A K:aeK

Bozbmem koamunuio K # A w mojcuuTaeM B MOCTeIHEN JBOHHON Cymme
koapdumuent * = cff + & mpu v(K). On Brmowaer cymmy cf momoxm-
TeJbHBIX CJIaTaeMbIX, BCTPEYAIONINXCs MPH BKJIAJIaX B KOAJIUIUIO K U cyMMy
cX orpuIaTeNLHBIX CaraeMBIX, BCTPEUAIONNXC MPH BKJIAJAX B KOAIHIIHIO
K U{a}, rae a ¢ K. ITockoabKy KaKAbplii U3 UIPOKOB Koasuuuun K nmeer

cBoil Bkya B K,

(1K =D (Al = |K])!
Al

= |K]| =y

Ananoruano,

(KT (Al = K] = 1)!

_ K|
= —C|A| .

A
Orcrona c® = 0. Ecn K = A, 10 ¢4} = C"lA" = 1 u paBencTBo (22.6) mOKa3a-
HO.
Ocrajioch nposeputhb yciosue p* > v(a), V a € A. JleficrBureabHo, u3
CBOMCTBA CyNEPAANTUBHOCTH XapPaKTEPUCTUYECKONH (DYHKIUU U PABEHCTBA

(15.6)

) S Uiﬂﬁ” R ) — wefa)) >
K:aeK ’A|
15.0.
L1 1 1 1
o = 5(0(123) —v(23)) + 6(@(12) —0(2)) + 6(@(13) —v(3)) + gv(l),
©? = %@(123) —v(13)) + %(0(12) —v(1)) + é(v(23) —v(3)) + %v(2),
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§22. Pemrenne ynpakHeHm

o = %(0(123) —0(12)) + é(v(l?)) —u(1) + é(v(23) —u(2) + %U(ZS).
B urpe "mxaz-opkectp"sekrop Hlemmn ¢ = (350,475, 175). Ecau v(123) =
997, To = (349,474,174) m ©? + ¢* < v(23) = 650.

15.10. B cumMmerpuunoit urpe Bce kommnonenTsl BekTopa [Ilemsiu pasubi
MeXK,1y COOOii.

16.1. He yurensl 3aTparhl Ha xpaHenue npoiaykiuu. [lycrtsh, Hampumep,
IpenpusdaTre JOMKHO MOCTABIATh eXKeTHEBHO D W3/enil. 3aTpaThl Ha Xpa-
HeHUe BO3HUKAIOT, €CJIU Yepe3 JleHb UCIOIb3yeTcsl TeXHotorns, fgatormas 10

U3JICJIAN.
0, 0<p<1,
o 0,1, p=1,
16.2. S*(p) = [1 ] )
; <p=<2,
p/2, p>.

17.1. ®yukuus cupoca D(p) = 3/p? u yuxkuuns npegroxenns S%(p) (puc.
16.5) mepecekatorcss B Touke p = 1. [Tosromy byHKIMs TPUOBLTE UMEET BUJ

3/p—(3/p*—1), 1<p<+/3/2,
3/p—3/(2p),  p>/3/2.

Ee makcuMmyMm Ha noayuatepBase [1,00) gocruraercs npu p* = 1.

17.2. @ynkuus pD(p) aBasiercst HeyObIBaIOIEH Ha OTPE3Ke [pp, Po|, MO-
cropKy ee npomssomnas D(p) + pD(p) = D(p)(1 — e(D(p))) > 0. Mosro-
My dyuknusa cupoca D(p) — meienno yowisaromias. OyHKIMs TPUOBLIT
W (p) = pD(p) —C(D(p)) Bo3pacraer u oNTEMaIbHas CTPATEIHsT MOHOIOJIIT
Ha OTpe3Ke [p1, pa] paBHA p* = po.

19.1. Umeem
D(py) = Kjp*, DMV) = EVe/VVe, D(DV)) = —aV+i/e Ko,
[Iycts ¥ — curyamus paBuoBecusi. [1o yrBepxkaeruio 19.1 ¢ > 0 V a € A.
Otciona nmo jiemMe 19.1 BBIIOJHEHBI HEPABEHCTBA
() >0 Vae Awm (cMm. dopmyay 19.5)

Kﬂm/<§:ﬂﬁlm-—c—}(”%f/Qy<§:@ﬂrHﬁj;zo VacA.

beA beA

W@ZPMM—C@@Dz{

Ck1apIBast 9TH HEPABEHCTBA, [TOJIYIUM

KY*(ma — 1)/(@(26b>1/a> —cm 2> 0,

beA
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910 HeBO3MOKHO npu 0 < o < 1/m.
19.2. BoimuieM BTOPYIO YacTHYIO TPOW3BOAHYIO (DYHKIUH BBIUTPHIIIA
u®(v) mo mepeMeHHOI V® :

loa(v) = KV (=230 + (14 1ot} /o 3 vb)QH/ ).

beA beA

Otciona BugnO, 9To pu ¢ > 1 dhyukums u®(v) BOrHyTa, a MpH

1/m < o < 1 oHA UMeeT eJMHCTBEHHY IO TOUKY MAKCUMYMa [0 IIe€PEMEHHOMN v
Ha norynpsvoit [0, +00) ( mpu pukcnposannbix nepemennnix v°, b € A\{a}).
Otciona ciemyer, 9T0 HeOOXOIUMbIE YCJOBULA JIJI CATYAIIMH PABHOBECHS U,
cpopMyupoBanubie B ieMMe 19.1, ABJISAIOTCS TaKKe U JOCTATOYHBIMH yCJIO-
BUSMH.

1. Ecmm V > K/(¢*m), To
p=c, v =K/(c*m), p*=acm/(ma—1), 7* =v" = K/(m(p")*).
Ecm K/(c*m) >V > v*, 1o
p=K/(mVY), * =V, p* =acm/(ma—1), v° =v".
Ecm V <v* 10 p=p* = K/(mV?*), 0* =7*=V.
2. llonoxum ¢ = ¢/K, t; = i Ve l=0,1,...m—1, t, =0.

a=l+1
[Tycrb Haiigercs nenoe k € {1,...,m}, yI0BIeTBOPSIOIIEe YCIOBHIO

ty < 1/¢ < tj_1. Torga u3 ypapuenus 19.6” maxomnm
v*(k) = (k — 1 — 28kt + /(k — 1) + 4¢kty,) /(2¢k?).

[TockonbKy ¢ty < 1 < éty_q, To v*(k) < (k—1—2¢kt, +k+1)/(2¢k%) < VF,
_ Ve, a >k,
[TosTomy T : 7% = — curyanus pasHoBecus. COOTBETCTBY-

v*(k), a<k.
0Iada e ena paBHa

P =K/t + kv*(k)) = 2¢kK/(k — 1 +\/(k — 1)2 + 4¢kty) > ¢ = p.
[Tycrs 1/¢ > ty. Torna v* =V* Ya € Aup*=p= K/t

k
3. Tlonowum n = K(k — 1)/ > *. Torna curyanus pasHoBecusi U nMeet
b=1

. n—n*c/K, a=1,..k,
v =
0, a=k+1,..,m,

BUT
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I
rae k= max{l| >’ > (I — 1)c'}. CooTBercrBYIOmAs €ii MeHA paBHA
b=1

k
pr=>ck—-1)>p=cl
b=1

19.3. 1. O6bemst Vi, tae p' < p, npuobperaioT cHavajua IOTpebUTen
¢ pesepBHOH IeHO# r > p. g MOKYOKH TOBapa IO IeHe p YHCJIO TAKUX

noTpebuTeseil craner pasueiM max |0, D(p) — max V}D/]
p'<p

2. Tlycre P(s) = {pi} — ynopsaodeHHOE MHOMKECTBO IeH p; < Do <
<Pk < p < pry1 < ... Hockonbky D(pp) nokynareneii Topapa 1o HeHe
p1 PABHOMEDHO DACIPEIENEHBI B OYEpEIH, TUCJA0 TOKYHaTeseil mo mene py,
UMEIOIIUX PE3EPBHYIO LEHY T > P, COCTABUT BEJIUYUHY f/plD(p)/D(plL a
aHaTOrIdHOe UX wHcao ¢ r € [py,p) pasuo Vi, (D(p1) — D(p))/D(p). Tlo-
9TOMY TIOCJIe TIPOJIaZKU ToBapa 10 MeHe Py YUCJI0 MOKynaTeaeil To IeHe po,
MMEIOTIIX PE3EPBHYIO Tewy r > p, craner pasuabim D(p)(1 — V,,/D(p1)), Te.
OHO YMEHBITHTCS MPOTOPIHOHaIbio kKodbdummenty 1 — V,, /D(p;). Amao-
TUYHOE YMEHBIIeHHe MPOU30HIeT U ¢ TOKYIATEISIMH, HMEIOIIUME PE3EPBHYIO
Heny r > po. IIpomonzkas paccyzKAeHust, IPUIEM K BBIBOJLY, YTO MOCJIE HOKY -
KW TOBapa 10 IeHe Py YHCJIO0 MOKYyTaTes el 70 eHe p3, NMEIOIHX Pe3ePBHYI0
[EHY 7" > P, COCTABUT BEJHIUHY

201~ 555) (1 ) D(pz)(‘l/pi V—)) - 201 55~ pisn)

u T.J0.
3. lycrn P(s) = {p;} — ynopsimodennoe MHOKECTBO 1IeH Py < Py < ... <
Pk <P < pry1 < .... Torma HETPYAHO BHIETH, YTO

D(p1, ‘7) = D(p1), D(p2, ‘7) = max[min[D(p2), D(p1) — ‘N/pl]; 0],
D<p37 ‘7) = maX[min[D(p3)7 D(p2> - ‘77727 D<p1) - ‘7171 - ‘7172]7 0]

" T.I.
19.4. B cuny cnenctBus K yrBepKaeHuto 19.3 nig pasHoecus mo Hamry

s somonaeno p(s) = p. Ilyers maiigercst mpousBoguTesb b, A1 KOTOPOTO

VP> Stp)—D@p) = >, V*—D(p) u ® = p. Torna npu manom £ > 0

a:c*<p
Bpinostieno D(p +¢) — >, Ve > 0 u no (19.13) ocrarounsiii cupoc
a:c?<p,a#b
1o ueHe p + € Oyzger nosozxureapbubiM. Ciie10BaTeIbHO, IPOU3BOANTEIO b
BBITOJIHO OTK/JIOHUTLCSA U BHIOpATh 1eny s’ = P+ ¢ (nporusopedne).
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20.1. /Ing aknu3HOro HAJIOra
te=S"Y(D1+ Ds)(Ds — K)/(D1 + K), p(te) =t.+ S "(D1+ D),
JIJIS HAJI0Ta Ha MPHUOLLIbL
Bltpr) = S7H D1+ Da), tyr = pltye) (D2 — K)/Pr,
r/ie BeJNYNHA MPUOBLIN PABHA

B(tpr)

Pr = / (D + Dy — SF))dp.

20.2. o ycaoBuio

e(D(p)) = —p(Di(p) + Da(p) — K/p*)/(D1(p) + Do(p) + K/p) < 1.

Orcrona

Q1(p) + Qa(p) = Di(p) + Da(p) + p(Di(p) + Da(p)) > 0.

20.3. @ynukuus K (p) nenpepbiBHa U Ha OTPe3Kax, rjie ona juddepenu-
pyema, ee ropas mpomssonnas K(p) = Di(p)(q(p) — p) — 2D1(p) — Qa(p)
rHeorputateabia. Oyukimst K (p) B TOUKAX CBOEro paspbiBa MMeeT TTOJI0KI-
TesibHBIe cKauku. CireoBaresibao, pyHKIws K (p) BBIIYKIA HA BCEM OTPE3Ke

[pr ps] :
21.1. 3amerum, 910

lim R(p) =T(qF —¢)/F =qT —Tc¢/F < R(p) =qT —T(1 — q)c/F.

p—p—

Ecmu ¢F > (1 —q)c, ro R(p) > 0, R* = max R(p) = R(p), p* =p.

0<p<1
Ecmu ¢F < (1 —q)c, 1o R(p) <0, R*=p*=0.

21.2. 1) U3 ycioBus caenyer, uro Fiq > c. Ilosromy dbyuknus R(p) Bo3-
pactaet na mosyunTepsase [0, p) u mocTosHHa Ha oTpeske [p, 1]. Iz R(p) > 0
noaygaem p* € [p, 1].

2) Umeem F = ¢/q < F = (gm + 1 — q)c/(gm). Tostomy dyukmms
R(p) pasra Hyso Ha noayuarepsase [0, p) u yObiBaeT Ha orpeske [p, 1]. 13
R(p) > 0 nomydaem p* = p.
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I11. Teopema 006 oTImEIAIOIIEH I'MIEPILIOCKOCTHI

Teopema II.1. Ilycts A m B — 1Ba BBIIYKJIBIX HeIepeCeKAIOMMXCs
koMmmakTa B E™. Torma Haiifercss runepriockocTh <a,x> = b, cTporo otme-
Jgromas Maoxkecrsa A u B, T.e.

<a,x> <b< <a,y> Vee A, VYyeB.

Jokasameavcmeo. Pacemorpum na A x B dynknuio |r — y|?, rie
r € A, y € B, n nycrb napa (2%, y") — Ttouka ee muanmyma. Torma
2% — 4°] > 0. [okazxkem, 9T0 rUNEPIIOCKOCTD (@, z) = b IpH
a=1y"— 2% b= 3(]y°) — |2°]?) aBaserca uckomoii.
Jlokazkem, 9TO <a,x> < b Vx € A. llpeanono:kum mpoTuBHOe. Torma
Haiijerca Takas Touka r’ € A, 9To <a, x! > > b. Pacemorpum OyHKIMIO
g(t) = |y° — (1 —t)a® — 2’2, t € [0, 1]. Umeem

g'(0) =2{y° — 2% 2" —a) = 2(y" — 2%, 2") — 2(a,2’) <
< 2(y%, %) — 202" — 20 = 2(y°, 2°%) — [2°)? = |y°P = —]2° — "] < 0.
CaenoBaTebHO, TPH TIOJOKATEIBHBIX W OJIN3KAX K HYJTIO t

g(t) < g(0), uro nporupopeunt onpeesnenuto napbl (x°,4°). Bropoe nepa-
BencTBo b < (a,y) Vy € B nokaspiaercs ananorndno. M

I12. /TokazaTeancTBO Teopemsbr 6.1

Teopema ouesnana aas E°. Ilycrs oma Bepra qma E™ L. PaccmoTpu ce-
MeCTBO BBIMYKJIBIX KOMOAKTOB D, v € L n3 E™, KaxKabie m+ 1 13 KOTOPhIX
HMEIOT HEeIycToe IMepecevuenue.

JoxkazkeM cHavasa, 9T0 J000e KOHETHOe MOJACeMeCTBO ceMeiicTBa
D,,a € L umeer Henycroe nepecedenue. [Ipeanosiokum mporusaoe. Torma
Hafizerca MuHUMAaJIbHOE Te0e k > m + 1, 17ad KoToporo Haiijgercs Takoe

k k—1
nojacemeiictBo Dy, i = 1,...,k, ato (| Do, = 0, [\ Do, # 0. Tonoxum
i=1 i=1
k—1
A = D,,, B= () D,, Boinykibie koMnaktsl A u B He nmepecekanorcs u
k? 7
i=1
HaliIeTcst CTPOro oTaestomias ux rurnepmiockocts H (em. I11.) Ilyers C' —
nepecedenne Kakux-aubo m muoxects u3 Dy, ..., Dy, . Torna B € C' n
no yeaosuio C N A # (. Bosemem 2° € C N A u y° € B. Torna orpesox
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(2%, y°] npunamiexur C u nepecexaerca ¢ H. Cnenosarensno, C' N H #

(). Nrax, mobsie m muoxects u3 Do, N H,...,D,, , N H umenor Hemycroe

k—1

nepecedenue. [1o HHAYKTUBHOMY MPeIIION0ZKEHHATO ﬂ D.,NH = BNH # ),
=

9TO MPOTHBOPEYUT IMOCTPOEHUIO THIIEPILIOCKOCTH H.

3aBepIuM J0Ka3aTeJIbCTBO TeopeMbl. [Ipeanonokum , 94To

() Do = 0. Ilycts X = D, — HEKOTOPHIl KOMIAKT U3 CeMelcTBa
acl
D,, a € L. Oupegennm nosoe cemeiictso D!, = D, N X, a € L. Torxa

-/
() D!, = 0 u muoxkectsa D, = E™\ D! 06pa3yioT OTKPBITOE TOKPLITHE KOM-

acl
—

e
nakTa X, 13 KOTOPOro MOYKHO BBIJIEJTUTH KOHEUHOE NOANOKphITHE D, ) ..., D%.

p p

Orcioga BeITekaet, uto (| Dy, = (| Do, N Do = . [lo moxasammonmy mo6oe
i=1 i=1

KOHeYHOe mojceMeiicTso cemeiicta D,, o € L uMeeT HEeIycToe nepecedeHne

(zporusopeune). W

I13. ®yaknusga MuHKOBCKOTO n romMmeoMOpP@du3M BbIMYKJIbIX KOM-
MMaKTOB

[Iycts A — BRINYKJBIH KOMIAKT B E™, cojep:Kaiiuii BHyTpu cebs HyJIb
BMeCTe € £9-0KpecTHOCThIO YA O,. Onpenenum va E™ ¢ynxuuro Munrxos-
cK020 MHOZKeCTBA A

pa(x) = inf {t >0 % € A}.

Pacemorpum ee csoiicrsa. OueBuno, uro pa(0) =0, a upu z # 0 pa(x) >0
W HHKHAS TPaHb JOCTHTAETCs, TTIOCKOJbLKY MHOXKECTBO A OrpaHHueHo u 3a-
MKHYTO. Kpome Toro, pa(z) < 1 & x € A. Oyurius pa(x) nososrcumesvro
00Hopodna, T.e. ayd Joboro A > 0

AT

t
- € A} = A\pa(x) Vo € E™.

pa(Azr) = Ninf {X >0

Hokazkem, uro dbyHkIms pa(x) cybaddumusna, T.e.

pa(r +y) <palz) +paly) Yo,y € E™. (IL1)
JleiicrBuTenbHO, Bo3bMeM X,y # (. BekTop
Tty _ pa(z) o pa(y) Y

pa() +paly)  pal@) +paly) palz)  pale)+paly) paly)
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MPUHAIEZKUT MHOXKECTBY A, MOCKOJIIBKY sIBJISI€TCST BBIMYKJIOH KOMOWHAIEH
x y
BEKTOPOB n3 A. Orciona nony4daem nepasenctso ([1.1).
POB 2@ pay) Aa LY P (IL.1)
JTokazkem, uro ¢pyukinusg MunkoBckoro menpepbiBaa. JleficrBuTe IbHO, JI15

moboro x € O,

x x x
e ¢ 0., = p|—| >e9 = palx) < u

A(x) €0

Orciofa cienyet, uTo pa(r) HenpepbiBHa B HyJe. HempeppiBHOCTb (DyHKIME
pa(x) B moboit Touxke 2’ BHITeKaeT W3 HepaBeHcTBa ( CyGAIIHTHBHOCTD )
lpa(z) — pa(z®)| < max[pa(x — 2°), pa(2° — x)] u ee nenpepviBHOCTH B HYJIE.

Teopema I1.2. Ilycrs Boimykjbie komnaktel A mw B B E™ comepzkar
BHYTPeHHME TOUYKHM. Torma Haiijercs B3aUMHO OJHO3HAYHOE M HelpepBIBHOEe
orobpaxkenne (romeomopdusm) A Ha B.

Zoxasamesvcmeo. bes morepn oOMHOCTH OyaeM CUMTATh, YTO HYJIb CO-
jepxures B AN B Bmecte co csoeit okpectHocTbIO O, . Onpesesnum orodpa-
JKEeHUe
pa(z)
pa(7)

7:A— B, 7(0) =0, 7(x) = x, x#0,

rae pa(x),pp(r) — dbynkuuun Munkosckoro Muoxects A u B. Herpyano
IPOBEPHUTDH, YTO

-1 _ pa(Y)
T = pa(y)

— orobpazkenne, ooparuoe K 7. [Tockonbky dbyukimu p4(x), pp(x) Henpepbis-
HbI, oToOpazkenne 7(x) HenpepbiBHO npu @ # 0. [IpoBepuM HeNpepbIBHOCTH
7(z) B Hyste. MHO)KeCTBO B OrpaHHYeHO U MO3TOMY HANHJIETCST TAKOe YHCIO «,
, p:”(lx) < a. Jag moboro
BekTOpa = € (O, BBHINOJHEHO HEPaBeHCTBO py(r) < % (cM. BBIIIE JOKA-
3aTebCTBO HenpepbiBHOCTH MyHKIMU pa(x)). CieoBaTesbHo, Ajsi BCIKOTO

x € O,

uro s Beex x € B |z] < a. Ilockonbky e €B

()] = pgfw < ol -

I14. CumiLiekcsl 1 TeopeMa O HEIOABHUXKHOI TOUYKe

[Mycrs {z!,...,2"™} — muoxkecrso BexTopos u3 E™(n < m), BelnyKaas
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000/109Ka, KOTOPOI'O

n+1 n+1
K:{xEEm\x:Z/\ixi, Z)‘izl’ Ni>0,i=1,..,n+1}

i=1 =1

MMEET Pa3MepHOCTh 7. Torja MHOXKeCTBO K HAa3BIBAETCHA CUMNAEKCOM, TTOPO-
JKIEHHBIM BepImuHaMu o1, ..., 2™, [Ing cummiekca K GyreM TakzKe HCHOJIb-
3oBaTh oboznadenune K = zxl-.-zntl. Pazmepnocrs n o3Havaer JimHEHY O
He3aBHCIMOCTH BekTopos 2"t — 1 .. 2"t — 2" Otrciona BmTexaer, uTo
715t Besikoro o € K koadbdurmentsr A\;(x), ¢ = 1,...,n + 1, B pasaoxennn
110 2° ompeiesIeHbl OTHO3HAYHO U ABJIAIOTCA HelPePhIBHBIMA (DYHKIUSME Ha,

K.

Besikoe MuoxkectBo, conepxkariee r < n + 1 Bepuun, mopoxaaet (r — 1)-
MepHBIi CHMILTEKC, Ha3biBaeMblil Tpaibio cuMIiekca K. Bepmunnt 2!, ..., 27!
SIBJISIIOTCSl HYJIbMEDHBIMU T'PAHSIME. N-MepHasi rpanb coBnajgaer ¢ K. OmaHo-
MepHBIe TpaHu x'xl i # j, HasbBatoTCs pebpamu cumiuiekca K. Jluamemp
cuMmIiekca K onpegensgercsa Kak MakCUMaJsbHas JAauHa ero pebep. TTomgmmuo-

xectBo K° cummexca K Buia

n+1 n+1
K'={zeE™|z=) Na', Y N=1X\>0i=1..,n+1}
=1 i=1

Ha3bIBAETCS OMKEPHIMbIM CUMNAEKCOM, TTOPOXKIEHHBIM BepIIHHAMUA
2t ..., 2™, 1149 OTKpHITOrO CUMILIeKca Oy1eM TaKzKe HCIoIb30BaTh 0003Ha-
genne KO = z'... 2" HyabMmepHble CHMILICKCHI SBJISIOTCA OTKPBITBIMHE.

OTKpBITEIE pebpa OyaeM 0603HauaTh depes r'a/ .

IIycrs cumnyieke K takum 06pa3oM pa3bUT HA OTKPBHITHIE TONAPHO Helle-
pecekaromunecs CuMIIeKcs K7, ..., I, , 9T0 m100asd OTKPBITad I'PaHb KazkKI0To
cumIuiekca K; mpuHa/iIe;KuT pasouennio. Takoe pa30dueHne Ha3bIBACTCH CUM-
navyuasvrom. Caviuiekest K, npunaexamue K, o6pasyor paséuenue
OTKPBITOIO CUMILIEKCA.

Ha puc. I1.1 mpuBeien mpuMep CUMILTHTIIHATBHOTO Pa3OueHus IBYMEPHOTO
cuMiuiekca K Ha JIBa JIByMEPHbBIX, I4Th OJIHOMEPHBIX U Y€TbIPE HYJIbMEPHbBIX
OTKPBITHIX CUMILIEKCA.
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Pue. 111

CooTBeTcTBYIOMMHA OTKPLITHIA cuMILieke K° pa3OuT Ha ABa JBYMEPHBIX H
OJIMH OJHOMEPHBIH OTKPBITHIX CUMILIEKCA. EC/In yaaiuTh u3 pasoueHus Hy.lb-
MEpPHBIH CUMILIEKC ¥, a pebpa 22y u y2® 3aMennTb Ha pebpo 223, To mostyunm
IpUMEpP HECUMILTUITUAILHOrO pa3duenunsd. /g cuMminiuaj buoro pa3ouenus
7 depe3 0(m) 0603HAUNM MAKCUMAJIBHBIN JHaMeTD CHMILIEKCOB, BXOMASIIUX B

.
n+1 )

Touxka, n%l 21 x' HaspIBaeTca bapuuenmpom cuminierca K. Oupemeanm
CI/IMH.HI/IILI/Ia.HbHZOG pasbuenue, HA3BIBAEMOE OAPUUEHMPUYECKUM, KAZKIOE Pe-
OpO KOTOPOTO CoeTUHsIeT DAPUIIEHTPHI 'PAHI U HEKOTOPOi ee To/ArpaHu CUM-
wiexca K. st cummuiekca 2122 OHO COCTOUT U3 BEPIIHH I, 22, ero GapuieH-
Tpa b = %(Il + 2%) u 1BYX OTKpHITHIX pebep x'b u br?. IIpeanonoxum, 4To
OapuIleHTpHIecKoe pasOHueHHne OIpee/eHo I JI00T0 CHMILIEKCa pa3Mep-
noctu k <n — 1.

Onpegenum ero st cumiiekca K pasmepHocTn n ¢ OapuieHTpOoM b.
[lycrs 77’ — cemelicTBO OTKPBITHIX CHMILIEKCOB, BXOJIAIIMX B OApUIEHTPH-
Jeckue pasbmenusi Bcex (n — 1)-mMepHbix rpameit cummiekca K. Bozbmem
npousBonbHbIi covmaeke K = y'---yl, | < n m3 7. [IpeamomoxuM 1o
MHJLYKIHH, 970 KazK/0€e ero pebpo yiyd coepuuser GapUIeHTPbl HEKOTOPOM
rpanu u ee noarpanu cuminiekca K. HerpyaHo Bugerh, 970 aHAJIOTHIHBIM
cBoiicTBOM 06aagaeT U cuMIieke ' - - - y'b. COBOKYITHOCTH BCeX TaKMX CHM-
miekcoB y'---y'b u Gapumentp b mobaBuM K cemeiicTBy 7. B pesyabraTe
MOJIYIUM OapHuIleHTpUYecKoe pasduenue m; cuMinLiekca K.

[Mokamem, aro 6(m) < 25d, te d — auamerp cumnsexca K. efictsu-
TeJIbHO, BO3bMeM Jioboe pebpo b'b” pazbuenus 7, rae 6e3 morepu OOIHOCTH

b = ! 5§1 b = ! TEH ¥ o r<s<n
s +1 ’ Cor+1 ’ -
i1 =1
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Torna
s+1

sj—l Z(xz —) =

i=1

|b/ _ bl/| —

1 s+1 r+1

| ZZ(Iz_ﬁ) < s(r+1)d < nd

s+1r+1i:1j:1 (s+1)(r+1) ~n+1

Urak, 6(m) < —5d. Ecim KaxKaplil CHMILIEKC, IpuHa/Iexkamuil pasoue-
HUIO 7, TOJBEPIrHYTh OAPHUIIEHTPUIECKOMY PA3OMEHHIO, IMOIYYUM CHMILIA-
HMAJIbHOE Pa3bUueHue To, Jjisi KOTOPoro d(my) < (HLH)%Z. [Tosropsisi ana-
JIOTHYHYIO Tporneaypy k pa3s, MOJLyduM CHMILIMIHAIbHOE pas3bmeHue 7y C

§(mp) < (22)kd.

n+1

Teopema II.3 (nemma IITneprepa). [lycrs 7 — cumminnuaabHOe
pazbuenune n-mepHoro cumiiekca K = xl---antl a dyukmua v @ K —
{z', ..., 2"} ynosrersopger yciosuio

v(z) € {z'| \i(z) > 0} Vre K.

Torya HaiieTcs Takoil n-MepHBIi cUMILTeKe y! - - - 4" pazbuenus 7, 410
v(y) =a2% i =1,...,n+ 1. Uncao Takux CUMILIEKCOB HEUETHO.

Joxazameavcmeo. s n = 0 yTBep:KieHne TeopeMbl odeBuHO. [Ipe-
IOJIOZXKHM, YTO OHA chnpaBeiuBa g (n — 1)-MepHBIX CHMILTIEKCOB. IlycTh
Ky, ..., K, — n-MepHble OTKPBITBIE CUMILIEKCDI, BXOJdIe B pasouenue 7. By-
JIeM TOBOPHUTD, 4TO (n—1)-MepHas rpanb ' - - - y" cuMILIeKca K; = yl -yt
ommenena, ecin v(y') = ', i =1,...,n.

Ecmm cnvmaexce K yaoBieTBopaeT yTBEPKIEHHIO TEOPEMBI, TO, BBUJLY
pasencts v(y') = 2', i = 1,...,n + 1, OH UMeET POBHO OJHY OTMEYEHHYIO
rpanb. eiicrBuressHo, mobas apyras (n — 1)-MepHas rpanb cuMiuiekca K
comepxut Bepumuy y" . Ho v(y"™) = 2" u sta rpannb we aBngerca or-
Mmeuennoii. Ilycrs cummiexe K He y10BI€TBOPSET yTBEPXKICHUIO T€OPEMbI I
HMeeT OTMedIeHHYIO TpaHb i - - - y". Torga oH UMeeT POBHO ABE OTMEUeHHbIE
rpanu. [eiicTeuTesibio, 110 npeanonoxkennto v(y') = ', i = 1,...,n u Ge3
norepu obmuoctu v(y" ™) = z'. Torma (n — 1)-mepuble rpanu y'---y" u
y? - -y apngoTes oTMedeHHBIMY.

ITycrb 0 — 4ncio ormedennblx rpaneit cummiiekca K. 1o nokazannomy
o; € {0,1,2} u 0; = 1 TonBbKO B TOM CjIydae, KOLJa CUMILIEKC K; ymoBie-
TBOPSAET YTBePXKIeHUIO0 TeopeMbl. [[o3ToMy ocTajioch JoKa3zaTh, 4TO oOIIee
YUCJIO OTMEUYEHHBIX TPaHeil x = i 0 HedeTHO. B 3TOM cilyuae 0b6ga3aTeIbHO

=1
HafieTcd cuMiiekc K, y;LOBﬂeTJBopHIomHﬁ YTBEPKIEHUI0 TEOPEMBI.

264



IHpunoxenne

[Mycrs V = y' -+ y" — xakag-1mbo (n — 1)-MepHas oTMeueHHAst OTKPbI-
Tast rpanb cuMitexca K. Ecm V € K\K°, To V upunnaiiexxnt HeKOTOPOil
(n — 1)-mepHoii rpanu cumiuiekca K ¥ gBJIS€TCs IPAHBIO €IUHCTBEHHOTO 7~
MEPHOTO CHMILIeKCa pas3Ouenus 7. Ilpm sTom m3 pasencts v(y') = xf, i =

1,...,n, cienyer, uro V C Wd;fxl .- x™. JeiicTBUTENBbHO, €ciu Obl I'panb V'
MpUHAIIeKaIa IpYyroi Ipann cuMIniekca K, ckaxkem, x2 - - - z*+1 1o mo ompe-
nesenuto Gyukiun v pasencrso v(yt) = z! Gu1o 661 Hepozmoxkuo. Iycrs V
¢ K\K°. Torna V asisierca obuieii TpaHbio POBHO JBYX N-MEDHBIX CHM-
IJIEKCOB, BXOJAIIUX B pa30HeHue T U B CYMMe X OHA YUUTBHIBACTCS JIBAZKJIBI.
Crie1oBATENIBHO, YHUCI0 Y CPABHUMO MO MOJYJIO 2 ¢ 9ucaoM (n — 1)-MepHBIX
cavmekcos V o=yl y® C W, anga koropuix v(y') = z*, i = 1,...,n. [lo un-
JIYKTHBHOMY TIDE/IIOJIOKEHHUTO, IPHMEHEHHOMY K (1 — 1)-MepHOMY CHMILIEKCY
W, sro ancino wedgerno. [Tosromy amciao x takke HedeTHO. W

Teopema I1.4 (Kuacrep, Kyparosckuii, Masypkesu4). [lycrs 3a-
MKHYyTBIe ToaMHOKecTBa O, ..., C), 1 cummekca K = !l -« - 27! yioBaerso-
PAIOT YCIIOBHIO

gh-eepds CUI Gy V1< i <o <. <js<n+l

Torna muoxkectBa (', ..., C) 11 UMEIOT HEMYCTOE TepecevdeHue.
Aoxazamenvcmeo. PaceMorpuM mociie JOBATEIBHOCTD {7 } IOCTPOEHHBIX
paHee CHMILTUIAIBHBIX pas3buenuii cumiuiekca K, nias koropoii lim 6(my) =
k—o00

0. Oupegenum orobpazkenue v : K — {x' ... 2"} crenyrouum o6pasom.
g moboro x € K nycTb
{27 | Nj(z) >0} = {2, ..., 2%}, J1 < ja < ... < Js.

Torma no yenosuo x € US_,Cj . Iomoxum v(z) = 2%, rme t — MuHE-
MaTbHOE "HeTo, s Kotoporo ¥ € Ul C; . Ormernm, uto x ¢ U'ZLC;
u, ciaenosarenbto, ¥ € Cj,. Ilo npeapaymeit TeopeMe CyImecTByeT CHMILIEKC
yt(k) - - - y" (k) pazbuenust 7y, anas koroporo v(y'(k)) =t i =1,..,n+ 1.
BameTnm, 9TO U151 KasKa0T0 BeKTopa y' (k) Mo onpeseseHno oTo6paKeHns v
Ji = i m mosromy y'(k) € Cy, i = 1,...,n + 1. [lockombky K — KOMIAKT,
6e3 TmoTepH OOIIHOCTH MOXKHO CUHTATh, 9TO mocaegosareabroctn {y'(k)}
cxongarcs. Ho ]ﬁlirgo d(m,) = 0. Iosromy npu k — 00 AMAMETD CHMIIEKCA

yt(k) - - y"H(k) crpemmTea k myawo. CiegoBaTesbHo, klim y(k) = y*, i =

1,....,n + 1. Tlockonbky npu Beex i y'(k) € C;, a muoxecrsa C; 3aMKHYTHI,
n+1

mveem y* € () Ci. B
i=1
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Vrounum popmyiuposky Teopembr 9.1. [lycrb Z — BBIYKJIBIH KOMIAKT
B E™ u yl---yntl — comepammiics B HEM CHMILIEKC MaKCHMAJIbHON pa3-
meprocTu. Torya gucio n < m HA3BIBAETCA PA3MEPHOCTNBLIO MHOKECTBA Z.
BoInyKJIbIit KOMITAKT Z MaKCHMAJIbHOW PA3MEPHOCTH 1M UMEET BHYTPEHHIOI
TOUKY (HampuMep, GaputieHTp cumiuiekca y! - - - y™ ). O6parHno, eciau Z ume-
eT BHYTPEHHIOI TOYKY, TO €ro pa3MepHOCTh MakcuMaJjbHa. [Ipeamomoxmm,
YTO Z UMEeT Pa3MepHOCTHb N < M U COAEPKUT HYJib. 1Orga MOXKHO CYUTATD,
aro ¢yt = 0. [Ipn 3Tom Z aBisgeTcs MOAMHOKECTBOM eBKINIOBA TPOCTPAH-
crBa E™ ¢ 6azucom 4, ..., y".

N3 ckazaHHOTO BBITEKAET, 9TO B TeopeMe 9.1 6e3 moTepu 0OIHOCTH MOYKHO
HPEIIOI0KUTh, YTO BBIMYK/IbIH KOMIIAKT Z UMEET MAKCHMAJIbHYIO pa3Mep-
HOCTH M.

Hoxka3zaresscTBo Teopemsl 9.1 (Bpayspa). [lycrs K =zt - zm+l —
m-mepHbIii cummiexe B E™. Tlo reopeme T1.2 (em. T13) waiigercs romeomop-
busm 7 : Z — K. Orobpaxenne 7o f o7~ ! mepesonut Touxy y € K B TOUKy
7(f(t7%(y))) € K u aBnserca nenpepbiBHbIM. Ecin 4° € K — HemonsuzKHas
Touka orobpaxenus 7o f o7 ! 1o 2° = 771(y") — memogBmxkHasg ToUKa
orobpaxenusi f : Z — Z. [losromy 6e3 norepu OOMIHOCTH MOXKHO CUUTATD,
gro Z = K.

[Momoxxum

Ci={re K| N(fx) < M@}, i=1,...m+1

[TockoabKy orobpazkenue f u dbyHkmuu A;(x) HenmpepblBHB Ha K, MHOXKe-
crBa C; 3aMKHYTHI. [lokazkeM, 910 MHOXKecTBa C; YIOBJIETBOPSIOT YCIOBHUIO
upeapaymeit reopemsl. [lycrs x € zit - - - xds. Torpa

M) =0 V) ¢ {a,na®y = ) A (@) =12 ) N (f(@):

CreioBaresibHO, HalAETCS HOMEp 7, IPH KOTOPOM A; () > ;. (f(x)) n
x € C; . Ilo mpenprayteit TeopeMe HaiijeTcs
m—+1
v e [ Ci= N(@) = Ai(f(2")), i=1,..,m+1.

=1

Ho
m+1 m+1

Z Aiz") = Z Ai(f(z7)) = 1.
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[Toaromy

Ai(x®) = N(f(z"),i=1,...om+1=2"= f(z"). A

HokazareanctBo Teopembr 12.1 (Kakyrtanm). Kak u npu mokasza-
TeJIbCTBE TeopeMbl Bpayspa, 6e3 morepu 00IIHOCTH MOXKHO CUATATH, YTO BbI-
YK/ KOMIIAKT Z MMEET MaKCUMAaJbHYIO PA3MEPHOCTH M.

[Mycres K = x -+ am+t! — m-mepubiit cummieke B8 E™. Tlo Teopeme 1.2
(em. TI3) maiimercss romeomopdusm ¢ @ K — Z. Pacemorpum nocrienona-
TEJILHOCTD {77} CHMILTHIAIBHBIX pa3bueHuil cuMiuiekca K, st KOTOpOi
klim d(mx) = 0. [Iist TpOU3KOIBHOTO k ONPEIETHM CJIeIYIOIIee HEeIPEPbIBHOE

— 00

orobpaxenne ®F : K — 7. Jlns moboit Bepmabl T u3 {7y, } BRIGepemM TouKy
Pk (x) € ®(p(x)) m 3aTeM TPOJOKAM OTOOPAsKEHHE JTUHEHHO Ha KAYKIBIH U3
CHUMILTEKCOB, BXOIAMNX B {7y}, T.e. ecau

m+1 m+1

J]:Z)\jﬂij, Z)\jzl’ )\jz(), jzl,...,m—i—l,
j=1 7=1

— Touka cuMiiekca ' - - - ™ € {m}, To monaraem

m+1

dF(z) = Zcp’f(g;j).

OdeBuIHO, 9TO TOCIEIHEE PABEHCTBO ONpeje/deT HelpepbiBHOE OoTOpazke-
mue ¢ : K — Z. Torna f* = ¢~ '®F : K — K gBagerca HempepbIBHBIM
oTOGpasKeHNeM U MMeeT HEelOABUKHYIO TOUKy Z©. IlycTh ZF HpHUHAIEAKHT

cummaekcy o - g™ HR e {md re.

m+1 m+1

=Y N N =1 M >0, =1, m L
Jj=1 j=1

He ymasss oOmHOCTH, MOKHO CUUTATD, ITO TMOCJAEOBATETBHOCTH

{z"}, {Z*} AN {PF(=7%)}, j = 1,...,m + 1, cxogarea npu k — oo. Ilo-

CKOJIbKY JIHaMeTpbl cuMiLiekcos ' - - - 2™ crpemsarcs K HyJIIO, OCHE10-

sarerbroctn {77} u {T%} nomxmer umers obmuit npegen x* € K. Tycrs
lim )\? = A}, kh_}r(glo PF(I*)y =7 j=1,...,m+1.

k—o0
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Nmeem
m+1

o(TF) = Ok (TF) Z ARk (27k) (I1.2)

i klim (%) = p(z*), klim (") = (%) B CUTY HENPEPHIBHOCTH OTOPaKe-

uust . [lepexonst B pasenctse (11.2) K npegeny npu k — 00, moayIuM

m+1 m+1

@) =", SN =1, 420, j=1,..m+ 1
=1 =1

N3 3amkuyTocTn oTobparkenuss ¢ BuITEKaeT, 9TO
n € ®(p(x*)), j=1,...,m+ 1. Ilockonbky muOKecTBO P(0(2*)) BBIMYKIIO,
TOYKA @(x*) eMy TPUHAJICKUT U ABJIsieTcst HCKOMOii. ll
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YKa3arejb 0003HaYECHUN

E™ — m-MepHOe eBKJIUIOBO MPOCTPAHCTBO BEKTOPOB T = (X1, ..., Tpy) €O

m
CKAJIAPHBIM IPON3BEICHHCM <x,y> = > x;y; ¥ HOpMOii || = ,/<:13,x>;

Argma}:? flx) ={a € X | f(a!) = max f(z)} — MHOXKeECTBO TOUEK MaK-
Te Te

cumyMa, GYHKIHH f, ONpeaeeHHON Ha MHOXKeCTBe X ;

Argmin f(z) = {o' € X | f(') = min f(2)};

zeX reX

{ax} — mocIeIOBATEIHLHOCTD MEMEHTOB ay, k = 1,2, ...;

EX, VarX — maremarudeckoe OXKHJIaHUE W JUCIEPCHUs CJAYIalHON Be-
JIMIUHBI X

€ — BEKTOP, BCe KOMIIOHEHTHI KOTOPOTO PaBHBI 1;

el — BexTOp, l-ag KOMIIOHEHTa KOTOPOTO PaBHa 1, a OCTaJIbHBIE KOMIIO-
HEHTBHI — HYJIEBBIE;

25 — MHOXKECTBO BCEX IOJMHOXKECTB MHOXKECTBA S

|S| — 4amcno 31€MEeHTOB KOHEYHOTO MHOYKECTBa S

C' — 9uesio codeTanuit nu3 m 1o n;

déf _n "n.
PaBHO II0 OIPEACJICHUIO |

V 4 = < — ksaatopsl "mas Beskoro, "maiimerca, mormaeckue
cBsa3ku "caenyer'"n "Torma m Toabko Torma, Kormga';

() — mycroe MHOXKECTBO;

B — KoHell JIoOKa3aTreJabCTBa.
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